


THE 

PROCEEDINGS 

OF 

THE PHYSICAL SOCIETY 

FROM JANUARY, 1945 TO NOVEMBER 1945 

VOLUME 57 


Published by 

THE PHYSICAL SOCIETY 
z Lowther Gardens, Exhibition Road, 
London S.W.'7 

Printed by 

TAYLOR AND FRANCIS, LTD., 
Red Lion Court, Fleet Street, London E.C. 4 



OFFICERS AND COUNCIL, 1944-45 


PBXSIDENT 

D. BRUNT, M A, Sc D , F R S 


VlCE-PRESIDram 

who have filled the OfiBce of Preeident 
C H. LEES, D.Sc., F.R.S. (1918-20) 

Sir BANK E. SMITH, G.C.B , G.B.E., D.Sc., LL.D., F.R.S. (1924-26) 

Sir OwHN W. RICHARDSON, M.A, D.Sc, F.R.S. (1926-28) 

W. H. ECCLES, D.Sc., M I.E.E., F.R.S (1928-30) 

A. O. RANKINE, O.B E, D.Sc, F.R.S. (1932-34) 

The Right Hon. Lord RAYLEIGH, M.A, Sc D., LL D , F.R.S. (1934-36i 
T SMITH, M A., F.R.S (1936-38) 

Allan FERGUSON, M.A., D.Sc. (1938-41) 

Sir Charles G. DARWIN, K.B.E., M.C., MA., Sc.D., F.R S (1941-43) 
E N. da C ANDRADE, Ph.D , D Sc., F.R.S (1943-45) 


VICE-PRESIDENTS 

H. T. Flint, D.Sc., Ph.D, Sir Edwabo V. Appuston, K.C.B 

N. F. Mott, M.A., F.R S. MA., D.Sc., LLJD., FJLS. 

S Chapman, M A , D Sc , F R S 

HONORARY SECRETARIES 

W. Jevons, D.Sc., Ph.D. (BosiiieM) J. H. A^bbrv, BA., B Sc. (Paper*) 

HONORARY FOREIGN SECRETARY 
E N da C. Andrade, Ph D , D.Sc., F.R.S. 


HONORARY TREASURER 
C. C. Paterson, O.B.E. D.Sc., M.I.E E., F.R.S. 

HONORARY LIBRARIAN 
L. C. Mabtin, D.Sc. 

ORDINARY MEMBERS OF COUNCIL 

H. Shaw, D Sc. W S Stiles, D Sc., Ph D 

E. R. Davies, B Sc C H Collie, M A., D Phil 

W B. Mann, Ph D. H. R Robinson, D.Sc , Ph D , F.R S 

A J. Philpot, O B E., M a , B.Sc J D Bernal, M A , F R S 
W. D. Whioht, D Sc G I. Finch, M B.E , D Sc , F R S 

B. Chalmebs, D.Sc., Ph.D D RoaF, M A , D Phil. 


Proceedings 

J. H. Awbery, B.A., B.Sc. 


EDITORS 

Reports on Progress in Physics 
W. B. Mann, Ph.D 


COLOUR GROUP 


Chairman 

R K Schofield, M-A , Ph.D 


Honorary Secretary 

W D. Wright, D.Sc 


OPTICAL GROUP 


Chairman 

Instr -Capt. T Y Baker, B.A R N (ret 


Honorary Secretary 

F W FT ‘5i7T IWXT R 



CONTENTS 


Part 1, 1 January 1945 

PACE 

Professor E N. da C Andrade, Ph D , D Sc , F R S , President of the Physical 

Society, 1943-45 . . frontispiece 

J S Preston and G W Gordon Smith The internal resistance of the selenium 

rectifier photocell, with special reference to the sputtered metal film . 1 

R F Barrow and D V Crawford A note on the spectrum of MrO 12 

T ViCKERST^FF The brightness of present-day dyes . , 15 

H G Howell Resonance in precessional states of diatomic molecules 32 

H G Howell The spectia of tin and lead hydrides 37 

R P Bell A problem of heat conduction with spherical symmtery . 45 

S P Choong Coloration and luminescence produced by radium rays m the 

different varieties of quartz, and some optic properties of these varieties 49 

L PiNCHERLE The polarizing angle for reflection at the boundary between two 

absorbing media . . , 56 

T J Rehfisch Rectangular voltage waves from a low impedance source 60 

Discussion on papers by L S Goddard {Proc Phys. Soc 56, 372 (1944)) and L S 

Goddard and O Klemperer Ubid 56, 378 (1944)) on Electron microscopes 63 

Corrigendum . 66 

Recent reports and catalogues 66 

Part 2 1 March 1945 

W E Bollard The formation of metal-sprayed deposits 67 

J HoI 'GHTON Combinations of spherical lenses to replace non-sphcrical refracting 

surfaces in optical systems 84 

D H Smith The non-reflectmg termination of a transmission line 90 

E C Craven A study of the comparative method of determining gaseous refrac- 

tiMties 97 

A Twlor and H Sinclair The influence of absorption on the shapes and 

positions of lines in Debye-Scherrer powder photographs 108 

A Taylor and H Sinclair On the determination of lattice parameters by the 

Debye-Scherrer method , 126 

John Job Manley Recent improvements in a precision balance and the efficacy of 

rhodium plating for standard weights . 136 

Reviews of books . , 145 

Corrigendum . 146 

Recent reports and catalogues . .1*16 

Part 3 1 May 1945 

R F. Bishop, R Hill and N F. Mott The theory of indentation and hardness 

tests . ... 147 

J B Nelson and D P Riley An experimental investigation of extrapolation 

methods m the derivation of accurate unit-cell dimensions of crystals 160 

W E. Perry Wall- and salt-absorption corrections in radium-content measure¬ 
ments ...... 178 



IV 


Contents 


PACK 

W E, Duncanson and C A. Coulson Theoretical shape of the Compton profile 

for atoms from H to Ne . 190 

E. H Linfoot Achromatized plate-mirror systems 199 

William Hume-Rotheby On Gruneisen’s equation for thermal expansion 209 

H G. W Harding Tlluminants for colorimetry and the colours of total radiators 222 

H Mikhail and Y L Yousef. On the measurement of the effective area of a 

search coil . . ... 238 

Discussion on paper by W E Ballard entitled “ The formation of metal-sprayed 

deposits ” 242 

Obituary notices * 

Sir Arthur Eddington . . . 244 

Charles Glover Barkla . 249 

John Roderick Ennis Smith . . 253 

Marius Hans Erik Tscherning. . . . 253. 

John Keats Catterson-Smith . 254 

Reviews of books . . . . . 255 

Recent reports and catalogues . ... 258 

Part 4 1 Jtdy 1945 

F. W. Aston, F.R.S., Twenty-first Duddell Medallist. . , facing 259 

C. N Davies. Definitive equations for the fluid resistance of spheres . 259 

Meghnad Saha, F R S A physical theory of die solar corona 271 

T Smith, F R S On tracing rays through an optical system .... 286 

David Owen Directional loci in a magnetic field, and the locating of neutral points 294 

A. L. M'Aulay and F D Cruickshank A differential method of adjustmg the 

aberration of a lens system , 302 

A J. Guinier Imperfections of crystal lattices as investigated by the study of 

X-ray diffuse scattering . . . .310 

A Morris Thomas and W. L Gent Permeation and sorption of water vapour in 

varnish films. . . 324 

F. D. Cruickshank. A system of transfer coefficients for use m the design of lens 

systems ; 1, The general theory of the transfer coefficients 350 

F. D. Cruickshank. A system of transfer coefficients for use in the design of lens 

systems : II A second-order correction term 362 

Reviews of books . ^ ^ 

Corrigenda . . .... . . 37 O 

Part 5 1 September 1945 

K.. Mendelssohn. The frictionless state of aggregation , 371 

A. M Binnie. a double-refraction method of detecting turbulence in liquids . 390 

F. Gilbert Brown. Exact addition formulae for the axial spherical aberration and 

curvature of field of an optical system of centred sphencal surfaces 403 

Y. Li. Yousef. D 3 mamic measurement of Young’s modulus for short wires . .412 

F. D. Cruickshank A system of transfer coefficients for use m the design of lens 
systems : III. The contributions to the image aberrations made by the individual 
surfaces of a lens system. ^ ^ ^ 4 ^^ 

F. D. Cruickshank A system of transfer coefficients for use m the design of lens 
systems IV. The estimation of the tolerances permissible in the production of 
an optical system ... , , * xn/ 



Contents 


V 


F D. Cruickshank A system of transfer coefi&cients for use in the design of lens 
systems . V. Transfer coefficients for the astigmation at small aperture and 
finite obliquity . . . . . ... 

A L M‘Aulay a transfer method for denvmg the effect on the image formed by 
an optical system from ray changes produced at a given surface 

JE F Caldin. The relation between the brightness and temperature of a total 
radiator . . . . 

Reviews of books 


Part 6 1 November 1945 

R\gnar Gran it. The electrophysiological analysis of the fundamental problem of 
colour reception. Fourteenth Thomas Young Oration 

Arturo Duperier. The geophysical aspect of cosmic rays Twenty-nmth Guthrie 
l^ecture •• 

J. B Nelson and D P Riley The thermal expansion of graphite from 15® c. to 
800® c Part I Experimental . 

D. P, Riley The thermal expansion of graphite: Part II. Theoretical 
A. Charlesby. Structure and orientation m thm films of polythene 

A Charlesby. Effect of temperature on the structure of highly polymerized hydro¬ 
carbons ... . ... 

J. C. Jaeger Note on diffusion in the ionosphere ♦ . * , . 

S. R. Pelc The photographic action of x rays . ... 

D. H. Smith. A method for obtaimng small mechanical vibrations of known 
amplitude ... . • • 

T. Smith, F.R.S Theoretical mvestigation on telephoto lenses .... 

T Smith, F R S Variational fotmulae m optics ...... 

F. W. CucKOW. The electron microscope and its applications .... 

C. R* Burch, F.R.S. Flat-fielded smglet aplanats ...... 

Demonstrations. 

A Franck and Hertz critical potential experiment, by J. H. Sanders 

Apparatus illustratmg the Michelson stellar interferometer, by P. J Treanor, 
S.J . ... . . . 

Obituary notices 

John Ambrose Fleming ... . 

Sidney Skinner . . . 

Lionel Robert Wilberforce. 

James Young.. 

Reviews of books ............ 

Index to Volume 57. 

Index to Reviews of books. 

Proceedings at the Meetmgs, Session 1944-45 . 

Report of Counal for the year 1944 . . . 

Report of the Honorary Treasurer for the year 1944 . . . . . 

E N. da C Andrade, F,R.S , The history and future of the Physical Society. 
Presidential Address . ... 


page 

430 

435 

440 

444 


447 

464 

477 

486 

496 

510 

519 

523 

534 

543 

558 

564 

567 

577 

579 

581 

584 

585 

585 

586 
591 
596 

vi 

xiii 

xvii 


XXI 















PROCEEDINGS AT THE MEETINGS 
OF THE PHYSICAL SOCIETY 

SESSION 1944-45 


20 September 1944 

The eighteenth meeting of The Colour Groi^p, at the Lip^hting Serv’ice Bureau, Savoy 
[ill, London W C. 2, Mr J Guild being in the Chair. 

A lecture entitled “ Illuminants for colorimetry and the colours of total ladiatois 
as delivered by H G W Harding, B Sc , and was followed by an informal discussion. 


29 September 1944 

The tkirUenth meeting of The Optical Group, at Imperial College, London S W 7, 
Professor A O. Rankine being in the Chair 

A demonstration of High-intensity projectors for stereoscopic screen projection 
vas given by A. C. W Aldis, M A 

The following papers were read and discussed 

“ The monochromatic aberrations **, by H. H Hopkins, Ph,D ; 

“ Transfer method for denvmg the effect on the image formed by an optical system 
rom ray changes produced at a given surface by Professor A. L M*Aulay 

A differential method of adjusting the aberration of a lens system by Professor A* 
L. M^Aulay and F D Cruickshank, B.Sc 

** A system of transfer coeffiaents for use in the design of lens systems ”, by F. D* 
Cruickshank, B.Sc 

(A summary of the last three papers i\as presented by Dr C G Wynne.) 


24 October 1944 

Science Meeting, at the Cavendish Laboratory, Cambridge, the President, Professor 
E N. da C. Andrade, being m the Chair 

A lecture on “ Active nitrogen ” was delivered by Professor S. K Mitra, D Sc , and 
was followed by an informal discussion 


27 October 1944 

Science Meeting, at Imperial College, London S W. 7, the President, Professor E. 
N. da C. Andrade, being in the Chair 

The followmg were elected to Fellowship John Norman Aldington, Arthur Joseph 
Hughes, Cynl James Henry Monk, Wilfred Ernest Watson-Baker, Charles Gome Wynne. 

It was announced that the Council had elected the following to Student Membership : 
Bafael Armenteros, Gordon John Bell, Maurice Arthur Cayless, Rex Herbert Coffin, 
Montague Cohen, Derek H. Cole, Dennis Henry Colvill, Robert William Cranston, 
Peter Crosby, Michael William Feast, Lily Irene Gadd, Malcolm Hobson Green, Joan 
Irene Ha^r, Ronald Bertie Ide, Clifford Philip Newman, Donald Perkms, Thomas 
Henry Richardson, Peter Henry Rose, Hilmi Samara, Vera Mary Seamans, Beta May 
Sparkes, John Henry Strong, George Geoffirey Twidle, R. J. Wakelm 

Demonstrations of “ Rectangular voltage waves from a low-impedance source ” 
given by T. J. Rehfisch. 


were 



Proceedings at meetings vii 

The following papers were read and discussed: 

‘‘The computation of electron trajectories m axially symmetric fields*’, by L. S. 
Goddard, B Sc ; 

“ Electron ray tracing through magnetic lenses **, by L, S. Goddard, B.Sc , and 
O Klemperer, Dr Phil. 


31 Octobei 1944 

Science Meetings held jomtly with the British Institution of Radio Engineers in 
the rooms of the Institution of Structural Engineers, Upper Belgrave Street, London 
S W 1, Mr L, McMichael being m the Chair. 

A lecture entitled “ Physics and radio ** was delivered by Professor E N. da C Andrade, 
F R S , and was followed by an informal discussion. 


9 November 1944 

Science Meeting, at The Royal Society, Burlmgton House, London W. 1, the President, 
Professor E N. da C Andrade, being m the Chair. 

The following were elected to Fellowship : William George Atkins, Regmald John 
Bartle, Cynl Arnold Bridgewater, Cyril Bnstow, Kermeth George Brummage, James 
Alexander Bums, Clifford Charles Butler, Michael Anthony Grace, Geoffrey Gnme, 
R. W James, Sidney Gabriel Richard Lindboe, Kenneth Alexander McMurtrie, Jozef 
Mazur, Mohamed Gamal El-Dm Nooh, Hubert Derrick Parbrook, Jerzy Skrebowski, 
Robert Harbmson Sloane, Andrew David Thomas, Charles Edney Wheeler, Walther 
Wolff 

The President delivered the following address 

“We welcome to-day certam of our French comrades in physics, members of 
our sister society, la Soa te francaise de Physique. We have here Professor G. A. 
Boutry, Professor P, Auger and Dr. S. Rosenblum. Through the kind offices of 
M Boutry, professeur au Conservatoire national des Arts et Metiers, and a Fellow 
of our Society, I have received a brief account of the history of the Societe smce 
the outbreak of war. In it the President, Professor J. Cabannes, records the lament¬ 
able fate of many members whose names are known to, and honoured by, all of us. 

I will ask you to stand, as a token of respect, while I read the names of those who- 
have died 

G. Dechene, J. Farmeau, H. du Mesml du Buisson and J- Rossignol fell on the 
field of honour in the early battles. 

F. Holweck, who made his name famous by his pump and by other mgemous 
mstnmients, by his work on soft x rays and by other notable researches, was murdered 
by the Gestapo ; and J. Solomon, one of the most prozmsmg of the younget* theoretical 
physicists, was shot by the German xmlitary authorities. 

Deaths that we have to deplore, some no doubt accelerated by the traditional 
brutalities of the Germans, are those of H. Buisson, H. Chipart, A. Dufour, A. Guillet, 
Victor Henn, Jean Perrin (Foreign Member of the Royal Society and Honorary 
Fellow of our Society), Emile Picard (likewise a Foreign Member of the Royal Society) 
and Pierre Weiss. 

Besides those who are known definitely to have lost their lives, there are others- 
whose ultimate fate is unknown. H Abraham, Eugene Bloch, G. Bruhat, L. Cartan, 
C, Sadron and J. Yvon have been deported to Germany, and we dare scarcely hope 
that they have found humane treatment there. Of Paul Langevin, who received 
in 1940 the highest honour that the Royal Society has to give, the Copley Medal, 
we have no news, unless M. Boutry has something to tell us 

Let me assure our French friends that although, as Mr. Eden said yesterday, 
‘ People m Bntain do not yet fully understand how complete, how merciless, how 
dastardly has been the devastation inflicted by the German armies m Allied lands 
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as they withdrew some of us here have some comprehension of German brutality 
and are not anxious to welcome back in our midst the representatives of German 
science who also represent German unscrupulousness, German opportunism and 
German dishonour. 

I am glad to be able to mform the Physical Society that all through the troublous 
days of the German occupation, zealous and courageous French colleagues have 
kept alive the science of physics in France. In June 1941 appeared a new publica¬ 
tion, the Cakiers de Physique , and the first number of another new publication, the 
Anncdes de Geophystque, is at this moment in the press We congratulate our French 
brethren on the success of their strenuous efforts. 

M. Boutry, Au nom de la Physical Society je vous pne de bien vouloir -saluer 
de notre part nos camarades de la Soci4t6 frant^-aise de Physique et de leur dire combien 
nous regrettons le lamentable sort de nos confreres, victimes du maudit syst&me Nazi, 
ou plut6t allemand, combien nous esp^rons voir renaitre dans toute leui gloire 
traditionelle et la France et la physique fran^aise Nous avons remarqu6 avec la 
plus vive emotion comment, au rxi^eu de tant de dangers et de difficult^s, les physiciens 
francais ont contmu4 leurs travaux desmteress6s Tout ce que la Physical Soaety 
peut faire pour encourager et appuyer nos coll^ues, nos amis francais, soyez assure 
que ce sera fait. C’est pour nous un tr^s grand honheur de pouvoir ddsormais 
renouveler nos corcUales et traditionelles relations avec la Soci6t4 fran^aise de Physique. 
Cher collogue, soyez^le bienvenu.’* 

A lecture on “ The mght sky** was delivered by Piofessor S K Mitra, D.Sc., and 
was followed by an informal discussion 


22 November 1944 

The nineteenth meeting of The Colottr Groxjp, at Imperial College, London S.W. 7, 
Mr. J. Guild being in the Chair 

A lecture entitled “ Retinal structure and colour vision ’* was delivered by E. N. 
Willmer, M,A., B Sc*, and was followed by an informal discussion , ^ 


23 November 1944 ' 

Science Meeting, at the Royal Society, Burlmgton House, London W. 1, the President, 
Professor £. N. da C. Andrade, being m the Chair. 

Kenneth Conrad Bryant, Deryck Chesterman and Peter Savic were elected to Fellowship 
The President announced the death, on the previous day, of Sir Arthur Eddington, 
O.M., F.R S , (President 1930-32) and read an account of Sir Arthur’s life and work, 

A lecture on “ A physical theory of the solar sorona ** was dehvered by Professor 
M. N. Saha, D.Sc., F R S., and was followed by an informal discussion. 


24 November 1944 

The fourteenth meeting of The Optical Group, at Imperial College, London S.W 7, 
Professor A. O. Rankin e, being in the Chair 
The following papers were read and discussed 
Notes on the evolution of the mvertmg eyepiece ”, by E. Wilfred Taylor , 

\r thm separated lenses and of a cemented doublet ’*, by Instr -Capt. 

T. Y. Baker. 

of “ a new modification of a ray plotter *’ was given iJy Mr. B. K* 
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IX 


January 

Science Meeting^ at The Royal Society, Biirlington House, London W 1, the President, 
Professor E. N. da C. Andrade, being m the Chair. 

The following were elected to Fellowship . Wilham Fbrdham Cadmore Cooper, 
Zygmunt Alexander Klemensiewicz, Kenneth Herbert Spring, Harry Verdon Stopes-Roe, 
William John Wilson. 

It was announced that the Council had elected the following to Student Membership * 
Denys Osmund Akhurst, Charles Anthony Arkell, Gordon Bumand, Alfred Norman 
Burton, David Keith Butt, Derek Young Coomber, Chnstian Ellis Coulman, Ronald Dee, 
Gerald Morley Habberjam, Roy Hayes, Gerald Alfred Jackson, John Lister, Harold 
Frederick William Mander, Alan Pearce Morgan, Clifford Philip Newman, Arthur Coates 
Parker, Thomas Frederick Porter, John Alexander Pryde, Geoffrey Cecil Pyle, ,Derek 
William Saunders, Geoffrey George Smith, Derek Malcolm Thomas, Maurice William 
Tulett, Sidney John Walton, John Woods, Peter Robert Wyke 

The President read an appeal, copies of which were afterw ards posted to Fellow s and 
friends of the Society, for contributions to a Holw-eck Prize Fund 

A lecture on “ Imperfections of crystal lattices as investigated by study of x-ray 
diffuse scattering*’ was delivered by Dr A J. Guinier and w^as followed by an informal 
discussion. 


7 February 1945 

The twentieth meeting of The Colour Group, at the School of Photo-Engravmg and 
Lithography, Bolt Court, Fleet Street, London E C 4, Mr J. Guild being m the Chair. 

Mr. H. M. Cartwright gave a lecture and demonstrations on “ Colour pnnting and 
problems of colour reproduction’*, \vhich were followed by an informal discussion 


16 February 1945 

The fifteenth meeUng of The Optical Group, at Imperial College, London S W. 7, 
Professor A. O. Rankine bemg m the Chair. 

The following papers were read and discussed 

“ The properties of some new optical glasses ”, by R. E Bastick, Ph D. 

“ Routine refractometry for optical glasses ”, by W. C. Hynd, M.Sc. 


23 February 1945 

Sctence MeeUng, at the Science Museum, London S W. 7, the President, Professor 
E N da C Andrade, bemg in the Chair 

The following were elected to Fellowship, all but the first ten being transferred from 
Student Membership Ernest Regianld Adams, Regmald Joseph Cole, Ernest Cecil 
Craven, Irena Gimpel, Frankhn Stewart Hams, Charies Robert Smden Manders, Ronald 
Gladstone Mitton, Leonard Eugene Newnham, Albert Hickford Turnbull, Edward 
Leighton Yates ; Alan Wawn Agar, Norman Rushton Bailey, Roderick Kirkwood Barnes, 
Dennis Stanley Beard, Clifford Henry James Beaven, Margaret Elizabeth Jane Carr, 
Isabel Helen Cox, Donald Watts Davies, Joseph William Fox, Keith Davy Froome, 
Richard Mead Goody, Norman John Hams, Kenneth William Hillier, Mervyn Guy 
Newcomen Hme, George Francis Hodsman, Francis Raymond Holt, Denys Sydney 
Hopper, Howard Arthur Hughes, Robert William Gamer Hunt, Wilham Alan Jenmngs, 
Peter Regmald Layton, Ian Alexander Darroch Lewis, Derrick Joseph Littler, Emlyn 
Howard Lloyd, Thomas Alan Minns, Peter Lloyd Morgan, John Pollard, William Leshe 
Roberts, James Richard Stansfield, Denis Warwick Stops, Bernard Sugarman, Rudolf 
Arnold Wiersirta* 
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It was announced that the Council had elected the following to Student Membership : 
Fritz K Bauchwitz, Michael Somerset Ridout, Keith Varnden Roberts, John Roy Schofield,. 
Derek Anthony Silverston, Wladyslaw Jerzy Swiateki 

A lecture on “ The electron microscope and its applications *’ was delivered by F W. 
Cuckow, B Sc., and was followed by an informal discussion. 


9 March 1945 

Science Meeting, at Imperial College, London S W 7, Brigadiei J L P MacNair,. 
Fellow', being in the Chair 

The following were elected to Fellowship, the last four being transferred from Student 
Membership * Bengt Edl^n, Adolf Schallamach, Claude Ivan Snow, William Ernest 
Amould Taylor ; Harold Raynor Allan, Alan Stephen Edmondson, Roy Heastie, CJeoffrey 
Sherwood Waters 

The following papers were read and discussed 

“ The formation of metal-sprayed deposits” (with demonstration), by W E Ballard, 
F.R.LC ; 

“ The theory of indentation and hardness tests ”, by R F Bishop, B A , R Hill, B Sc,, 
and N F. Mott, M,A , F R S 


21 March 1945 

TJte twenty-first meeting of The Colour Group, at Imperial College, London S W. 7, 
Mr. J. Guild being in the Chair. 

A paper on ** The presentation of the C I E. system of colour specification ” was lead 
by R K Schofield, M A., Ph.D , and was followed by an mfoimal discussion 

The meeting was preceded by the fifth Annual General Meeting of the Colour Gtoup 
for the presentation of the Committee’s report on the work of the (houp in 1944-45 and 
for the election of Officeis and Committee for 1945-46 


20 April 1945 

The sixteenth meeting of The Optical Group, at Imperial College, London S W 7, 
Instr.-Capt. T Y. Baker being m the Chair 

The following papers were read and discussed • 

“ A theoretical investigation on telephoto lenses ”, by T Smith, M A , F R S , 

“ On tracing rays through an optical system ” (fifth paper), by T Smith, M.A , F R S ; 

“ Exact addition formulae for the axial spherical aberration and curvature of field of 
an optical system with centred spherical surfaces ”, by F Gilbert Brown. 

The meeting was preceded by the fourth Annual General Meeting of the Optical Group 
for the presentation of the Committee’s report on the work of the Group in 1944-45 and 
for the election of Officers and Committee for 1945-46 


23 May 1945 

Science Meeting, at the Royal Institution, Albermarle Street, London W 1, the President,. 
Professor E. N. da C. Andrade, being in the Chair. 

The foUowmg were elected to Fellowship, all but the first three bemg transferred 
from Student Membership . Raymond Frederick Cyster, Hubert Leslie Hulland, Archibald 
Charles Lock , Arthur Reginald Bevan, Jack Dunkley, Clifford McDonald Hargreaves, 
George Albert Mann, Ernest Henry Putley, Alan Stott, Laurence William Stevens Wilson.. 
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It was announced that the Council had elected the following to Student Membership i 
James Howard Barrett, Cynl Eugene Challice, Francis Maurice Comerford, Peter Brian 
Curtis, Reginald Leslie Gleave Gilbert, Rita Joyce Hancock, Hugh Donald Hemmer, 
Ralph Ewart Hickman, James Alexander Leys, Peter Murden, Raymond Peter William 
Scott 

The twenty-first Duddell Medal was presented to Dr F. W Aston, F R,S , in recog¬ 
nition of his invention and development of the mass spectrograph. 

Professor Andrade delivered his Presidential Address on “ The history and future of 
the Physical Society ” * 

* This volume, p. xki 


23 1945 

Annual General Meetings at the Royal Institution, Albermarle Street, London W. 1,. 
the President, Professor E N. da C. Andrade, being m the Chair. 

The minutes of the previous Annual General Meeting and of the Extraordinary General 
Meeting, held on 24 May 1944, were read and accepted as correct 

The reports of the Council and the Honorary Treasurer and the Annual Accounts for 
1944 were adopted. 

The Officers and Council and the Auditors for 1945-46 were elected 

Votes of thanks were accorded to the Rector and Governing Body of Imperial College,, 
the President and Counal of the Royal Society, the Managers of the Royal Institution,, 
and the Director of the Science Museum for excellent accommodation at meetings ; 
to the Royal Commission for the Exhibition of 1851 and Dr Evelyn Shaw for the office* 
and library accommodation at 1 Lowther G^dens, Exhibition Road, London S.W 7 ; 
to Dr. A. F. C. Pollard for preparing the U D C Index Shps for the Proceedings , and 
to the retinng Officers and Council 


30 May 1945 

The twenty-’second meeUng of The Colour Group, at the Royal Photographic Society, 
16 Prince’s Gate, London S W 7, Dr. R. K. Schofield being in the Chair. 

A lecture on “ Colour television ” was delivered by L C. Jesty, B Sc., M I.E.E., and 
was followed by an informal discussion - , 


Syune 1945 

Science Meeting, at Imperial College, London S.W. 7, the President, Professor D.. 
Brunt, bemg m the Chair. 

The following were elected to Fellowship, the last four bemg transferred from Student 
Membership * Ronald George Allen, Jack Damty, Douglas William Nicol Dolbear, 
Andr6 Jean Guinier, Harold Horace Hopkms, Richard Albert Hull, Giinther Loeck* 
Hans Motz, Stefan Richard Pelc, Harry Hemley Plaskett, Robert Arthur Scott, David 
Starkie, Leonard Walden , Frederick Henry East, Arnold Stanley Kmght, Douglas Henry 
Peirson, Harry Pratt 

The President read a letter from Professor C Fabry giving further bad news of the 
fate of French physicists, supplementing that given at the meeting of 9 November 1944. 

The followmg demonstrations were given and discussed 

“ Directional loci in a magnetic field and the locating of neutral points ”, by D. Owen, 
B.A,DSc. , 

** A simple form of refractometer of the Jamin type ”, by H G. Kuhn, Dr.PhiL, and 
G. A. Wheatley, B.A,; 

“A demonstration model of Michelson’s stellar mterferometer ”, by P, J. Treanor, 
S.J.. B.A. ; 

“ A Franck-and-Hertz critical-potential experiment, arranged for demonstration with 
a cathode-ray oscillograph ”, by J H. Sanders, B.A , 

“ A water-operated model klystron ”, by W J Scott 



Proceedings at meetings 
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22 June 1945 

The uventeenih meeting of The Optical Group, at Imperial College, London S.W 7, 
Instr.-Captain T. Y. Baker being m the Chair 

A lecture on Instrument design ” was delnered by A F C. Pollard, D Sc 


29>«el945 

Science Meetings at the Royal Institution, Albemarle Street, London W 1, the President, 
Professor D Brunt, being in the Chair* 

The following were elected to Fellowship, the last two being transferred from Student 
Membership John Frank Allen, Samuel Thomas Adrian Hall, George Arkla Haile, 
Oscar Martin Lee, Thomas Henry Peam, Leslie Ward , George Matthew Leak, Leslie 
Hamilton Tarrant 

It was announced that the Council had elected the following to Student Membership : 
Norman Brooke, Donald H Brown, Eric Lionel Ferguson, Sylvia Mary Gumbrell, Ronald 
Mayoh, Wilham Stanford Michael. 

The President announced that the Foreign Secretary, Professor E. N da C Andrade, 
was representing the Society at the meetings m Moscow and Leningrad to celebrate the 
220th anmversary of the foundation of the Academy of Sciences of the U.S S R 

The fourteenth Thomas Young Oration was delivered by Professor Ragnar Granit, 
who took as his subject • ** The electrophysiological analysis of the fundamental problem 
of colour reception 


6 July 1945 

Silence Meetings at the Royal Institution, Albemarle Street, London W 1, the Piesidcnt, 
Professor D Brunt, being in the Chair 

The following were elected to Fellowship William Cyril Barry, Owe Berg, Heibert 
Comes, Thomas Peter Taylor, Henrj' Wilham H. Warren 

The twenty-mnth Guthrie Lecture was delivered by Professor Arturo Dupener, who 
took as his subject * “ The geophysical aspect of cosmic rays 



REPORT OF COUNCIL FOR THE YEAR 
ENDED 31 DECEMBER .1944 

INTRODUCTORY AND GENERAL 

The year under review was one of steady progress in difficult circumstances and of 
preparation for much greater activities m the not far distant future. The membership 
has increased^ the Science Meetmgs have been remarkably successful^ and the Colour 
and Optical Groups have continued their very useful work without setback or slackenmg 
of pace. 

It has again proved possible to mamtam a satisfactory financial position without 
increasing the basic rates of Fellows* and Student Members* annual subscriptions or the 
rate of outside subscriptions to the Proceedings^ 

' Prelimmary steps have been taken towards the resumption of the Society*s Annual 
Exhibition of Scientific Instruments and Apparatus, the 30th exhibition bemg planned 
for January 1946. 

Much consideration has been given during the year to the co-ordination of the 
activities of our Society and the Institute of Physics, especially in regard to post-war 
publications and the formation of Groups for the discussion of certam subjects Steps 
have been taken to set up a Joint Committee of the two bodies to discuss these and other 
matters of common interest and importance. 

The Society has supported the work of the Parliamentary and Scientific Committee 
by taking up corporate membership^ and is represented on the Executive Committee by 
Professor E. N, da C. Andrade, who has been elected a Vice-President of the Committee. 

The Council has decided that an application for the mcorporation of the Society under 
Royal Charter shall be made when such a course becomes possible. 

Prelimmary consideration has been given to the question of the future housing of 
the Physical and other scientific Societies. The President, Professor E. N, da C. Andrade, 
represented the Society on a delegation, headed by the President of the Royal Society, 
which was received on 13 October 1944 by the Lord President of the Council, the 
Chancellor of the Exchequer and the Minister of Works and Buildmgs. Statements of 
the needs of the societies concerned are now being prepared and considered 

Through the generosity of the Royal Commission for the Exhibition of 1851, the 
Society continues to have excellent office and library accommodation at 1 Lowther Gardens, 
South Kensington. Acute shortage of office staff hampered the day-to-day work of the 
Society for nearly the whole year, but such difficulties will, it is hoped, be resolved in the 
near fixture. 

MEETINGS 

An Annual General Meetmg was held at Imperial College on 24 May 1944 for the 
presentation of the 1943 Reports of the Coimcil and the Honorary Treasurer, and for the 
election of the Officers and Council for 1944-45. This was followed by an Extraordinary 
General Meeting for the election of Professor A F. Joff6, Vice-Ptesident of the Academy 
of Sciences, Moscow, as an Honorary Fellow of the Society. 

Eleven Science Meetings were held during the year: four at Imperial College, two in 
the rooms of the Royal Spciety, one each at the Royal Institution, the Clarendon Laboratory 
and the Cavendish Laboratory, and two (jointly with other bodies) elsewhere. Two of 
the meetings were devoted to the Guthrie Lecture noted below, and three to special 
lectures on “ Active Nitrogen ** and “ The Night Sky ** by Professor S. K. Mitra, and 
“ A Physical Theory of the Solar Corona ** by Professor M. N. Saha {Proceedings^ 57 
(1945), p, 271). At three meetmgs discussions were held on “ Band Spectra and Energies 
of Dissociation of Diatomic Molecules **, opened by Dr. A. G. Gaydon {Proceedings^ 
(1944), p. 204), and “ Physics and the Scientific Instrument Industry **, opened by Mr. A. J. 
Philpot (Proceedings^ 56 (1944), pp 263 and 396), and a lecture-survey on “ Current 
Problems of Visual Research” was delivered by Dr. W. S Stiles {Proceedings^ 56 (1944), 
p. 329). At one meeting Demonstrations of Rectangular Voltage Waves were given by 
Dr. T. J. Rehfisch {Proceedings^ 57 (1945), p. 60) and papers on Electron Trajectories 
and Ray-tracing by Mr. L. S. Goddard and Dr O. Klemperer were read and discussed 
{Proceedings, 56 (1944), pp. 372 and 378, and 57 (1945), p. 63) One meeting was held 
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jointly with the British Institution of Radio Engineers for a lecture by Professor E, N. 
da C. Andrade entitled ‘‘ Physics and Radio and one jointly with ^e Plastics Group 
of the Society of Chemical Industry for a lecture by Dr. W. T. Astbury on “ X-ray 
Exanunation of Plastics 

The liberation of France has been qiuckly followed by the renewal of contact with 
our colleagues of the Societe francaise de Physique This was made the occasion of a 
brief but movmg ceremony at the Saence Meetmg on 23 November* 

The Council records its thanks for hospitahty extended during the year to the Society 
and Its two Groups by the President and Coimcil of the Royal Society, by the Rector 
and Governing Body of Imperial College, by the Managers of the Royal Institution, by 
the Electric Lamp Manufacturers’ Association and by the Director of the Science Museum. 

GUTHRIE LECTURE 

The twenty-eighth Guthrie Lecture was delivered on 26 April at the Royal Institution 
and on 29 April at the new Clarendon Laboratory, Oxford, by Professoi Joel H. Hildebrand 
(University of California), who took as h s subject The Liquid State ” {Proceedings^ 56 
<1943), p. 221. 


RUTHERFORD MEMORIAL LECTURE 

The second Rutherford Memorial Lecture, on Rutherford’s work after the Manchester 
period, should have been delivered by Professor J. D. Cockcroft in the early autumn of 
1944, but was unavoidably postponed on account of the Lecturer’s prolonged absence 
from this country. Arrangements will be made for the Lecture as soon as possible. 

DUDDELL MEDAL 

The Council awarded the twenty-first Duddell Medal to Dr. F. W. Aston in recognition 
of his invention and subsequent improvement of the mass spectrograph. The presentation 
of the Medal could not be made m 1944, but will take place at a Science Meeting as early 
as can be arranged 


THE R W PAUL INSTRUMENT FUND 

In accordance with the will of the late Mr Robert W. Paul, a Fund, consistmg of 
Ordinary Shares m the Cambridge Instrument Company valued for probate at 
jC110,036 10s., has been established for the provision of facilities (equipment, building, 
staff or financial aid) for ** the design, construction and mamtenance of novel, unusual or 
much improved types of physical instruments and apparatus needed for an investigation 
in pure and applied physical science and . . the advance of knowledge and the arts, 
where a relatively large expenditure may be justifiably risked on experimental apparatus ...” 
The application of the mcome is to be directed, controlled and administered by a Committee 
of six members, of whom three are appointed by the Royal Society and one each by the 
Physical Society, the Institution of Electrical Engineers and the Institute of Physics. 
If no grant is made for a penod of seven consecutive years, the capital, future income 
and accumulation of income are thereafter to be held in trust for the Royal Society, the 
Royal Institution and the Physical Society in equal shares for their general purposes. 

The Council has appomted Professor A. O. Rankine as the representative of the Physical 
Society on the Committee. 

CHARLES VERNON BOYS PRIZE 

By the vjnll of the late Sir Charles Boys, a former President, a nett legacy of £900 was 
bequeathed'to the Society, and the Council has decided that the interest shall be used 
for the institution of the Charles Vernon Boys Prize, to be awarded annually, without 
restriction of nationahty or of Fellowship of tins or any other Society, for distinguished 
research in experiment jihysics, either still in progress or earned out withm the five 
years preceding the date of the award. The first award of the Pnze will be made m 1945. 

* Ihe address delivered by the President on this occasion is recorded under “ Proceedings at 
the Meetings ” on pp vu-viii of this volume 
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ADDENBROOKE BEQUEST 

Through the generosity of Mrs. B. E. F. Addenbrooke, and by the wish of her late 
husband, Mr. G. L. Addenbrooke, a Fellow of the Society, Government Stock to the value 
of about £315 has been bequeathed to the Society. With the approval of the executors, 
the Council has decided that the interest on this bequest shall be used m the first instance 
for an annual purchase, starting in 1945, of standard books and other books of outstanding 
merit and usefulness on ‘*the structure, properties and behaviour of non-metallic 
substances The volumes so purchased will be suitably inscribed and placed m a special 
section of the Society’s Library, and their titles will be announced in the Notices to 
Members and communicated to appropriate bodies. 

PROCEEDINGS 

Volume 56 (1944) of the Proceedings appeared in the usual six two-monthly parts, 
but was about 20 per cent smaller than the 1943 volume ; the reduction m size has made 
possible a desirable increase in the number of copies pnnted, although the official allowance 
of paper has remained unchanged The increased charges for advertisements reported 
a year ago came into effect by the end of the year ; the space taken was exactly the same 
as in the 1943 volume. Two more Parts of Volume 54 (1942) which had run out of stock 
have been reprinted. 

The Council is again deeply indebted to Professor A. F. C. Pollard for his invaluable 
help in the preparation of the Universal Decimal Classification Index Shps, which are 
supplied with the Proceedings to all members and subscribers who make application for 
them in advance. 


REPORTS ON PROGRESS IN PHYSICS 

While physicists remain so busily engaged on work of the highest importance for the 
Allied cause, and while the supply of paper remains so meagre, it has again been decided 
that the next Volume must, like its immediate predecessor, cover two years mstead of 
one ; volume 10 (1944-45) is in active preparation and should be ready early in 1946. 
The sales of all the available volumes, 5 (1938)-9 (1942-43), have continued to be very 
satisfactory, and the remaining stock of Vol. 5 became exhausted towards the end of the 
year. Vol. 4 (1937), which has been out of pnnt for several years, but which is still in 
big demand, is being reprmted, and should be available in the summer of 1945. The 
Council again records its thanks to Miss M. M. Mitchell, the Publications Manager of 
the American Institute of Physics, for her valuable co-operation m the supplying of copies 
of the Reports to Amencan physicists. 


REPRESENTATION ON OTHER BODIES 

The representatives of the Society on the National Committees for Physics and for 
Scientific Radio, on the Committee of Management of Science Abstracts, on the Board 
of the Institute of Physics and on the Council of the British Society for International 
Bibliography were the same m 1944 as were reported a year ago. As mentioned elsewhere 
in this Report, the Soaety is represented by Professor E. N. da C. Andrade on the 
Parliamentary and Scientific Committee and by Professor A. O. Rankme on the R W. Paul 
Instrument Fund Committee. 


MEMBERSHIP 

A limited edition of the List of Officers and Members, corrected to 30 September 
1944, has been printed. It is satisfactory to be able to record a notable growth of 
membership for the fourth year in succession. As the followmg table shows, the Fellow¬ 
ship increased in 1944 by 5*3 per cent and the Student Membership by nearly 3 per cent, 
waking an increase in the total membership of nearly 5 per cent, which is less than in 
1942 and in 1943. The most welcome feature of the table is the large number of newly' 
elected Fellows, which was exceeded in only one previous year, 1942. 
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Roll of Membership 

Hon. 

Fellows 

Hon. 

Fellows, 

Optical 

Society 

Ex^ 

officio 

Fellows 

Fellows 

.. 

Student 

Members 

Total 

Totals, 31 Dec. 1943 

10 

3 

4 

1032 

271 

1320 

Changes 
during 1944 

Newly elected 
Transferred 

Deceased 

Resigned 

Lapsed 

Suspended 

Net mcrease 

1 

1 

1 

-1 


i- 

55 

52 

23') 

•’J 

8 

63 

Totals, 31 Dec. 1944 

11 

3 

4 

1087 

279 

1383 


OBITUARY 

The Council records with regret the deaths of the following Fellows;—^Mr. C. T. 
Archer, Sir Charles V* Boys, (Past President) Mr, J, W. BuUerwell, Mr, A, W. Claydon, 
Sir Ar&ur S. Eddington (Past President), Mr. J. C. R. Le Manquais, Sir Thomas R. Lyle, 
Professor H. F. Newall, Dr. J. K. Roberts, Mr. A. C. Shearman, Principal S. Skinnei:. 
Professor M. L. E. Tscheming (Honorary Fellow of the Optical Society), Professor L. R, 
Wilberforce, and the death of a Student Member, Dr. J. R. Ennis Smith. 

COLOUR GROUP 

At the fourth Annual G^eral Meeting of the Group, which was held at Impenal 
College on 8 IVIarch 1944, Mr. J. Guild was re-elected as Chairman, Dr. W. D Wright 
was elected as Honorary &cretary, and the Committee for 1944-45 was elected. 

Five Science Meetings were held during the year. Three of them were at Impenal 
College on 26 January, 8 March and 22 November, the subjects discussed being The 
brightness of present-day dyes ” (paper by Dr. T. VickerstaflF, Proceedings^ 57 (1945), 15), 
Colour vision deficiency m industry ” (paper by Professor J. H. Shaxby), and ** Retinal 
structure and colour vision ” (paper by Mr, E. N. Willmer) A meeting was held at the 
Royal Society of Arts on 7 June for a paper on The Munsell system ** by Dr, W. D. 
Wnght, and one at the Lighting Service Bureau of the Electric Lamp Manufacturers* 
Association for a lecture on ** Illuxninants for colorimetry and the colours of total radiators *’ 
by Mr. H. G. W. Hardmg {Proceedings^ 57 (1945), 222). 

The reports of the Sub-Committees on Colour Terminology and Colour Vision De¬ 
ficiency in Industry are nearing completion. Close contact with the Inter-Society Colour 
Council in the U.S.A, has been maintained. 


The membership of the Group on 31 December was as follows: 

Members of the Physical Society - ... 79 

Members of other participating bodies .. ... 59 

Members of five firms subscribing for sustaining membership 15 

Other members .. .. .. . .. ., ,. 5 

Total 158 


OPTICAL GROUP 

Tlie Thiid Annual General Meeting of the Group was held at Impenal College on 
21 April 1944, when Professor A. O. Rankme and Professor L C. Martin were re-elected 
as Chairman and Honorary Secretary, respectively, and the Committee for 1944-45 was 
elected. 

Five Sdenoe Meetings were held during the year. At the Northampton Pblytechmc 
on 18 Febru^y, Air. H. H. Emsley delivered a lecture entitled “ Some notes on space 
perception (Proceedaes^ JS6 (19441. 2931. and m 1 a«cp^ 
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Ciiiford Hall and Mr. E. F. Fmcham were read and discussed {Proceedings^ 56 (1944) 272). 
At a special meeting held jointly with the Scientific and Technical Group of the Royal 
Photographic Society on 30 May, Mr E. R Davies presented for discussion an address 
entitled “ Psychophysics and photography ” by Dr. Lloyd A. Jones {J. Opt. Soc. Anier. 
54 (1944), 66) Three meetmgs were held at Imperial College on 21 April, 29 September 
and 24 November ; the first was devoted to a lecture entitled “ My fifty years in the 
optical industry ” by Mr. J W Hasselkus ; and the subjects of the other two were demon¬ 
strations of “ ffigh-mtensity stereoscopic screen projection ” by Mr. A C. Aldis 
and “ A new modification of a ray plotter ” by ^Ir. B. K. Johnson, papers by Mr. H. 
H Hopkins, Instr -Capt T Y Baker, and Mr E Wilfred Taylor (** The inverting 
eye-piece and its evolution ”, J. Set. Inst 22 (1945), 43 , and a digest by Mr. C. G. W^mne 
of papers by Professor A L M'Aulay and Mr F C Cniickshank on the design of lens 
systems (Piotcedings, 57 (19451, 302 350, 3621 

The membership increased by 10 durmg the year, and was as follows on 31 December : 
Members of the Physical Society . . ,. 152 

Members of other paiticipatmg bodies . .. 89 

Members of twentv-three firms subscnbing for sustaining membership 97 
Other members . . .. . . . 8 

Total .. 346 

REPORT OF THE HONORARY TREASURER 
FOR THE YEAR ENDED 31 DECEMBER 1944 

In 1944 the excess of income o\er expenditure (5£1144) was * Birger than m any previous 
year, and £566 higher than in 19*^3 , rhe total expenditure (£4207) was £278 less than a 
vear ago, and ^he total income (£5351) was £288 more. 

The only item of expenditure show mg an mcrease since 1943 was in respect of the 
Society’s occupation of rooms at 1 Lowther Gardens, where it became necessary to engage 
a fire-watcher for the greater part of the year By arrangement with the Secretary of 
the Royal Commission foi the Exhibition of 1851, a senior student at Imperial College 
was employed in this capacity, the expense bemg shared equally by the Royal Com¬ 
mission and the Society 

Expenditure on secretaiial and clerical services w’as low’ on account of shortage of 
staff, which will, it is hoped, be rectified m the near future. 

The income from sales of publications was about the same as m 1943 , a considerable 
increase of sales of the Proceedings balanced the falls of sales of Reports on Progress in 
Physics and Special Publications. Every other important item of income showed an mcrease. 
The charges for advertisements m the Proceedings W’ere appropnately raised durmg the 
year. 

The total value of the Society’s investments at the end of the year was £2093 higher 
than at the end of 1943 , of this, the newly instituted Charles Vernon Boys Prize Fund 
accounts for £900, and £1000 was mvested in 3 Defence Bonds early in 1944. The 
market values showed a shght appreciation 

A further, and larger, grant by the Royal Society from the Rockefeller Gift, to assist 
the Society to meet war-time publication difficulties, is gratefully acknowrledged; the grant 
has been expended on the repnntmg of Parts of the 1942 Proceedtr^s. 

Owmg to the strmgency of the paper control and the shortage of ongmal material 
w-hich It IS permissible to pubhsh durmg the w^ar, both the size of the Proceedings and 
also the frequency of publication of the Reports on Progress in Physics have been reduced 
considerably in the last few years When such limitations are removed the Society will 
have reason to be pleased with the favourable balance it has accumulated. In the near 
future It will be necessary also to acquire a considerable amount of office furniture, not 
only to replace that now in use, which is the property of the Institute of Physics, but also 
to meet the needs of the mcreasing activities of the Society. 

(Signed) CLIFFORD C. PATERSON, 

Honorary Treasurer. 


19 April 1945. 
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We have audited the above Balance Sheet and have obtained all the information and explanations we have required. We have verified the bank balances and the 
Investments. In our opmion such Balance Sheet is properly drawn up so as to exhibit a true and correct view of the state of the Society’s affairs accordmg to the 
best of our information and the explanations given to us and as shown by the books of the Society. 
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THE HISTORY AND FUTURE OF THE PHYSICAL 

SOCIETY 

By Prof. E. N. da C. ANDRADE, F.R.S. 

Presidential Address delivered 23 May 1945 

§ 1 INTRODUCTION 

A t a time, like the present, of change and flux, at\\hat is clearly the end of one great 
historic period and the beginning of a nev^ phase of world history, it is appropnate 
that we should each examine our position and form appropriate plans for the future. What 
IS true for individuals is no less true for coiporate bodies, which have the double duty of 
satisfying the needs of the present and preparing for the demands of the future It may, 
therefore, be appropnate for the retiring President to examine the present state of the 
Physical Society and tell the Fellows something of its plans for the future Further, 
to judge the present position wisely, and to estimate oui rate of progiess, which, as well 
as our present position, it is necessary to know if we are to judge of our future—since 
positions and velocities are both needed if we are to calculate the future state of a system— 
it is advisable to make a brief surv’ey of the past. I shall therefore run briefly through 
certain phases of the history of the Society, and refer to the introduction of the various 
innovations which now represent established features of the Society, so that we may see 
how^ our wise predecessors have built up the traditions which we now proudly possess. 
After some account of our present position, I propose to outline our ambitions for the 
futuie, with a word as to how w'e hope to realize them. 

Before I proceed, however, I should like to lefcr to the present very healthy state of 
our Society and to give thanks to those to whom it is mainly due Lookmg back to my 
own carl> days, I think that some of our younger brethren may be apt to take institutions 
W'lth winch they are connected—^Unueisity departments, scientific societies, and so on— 
\ery much for granted they may suppose that these exist, cariy out their duties and 
serve by virtue ot some inevitable and mysterious corporate existence, some appointed 
and picdeslined leason and source. The tides, the underground railw’ay, the ten o’clock 
lectuie, these ha\e their being and then rules, but of how they arc sustained and governed 
very few enquiie in then youth. Howe\ei, to conduct a society like ours, to cnsuie that 
youi meetings are ananged and announced, to secuic distinguished speakers and appiopnate 
places of meeting, to see that the Proceedings are properly punted and delivered, and to 
maintain the efficient running of our organization in a hundred and one details is a matter 
that requires very skilled and devoted seivice, as well as considerable tact, knowledge and 
experience. In w^ar-time, particularly, with shortage of staff, difficulties of communica¬ 
tion, fire-watching and other duties not normally imposed, the runmng of the Society 
has been a very difficult matter, and w’e might well have found ourselves at this stage 
w^ith our affairs in confusion, our publications m abeyance, our members apathetic and 
diminished, and our influence sadly lessened That we are, on the other hand, in a 
flourishing state, with our membership steadily rising and our enthusiasm unchecked, is 
due in the main to our Honorary Secretanes They have given far more than w^e had 
any light to expect, they have worked unsparingly and unceasingly for our good 
Mr Awbeiy, the papeis secretary, has, for instance, been his own editor of the Pyoieedings ; 
Dr Jevons, our business secretaiy, has been his own assistant secretaiy They, m fact, 
with a diminished office staff and a thousand difficulties, working hours which few of us 
would contemplate, have kept our flag flying in a way for which we can never be sufficiently 
grateful I ask you to allow me, on your behalf, to offer our especial thanks to our loyal 
secretaries Members of Council, too, have not spared themselves 

§2. BIRTH OF THE SOCIETY 

Our Society was founded m 1874. Let us look back at the state of physics at about 
that date In the piecedmg year, 1873, Maxwell had first published his Electricity and 
Magnetism , Crookes had invented his radiometer, and van der Waals had published 
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the papers containing his celebrated equation Airy was completing his term of office as 
President of the Royal Society, and Lord Rayleigh, at the time the Hon John William 
Strutt, was elected a Fellow of the Royal Society his Sound was to appear four years 
later. J J Thomson was a student at Owens College, Manchester, under Osborne 
Reynolds and Balfour Stewart, of whom the last-named became our President m 1886 
In 1874, the year of our foundation, Tyndall was in control at the Royal Institution, 
but the greater part of his original scientific work had been completed. In that year, 
however, he delivered, as President of the British Association, his famous address at 
Belfast, which created a sensation and was, incidentally, the subject of a poetical summary 
by Clerk Maxwell, which summary was in its turn translated into Greek verse by R. 
Shilleto Maxwell was at Cambridge, whither he had gone in 1873, although the mam 
part of the researches by which his name lives was likewise completed Faraday had 
died seven years before Among the great contemporary names m physics were Kelvin, 
Stokes, Joule, Lockyei, Wheatstone and Crookes van t^Hoff and Rayleigh were beginning 
to become famous : Hertz and Arrhenius weie boys not yet heard of. In 1875 Ohver 
Lodge was appointed, at the age of twenty-four, reader in natural philosophy at Bedford 
College for Women 'As regards the general mechanical conveniences of life, the first 
typewriter was put on the market m this year The gas engine had been realized and the 
petroleum internal combustion engme was m its infancy. The Atlantic cable had been 
in operation a few years. The telephone had been invented, but the first commerical 
telephone switchboard was not to come for a few years. There was, of course, no electnc 
lightmg m the home and no gas-mantle The first gramophone did not appear until 
three years later It may therefore seem hard to some to believe that people could spend 
happy lives in those days, but we are credibly informed that they did 

As regards the teaching of physics, the Cavendish Laboratory was completed m 1874 
and instruction m practical physics started there undei Clerk Maxwell There was only 
one student in this year, W. M Hicks, who later become Professor of Physics and the 
first Vice-Chancellor at Sheffield. Teachmg of practical physics was going on at 
Manchester, under Balfour Stewart, with about ten students domg practical work m the 
laboratory Carey Foster had started systematic practical instruction in physics at 
University College, London, in 1866, to be foUow^ed by Grylls Adams at King’s College, 
London, m 1868, and Clifton at Oxford in 1872 Carey Fostei had two rooms available 
for practical work, of which one was his private room and, as far as I can make out, there 
were about half-a-dozen students carrying out experiments Carey Foster was the only 
one there, of course, carrying out research, and he first described his well-known bridge 
in 1872 As regards Oxford, there was no provision for research : in fact the advance¬ 
ment of know'ledge was no part of the professor’s duties, and Clifton took care not to 
exceed his duties. Rucker, the one demonstrator there, was succeeded in 1874 by 
W. N. Stocker, who became a Fellow of our Society in 1877 and is now our semoi surviving 
Fellow^ He recently made a most generous contnbution to our Holweck fund 

It is perhaps w'orth noting that the first papers of Carey Foster, our second President, 
were all on orgamc chemistry. In particular, three papers which he published m co¬ 
operation with Matthiesen on narcotine are said, by those better able to judge than I am, 
to be a long step forward in the knowledge of the constitution of the alkaloids J. 
Gladstone, our first President, subsequently became President of the Chemical Society 
in 1877, the only case, I believe, of one man havmg served as President of the two sister 
Societies So close were the relations between chemistry and physics in those days. 

Retummg to the teachmg of practical physics m 1874, we will note that it was 
proceedmg under Kelvm in Glasgow, where m 1870 a new laboratory had replaced the 
disused wme cellars in w^hich mstruction was previously given, and then turn to South 
Kensmgton. Here, at the College of Science, w’hich had been one of the results of the 
Great Exhibition of 1851, Guthne was Professor of Physics, giving regular couises of 
instruction. Perhaps I may quote from a letter written by Silvanus Thompson in 1875 
“ I go at one p.m. to Professor Guthrie’s lectures on Physics—at first on Hydrostatics 
and Pneumatics, but just now beginmng Sound. He lectures every day except Saturday. 
He is a ponderous Scotchman, and puts m ‘ of course * about thirty times each lecture 
(This IS the kind of thmg that students write about their professors!) Later, when he 
came to know Guthrie well, Thompson paid affectionate tnbute to his services to science 
and to the Society. In the same letter Sihanus Thompson, who became a Fellow'’ in 
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1875 and President in *1901, mentions that most of the students were teachers m traimng, 
and It must be remembered that almost the only future for a professional physicist in 
those days was some branch of the teaching profession. In particular, if you wished 
to carry out physical research you had either to hold a teaching post or to possess private 
means. As for the teachmg of physics, and of science m general, m the schools, it was, 
according to a Royal Commission “ regarded with jealousy by the staff, with contempt 
by the boys and with mdifference by the parents ** The general picture of British physics 
at the time is, then, one that shows a few mtellectual giants, like Kelvm, Stokes and Clerk 
Maxwell, and a number of great but lesser known men keenly engaged in research, while 
laboratory mstruction in physics was beginning at a few centres scattered over the country, 
at each of which half-a-dozen students or so laboured imder some keen enthusiast who 
made up for indifferent accommodation and equipment by personal skill and devotion 

I have tned, very bnefly, to indicate the state of physics as it was m England when 
our Society was bom The birth was due to a circular letter which Guthne sent out, 
saying, “ I wish to try to form a Society for Physical Research for showmg new physical 
facts and new means of showing old ones, for making known new home and foreign physical 
discoveries, and for a better knowledge one of another of those given to physical work 
The consequence of this letter was the inauguration of the Society m the Physical 
Laboratory at South Kensmgton, with Dr. J H Gladstone as the first President* 
Gladstone was at the time Fullerian Professor of Chemistry at the Royal Institution and 
is remembered for the work w^hich he canned out with T Pelham Dale on the refractive 
indices of liquids, resulting m their law connecting variation of refractive index writh 
variation of density The origmal Fellows who formed the Society numbered 99 

Professor Guthne, who did not become President imtil ten years later, took the of&ce 
of “ demonstrator which emphasizes that interest in experimental demonstrations which 
the Society has always shown, and still shows No doubt the office corresponded to that 
of ** curator of experiments **, to which, m 1662, Robert Hooke was appomted m the 
newly formed Royal Society It contmued in the Society until 1897, when C V. Boys, 
who had hitherto been ** Demonstrator and Librarian became simply “ Librarian 

§3. SOME NOTABLE CONTRIBUTORS TO THE ‘PROCEEDINGS' 

Publication of the Proceedings of the Physical Society of London began at once, the 
first paper being one by J, A Fleming, whom we lost this year, ** On the new Contact 
Theory of the Gahanic Cell ” In the same volume is a paper by McLeod, descnbing 
his celebiated \acuum gauge, a paper by Crookes on his radiometer—^not the first descrip¬ 
tion of It, but the first considerable discussion—and anothei by Guthrie on ** Salt 
Solutions and Attached Water giving an account of some of his classical work on 
cryohydrates The names of Oliver Lodge and Carey Foster also occui In the first 
ten years J A Fleming, Oliver Lodge, Norman Lockyer, Silvanus Thompson, R T 
Glazebrook, Ayrton and Perry, Aithur Schuster, J. H. Poynting and C V. Boys are among 
the fiequent contributors, and among contributions from Amenca we have a considerable 
one by Hall, on the Hall effect—^not the very first announcement of the effect, but followmg 
close upon at—and a note by H A Rowland on this discovery. The average yearly 
pioduction for these first ten years is about 170 pages Since those times the standard 
has been well maintamed • an recent times such names as Finch, Ezer Griffiths, Laby, 
Lcnnard Jones, Lindcmann, Mott, Raman, Rankine, O W. Richardson, Rutherford and 
Chadwick and Temple adorn our pages, and I will in particular remind you that many 
of W H Bragg’s papers fiist appeared in our Proceedings^ and that Sir Edward Appleton’s 
gieat senes of papeis on the ionosphere were likewise printed by us, begmaimg in 1928. 
One of his very earliest papers appeared in our Proceedings in 1921 He is a pretty shrewd 
judge, and chose the Physical Society for his papers, I believe, when he found out that 
not only is our standard high but that we can be relied upon to pnnt important papers 
with great expedition and m a worthy manner Of recent years our annual volume has 
consisted of some 700 or 800 pages, and has on occasion exceeded 1000 pages We adopted 
our present large format in 1921, and I thmk it is generally agreed that our standard of 
production is commendable, so that as regards quality, quantity and presentation we have 
no reason to be ashamed of our Proceedings We have, however, plans for extending 
our publication, to which I will refer later. 



XXIV 


E. N. da C. Andrade 


I have glanced at our Proceedings . another way of estimating our position in the \\<irld 
of physics IS to look at the list ot past Presidents It includes Lord Kelvin, G F Fitzgeiuld, 
Sir Oliver Lodge, J H Poynting, H. L Callendar, Sir Arthur Schuster, Sir J J. Thomson 
Sir Charles Boys, Sir William Bragg, and Sir Aithui Eddington, to mention onh the 
dead This is, indeed, a gratifying list, justifying our claim to have been supported— 
actively supported, for all these took a keen mterest in the Society and did not tegaid the 
office as a sinecure—^by the greatest physicists of the time If I am to mention only 4»ne 
ot the living past Presidents it shall be Sir Frank Smith, whom I choose because he presided 
brilliantly at our Jubilee Celebrations in 1924, and rendered outstanding ser\ices tn the 
Soaety, both durmg and after his years of office. 

§4 PUBLICATIONS 

As regards our publications, m the first place v\e have oui Pi oceedings, in which, I 
ha\e already said, most of the great names m British phvsics have appealed From the 
time of Rov land we have from time to time been gladdened by American conti ibutoi s 
R W. Wood in particular has sent us some of his most mteiesting papers 

In 1934 appeared the first volume of our Reports on Ptogress in Physics It was 
J J Thomson, our President from 1914 to 1916, who first suggested the issue of these 
Reportsy and he generously put up some money for a guarantee fund Fortunately, after 
the first year this fund has not been called on. The Reports have found a waim v\elc(«!nc 
on both sides of the Atlantic and have evidently met a need Volumes I to V are out 
of prmt Four volumes have already appeared since the outbreak of war, and another. 
Volume X, is m active preparation We have been fortunate in obtaining outstanding 
articles from Ameiican physicists, especially since the war the fact that the eneigetic 
editor of the Repot tSy Dr W. B Mann, has been for some time lesident in Amcnca has 
helped to secure American co-operation, which we greatly \^alue This may be a suitable 
place at which to express our thanks to the American Institute of Physics I'his organiza¬ 
tion IS not a counterpart of our Institute of Physics, but a publishing body which compi ises 
the corporate membership of five societies, namely, the Ameiican Physical Socictv, 
Optical Society of America, Acoustical Society of America, Society of Rheology and the 
American Association of Physics I'cachers The Institute has been ol great help tt* us 
during the war years by assisting in e\eiv way to distribute our Ptogiess Reports among 
Amencan physicists with the minimum foimality, and has always shown us the greatest 
goodvfill. 

Besides these serial undertakings, wc ha\c from time to time issued special pub]icati<*ns. 
Four special reports won instant recognition : those of Sir James Jeans on Radiation and 
the Quantum Theory (1st edition 1914, 2nd edition 1924) ; Sir Arthur Eddington on 
Relativity Theory of Gravitation (1920) , A Fowler on Series in Line Spectra (1922) , 
and W Jevons on Band Spectra of Diatomic Molecules (1932) Each of these appealed 
at a time when it filled an urgent demand We published the Collected Papers of Wheat¬ 
stone (1879) and of Joule (1884) The Papets and Discussions of the International Con¬ 
ference of Physics held m London in 1934, in the organization of which we played a great 
part, were published by the Society, and the proceedmgs of various Discussions organized 
by us, such as, eg., the Discussion on Vmon and the Discussion on Auditiony ha\e been 
published. 

A word as to our future policy in regard to publications may be welcome. It was 
suggested at Council in 1943 that there was a need of a medium foi the publication of 
original papers on physical problems whose mam inteiest was industrial and technical, 
corresponding to the German Zeitsduift filr TecJmische Physiky which was initiated in 
1920, at the time of the foundation of the ZeiUchtift fUr Phystk There seemed general 
agreement as to the reahty of the need, and it has been decided, after due deliberation 
of the proposal by a Joint Committee set up by our Society and by the Institute of Physics, 
to which I shall refer later, that special provision should be made for papers on the mote 
technical aspects of physics It has not yet been decided w’hether to divide the Proceedmgs 
into two parts, called, say, “A*' and “ B ”, or whether to bring out a separate journal, to 
be called Physica Techmeay or some such title Here, again, Council will welcome ex¬ 
pressions of opinion from the Fellows In any case, everything points to the fact that it 
will soon be necessary' for us to issue two \olunics a year, instead of the customarv one 
volume 



Presidential address 


XXV 


Theie is, ho'wever, a further publication m view Many of the discussions of Groups 
are of great interest, while not describing m the first place original work. It is widely 
considered that there may be a place for a journal which shall deal mainly with discussions, 
papers which survey authoritatively certam restricted branches of physics, critical reviews 
of current problems and so on Proposals have been made, but as nothing has yet been 
decided I can merely assure you that the matter is receiving consideration, and further, 
that nothing will be done by us without consultation, through the Joint Committee, with 
the Institute of Physics. 

I cannot leave the subject of publications xsithout refemng to the goodwill that the 
Royal Society has extended of recent yeais to our Proceedings I think that I may venture 
to say that any w^sh which w^e may cherish to take a greater part m the publication of 
Bntish physical papers w’lll not meet with a rebuff from that quarter 

§5 THE ANNUAL EXHIBITION 

One of the most successful and useful undei takings of the Society is our Annual 
Exhibition of Scientific Instruments and Apparatus This started from very humble 
beginmngs In 1905 there was held an “ informal meeting at which an exhibition 
of apparatus w^as given by the follow^ing firms R & J Beck , Cambridge Scientific Instru¬ 
ment Co , Ciompton & Co , Elliot Bros , Everett, Edgeumbe & Co , Fricker & 
Miller , Peter Heale , Adam Hilger , Iscnthal & Co , Marconi Wiieless Telegraph Co ; 
Nalder Bios & Thompson , Newton & Co ; R W Paul , Pitkin & Co , Rumney & 
Rumney , Synchionome Co. , Carl Zeiss Most of these firms ate familiar to you and 
were among our most recent list of exhibitors The attendance was about 240, which 
W'as greater than expected In 1906 was held a hke informal exhibition, with some fresh 
names, familiar to us now, among the exhibitois—I may mention Casella , Evershed and 
Vignoles , Gambiell , Ross , J Swift & Sons , and Alexander Wnght. In 1907 a 
mole lormal exhibition was held, which attained to the dignity of a notice in Nature (77, 
159, 1907) Since that time the function has yearly increased in importance at our last 
Exhibition before the war, the ts\enty-ninth, 80 firms exhibited, and the total attendance 
ovei the three days was nearly nine thousand Our Exhibition catalogues of recent years 
have been most \ aluable guides to the state of the scientific instrument industry, not only 
m this country, but elsewhere, and the prudent ha\e kept their copies The catalogues 
as issued for the fiist few exhibitions were mere leaflets I only Imow' of one complete 
set of catalogues from the stait, that in the possession of the Society 

It may be of inteiest to refer to one or two of the stages by which the Exhibition has 
progressed In 1909 discourses of geneial mteiest, by leading physicists, w'erc introduced 
as an attraction, the first two being given by C V Boys and Sihanus Thompson In 
1926 three new sections were added, devoted respectively to recent research of instrumental 
interest, effective lecture experiments, and apparatus; and experiments of historical interest. 
In 1930 a competition for ciaftsmanship and draughtmanship ’was initiated, for learners 
and apprentices belonging to the exhibitmg firms, 'which brought foith some exhibits of 
the giealest merit and awakened general interest 

As regards the future, you will be glad to hear that some months ago your Council 
decided that there was a good prospect that the Society would be able to hold an Exhibition 
m Januaiy 1946, and set up a Committee, under the chaiimanship of Professor G I Finch, 
to oiganize matters T am happy to say that the response from the industiy is very 
encouraging, and we hope to have a display of instruments and apparatus that will be 
truly representative of the art and that w^ill mteiest not only our own people but also to our 
friends liom other paits of the world 

§6 PHYSICAL SOCIETY GROUPS 

A recent innovation are our discussion groups, initiated during the war. Of these 
we have at present two, the Colour Group and the Optical Group The Colour Group 
arose spontaneously out of discussion at one of our science meetmgs in 1940. At this 
meeting Dr W D Wnght suggested that the Society should undei take the organization 
of the many workers w'ho were interested m the discussion of the various physical aspects 
of colours, so that they might have definite times and places of meetings and pre-arranged 
and prc-announced programmes of proceedings Dr Allan Ferguson, the reigning 
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President, who was in the Chair, favouied the suggestion, and as a lesult the inaugural 
meeting of the Colour Group was held m January 1941, under the Chairmanship of 
Dr. Wnght, who very successfully conducted the Group through its difficult initial stages 
In due course he was succeeded by Mr J Guild, who recently handed ovei to Dr. R. K 
Schofield a very flourishing organization, the present membership being about 160 

The Optical Group was founded, at the imtiation of Professor L. C. Martin and 
Dr. W. Jevons, shoitly after the foundation of the Colour Group It was constituted to 
meet in the first place the specific needs of the members of the old Optical Society, which 
amalgamated with the Physical Society in 1932. Professor Martin was formerly an officer 
of the Optical Society Under the wise guidance of its first chairman, Professor A O.. 
Rankme, who was our President from 1932 to 1934, the Group has held very successful 
war-time meetings, and now numbers about 350 members The present Chairman is 
our old fnend Instr.-Captain T Y. Baker, R N , who joined the Optical Society thirty- 
five years ago 

Shortly after our first Group was organized, the Institute of Physics started a pohcy 
of formmg groups, and the maugural meeting of its first group, which deals with Industrial 
jRadtology\ was held in May 1941 Two other groups were subsequently formed by the 
Institute, on Electronics and X-Ray Analysis respectively. I am glad to say that, with 
the object of avoidmg competition and confusion in the setting-up of groups, in publica¬ 
tions and in all matters m which both bodies are concerned, a permanent Joint Committee 
has been constituted “ to facilitate co-operation between the Physical Society and the 
Institute of Physics Some little time ago Sir Alfred Egerton wrote to me suggesting 
that the Society should form a Low-Temperature Group, for the discussion of the pro¬ 
duction and measurement of low temperatures and the properties of matter at such tem¬ 
peratures In this connection low temperatures are imderstood to be those below — 80*^ c 
or so and not only helium temperatures, which are, of course, mcluded. It has now 
been decided, at the recommendation of the Jomt Committee, to imtiate such a Group, 
and we are callmg an mformal meeting of some of the leading workers in this field to discuss 
the matter. Any suggestions from Fellows will, of course, be welcomed by Council 

§7. ACCOMMODATION 

Looking to the future, undoubtedly one of out greatest needs is suitable accommodation 
Smee 1939 we have, by the great kindness of The Royal Commission foi the Exhibition 
of 1851, been housed at Lowther Gardens Our smeere and cordial thanks are due to 
our generous hosts, the Commissioners, and in particular to their secretary, Dr. Evelyn 
Shaw, whose kindliness and consideration wdl always be remembered with pleasure and 
gratitude by the officers of the Society Without the hospitality of the Commissioners 
w’e should have been in sore straits It would, however, be an affectation to pretend that 
the two uppermost floors of 1 Lowther Gardens constitute premises suited to our present 
needs. The rooms, originally bedrooms m a private house, can be adapted to ordinal y 
office uses, but there is no room suited for use as a library, and, of course, no kind of a lecture 
room at all 

Our location in South Kensington is advantageous so long as we have to depend for 
theatres for our meetmgs on the kindness of the Imperial College, or on occasion of the 
Science Museum, whose director. Colonel Mackintosh, has always shown us great good¬ 
will It is, however, not very easy of access We require a more central site and we 
require convenient rooms where w'e can not only carry out our office business and discharge 
our various duties to our Fellows, but also receive worthily our guests from the Empiie 
and other countries overseas Our needs may be said to be some eight adequate offices 
of one sort or another, suitable space for the stormg of archives, an adequate libiary, 
a Council Room, a lecture theatre accommodating about a hundred auditois and a lectuie 
theatre capable of seating some three hundred auditors The Council Room and lecture 
theatres would, of course, be needed for intermittent, and not daily, use, and the economic 
scheme would be to share them with other scientific societies. 

The ideal scheme of accommodation would, then, seem to be a central building adapted 
to house the chief scientific societies,^ a building in which each society would have its own 
block of offices, and in which i^uncil rooms, lecture theatres and public rooms w'ould be 
at the disposal of the ‘vanous participating societies Common arrangements might 
advantageously be made for the printing of Pfoceedings and other periodical publications 
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of the societies and for their dispatch I am glad to say that our august mother, the Ro>al 
Society—^for all the chief scientific societies in England were founded by her Fellows, 
and are in some sort descended from the Royal Society—keenly mterested m such a 
scheme As the result of her activities a delegation, headed by the President of the Royal 
Society, was received on 13 October 1944, by the Lord President of the Council, the 
Chancellor of the Exchequer and the Mmister of Works and Buildmgs The object of 
the delegation was to represent the urgent need of a comprehensive scheme for the future 
housing of the Royal Society and other scientifiLC societies. I was fortunate enough, m 
my capacity as your President, to be a member of this delegation and to be allowed to 
represent our needs to the Mmisters present Their reply to the delegation, although 
necessarily non-committal, was by no means discouragmg The Royal Society was asked 
to submit a detailed scheme of the needs of all the societies involved and has been collecting 
the information, of which we have supphed our part It would be a graceful acknowledg¬ 
ment of the part which orgamzed saence has played in the successful prosecution of 
the war if the Government were to provide a worthy central home in which various scientific 
societies could live together under the fosteimg influence of the Royal Society 

Such a building would solve one of our most urgent needs, which is convement and 
accessible library accommodation As regards books, we aie tolerably well off as far as 
the periodicals of physics are concerned, but we are less satisfactorily equipped with text¬ 
books and specialized works. We have some historical books of mterest, the gifts of Fellows 
of the Society The libiary facilities are much needed by our Fellows, but the maccessi- 
bility and madequacy of our library space prevent full use being made of what books 
we have, and also stand in the way of development I feel that if we could properly display 
our possessions and comfortably accommodate our readers, we should find that Fellows 
would support our library with gifts and bequests, and that, further, Council would 
allocate larger sums for library purposes We have to welcome a very recent bequest 
from Mr G L. Addenbrooke for the purchase of books of a special character, and we 
hope to receive further presents 

The mattei of library organization undei the central buildmg scheme has already 
received attention A meeting of librarians of various scientific societies, mcludmg our 
own, was convened by the Royal Society and deliberated on various possibilities. At 
this meeting we were represented by our Librarian, Professor L C Martm, to whose 
work for the Society I should like to pay tribute I have not the time, nor have I obtained 
pel mission, to describe to you the results of these deliberations, but I thought that you 
would like to know that the whole matter of a central library covering various branches 
of science had been discussed from the point of view of peace, economy and convenience. 

§8 SPECIAL LECTURES 

We have under our control a senes of special lectures of which we are pioud The 
oldest of such functions is the Thomas Young Oration, founded m 1907, which we took 
over when the Optical Society amalgamated with us m 1932. Of recent years this has 
been given bieimially. We have often made this oration an opportunity of heanng one 
of our distinguished foreign colleagues, and this year, for the first time, we are to have 
an orator from Sweden, Professoi Ragnar Gramt, who will address us on colour perception. 

The annual Guthrie Lecture was founded in 1914 to commemorate our founder, 
Professoi Frederick Guthrie The bst of Guthrie lecturers includes some of the most 
famous names in physics We have drawn our Guthrie lecturers from America, France, 
Denmark, Germany, Holland and Sweden, as well as, of course, Great Britain. Fellows 
will icmember that last year we weie delighted to draw, for the fourth time, our Guthne 
lecturer from America, Professor Joel Hildebrand This year we are to hear Professor 
A Dupeiier, a Spaniard, who has been working m England for some years 

The biennial Charles Chree Medal and Prize was founded by Miss Jessie S Chree 
to commemoiate hei brother, our President from 1908 to 1910, and carries a very handsome 
emolument Professor S Chapman, a Londoner, was the first recipient Professor B. F. J. 
Schonland, from South Africa, the second ; this year, as third Chree Medallist, we are 
to hear Dr J. A. Fleming, of the Department of Terrestrial Magnetism of the Carnegie 
Institution, Washington. 

Of the Duddell Medal you have heard this afternoon. We shall shortly be proceeding 
to award a new prize, the Charles Vernon Boys Prize, which derives from a bequest of 
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money by Sir Cliarles Boys It is to be given annually foi distinguished lescaich in 
experimental physics, carried out within five years preceding the date of the awaid 

The first Rutherford Memorial Lecture was given in 1942 by his colleague and oui old 
friend. Professor H, R Robinson. This year we ai e to hear the second Rutherford Lecture 
from Professor J D. Cockcroft 

We have on hand a new piojcct which I have very much at heart, the foundation of a 
Hohveck Prize, the object of w^hich is to foster fiicndship and co-opeiation betw’^een British 
and French physicists It is named after Holweek, perhaps the most skilful experimenter 
that France has produced of recent years. He was the kind of man to whom we award 
the Duddell Medal, and he was murdered m Pans by the Gestapo It is our intention 
that the prize shall be given in alternate vears to a British and to a Fiench physicist, and 
that each prize-winner shall visit the capital of the other country to leceu'c it We 
have appealed for subscriptions, and the initial lesponse has been very encouraging We 
are just invitmg certain of the leading finns connected with physical research to subsciibe 
to the Holweek fund, and I hope that all present will do their best to forw^^ard this project 
The response of our French fnends to our gesture has been all that w^e desired. 

§9. THE SOCIETY TO-DAY 

This leads me to say a word about our lelations with other countries and with othoi 
societies. I have already referred to oui very cordial friendship with the United States, 
from which country we so often draw our special lecturers I may say that we have been 
promised some excellent articles from America for our Progress Reportsy which have a 
warm welcome over there 

Last year we had the pleasure of welcoming M Boutiy, representing the Societ6 
Fran 9 aise de Physique, at a Science Meeting, and of gieeting thiough him our French 
colleagues who have held up their heads and maintained thtir scientific and patriotic 
ideals through times of such hard trial, m spite of all that the biutal invader could do 
We also heard an outstanding lecture from M Guimcr Our iclations with our Ficnch 
colleagues are w^arm and deep 

'Within the Empire our position is firm Wc have many Fellow s in both Canada and 
Australia , nevertheless we should be very glad to welcome moic Piofessoi Schonland, 
w^ho recently went back to South Afiica as the Director ot Scientific Reseaich tor the 
Llnion, w^as for some time a membei of our Council, and wnll, we are confident, uphold 
our interests there. Last year we were able to strengthen our ties with our Indian 
colleagues by takmg part, both as a Society and as individuals, in welcoming the Indian 
scientists visiting this country as guests of the Government Among them were two 
celebrated physicists, Professor ^vleghnad Saha and Professor S K Mitra, who addressed 
us on subjects to w^hich they have made outstanding contributions, Professor Saha at a 
special meetmg held m London, and Professor Mitra both in Cambridge and in London, 
choosing different subjects for his twro lectures. We should like to see more Indian 
names recorded among our Fellow s, and trust that one result of this visit will be an accession 
to our Indian representation 

In 1944 w’e elected Professor Joffe, of Moscow, to be one of our Honorary Fellows, the 
number of which is restricted to twelve We hope that with improvement of communica¬ 
tions we shall be able to hear and see more of our Russian colleagues. We are also keenly 
anxious to renew" our former very cordial relations with the Scandmavian countries and 
with Holland and Belgium, and trust soon to see some of our old fnends from those 
parts with us agam. 

W’hile speaking of our international relations, I may say that the Presidents of the 
Society Fran^aise dc Physique, of the American Physical Society, and of the Optical Society 
of Amenca are ex-qfficio Fellowrs 

To our relations with the Royal Society I have already referred more than once That 
great scientific Fellowship has clearly showm that it recognizes the substantial part that 
we play m the organization of Bntish science and that it wull further all our legitimate 
aspirations We treasure the goodwill of the Royal Society, and respond with affection 
and gratitude With the Faraday Society and the Royal Meteorological Society we are 
on cordial terms • w^e have shown how highly wre think of the judgment of the lattei by 
•choosing one who was their President for three years as our owm next President I have 
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had occasion to speak of the Committee \^hich has been set up to promote coidial co- 
opeiation with the Institute of Physics, and it is the wish ot all of us to live on terms of 
close friendship with that guardian of the professional interests of British physicists • 

A veiy strong feature of the Society is the body of Student Members. At present, 
by our Articles of Association, a student member must be between eighteen and Uventy-six, 
and cannot remam a student for more than four years He or she pays no entrance fee 
and a subscription of only half a guinea, which entitles to admission to all meetings and 
to receive the Proceedings, the Agenda Paper and Notices, and the Catalogue of the 
Exhibition The object is, of couise, to make it easy for the young physicist to take a 
full part in our activities and to attract him to become a Fellow' when his four-year period 
IS fimshed 

The Student Membership has increased very much of recent years For the tw’enty 
years from 1903 to 1923 the average number of Student Members was about 7. In 1927 
It reached 27, and then began a more or less steady increase. In 1944 the number was 
279, the highest figure ever reached About seventy per cent of our Student Members 
become Fellows 

We are, then, a flourishing Society, re|oicing m strong international friendships and 
cordial goodwill at home That wre are flouiishina \\e ma\ claim both m view of our 
scientific activ'ities, which I have set before you, and ot the giowth of our menibeiship, 
illustrated by the graph now' shown You w'lll see that since 1917 ou-r numbers have 
risen steeply and steadily, exct‘pt for a bump beginning in 1932 ; this was due to the 
accession of memocis iiom the (3ptical Society, winch merged with us in that .v^at We 
can claim, I think, to give oui Fellows substantial benefits. The meecings which we 
organize and ttic ^ety leal fellowship winch wc foster there and elsewheie mean much 
to British physicists We ha^c a libraiy, our ambitions for which I have touched upon 
w'hen speaking of out aspnations m the mattei of accommodation. In the way of publica¬ 
tions we supply, tiec of charge, the PtocecdiPQS, the Phvsus Ahsihacts and the catalogue ot 
the Instiument Exhibition, while Fellow'S can obtain the PrO<ftei>s Reports and all other 
publications at mucl* i-cdiKed lates Our publications and goncial actuities, such as 
special lectincs, ha\c giown immensely since, say, 1910, yet oui subscription has remained 
at tivo guuieas since that date and caihci. In tact, the Physical Society has maintained 
pre-war—^prc-1914 w'ar—chaiges tor a gieatly mcieased seivicc. I do not w'ant to cast a 
gloom on this ai dent gathering, but 1 feel that I ought to issue a warning that this state 
of aflaiis cannot reasonably be expected to go on for evei, and could nor ha\c‘ peisisted 
so long if we had not been lunning w'lth an office staff much too small foi our needs. 
We have managed to cairy on only by the pcisonal exeitions of the Business Secretar>% 
to which I have already paid tribute, but fiistly he cannot be expected to continue in this 
w'ay, and, secondly, he has, even so, only just been able to keep abieast of the essential 
woik, with the consequence that there is a large accumulation of mattdis not of first urgency, 
but which now require attention We must prov idc, and pav for, propei staff 

I have been talkmgofthe state of our Society and of its standing in the world of science. 

1 think that you will be interested to know that Council has decided that an application 
for the incorporation of the Society under Royal Charter shall be made when such a 
couise becomes possible Duiing the wrai such incorporations have been in abeyance 
If our application is gianted we shall, of course, become the Royal Physical Society. 

§10 THF FUTURE OF THE SOCIETY 

Finally, 1 want to impress upon all Fellows that while, in ordinaiy parlance, they 
belong to the Society, actually the Society belongs to them. It depends for its vigour 
on the support that they give to it; its Proceedings are a leflcction of their activities m 
pushing forward the bounds of science : the success of its meetings is measured by the 
interest which they display. Whether, as we confidently trtist, the Society goes foiward 
with ever-increasing usefiilness, influence and lustre, or whether, as we have little fear, 
It declmes to a dull mediocnty, is a mattei that, in the end, depends on the Fellows. I 
can assure you, from detailed experience, that you have a Council made up of men with 
expert knowledge of physics, of physicists and of affairs , men who have the mterests 
of the Society very near to their hearts and are wilhng to give up time and energy—^nay, 
anxious to devote their best efforts—^to promote these interests They are not a set of 
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academic recluses or amiable figure-heads, desirous to sec only their own friends on Council, 
but men who are eager to welcome representatives of the youngei physicists when 
they, shovv interest m the Society and the will and ability to help to advance its 
interests I have, for instance, dunng my term of office as President, had the pleasuie 
of welcoming to Council one who not so many years ago w^as a research student of mine. 
Council is always glad to recel^e fiom Fellows suggestions for the good of the Society 
and, in particular, lecommendations as to new members of Council have always been 
and, I am sure, w’lll alw'ays be, considered at election time. 

These are times of gieat opportunity We have been promised a greatly increased 
measure of financial support for the Physics Departments and their laboratories in our 
Universities . physics is being used m industry to an extent never befoie approached 
in England, and it seems to be lealized in high circles that our future prosperity depends 
to a marked degree on the encouragement of physical icseaich in its technical applications. 
We have an important pait to play in fosteimg physical research m all its blanches by 
affoidmg worthy means of publication and by promoting discussion and friendly feelings 
among all physicists, w’‘hether engaged in teaching, puie leseaich or iiidustnal lesearch 
It IS for us at our meetings to bring our younger Fellows and oui Student Members into 
personal contact with the veterans of physics We have important woik to do in promoting 
international good feelmg in the world of physics. I ask you to support youi Society 
in an active manner, with something more than automatic co-operation—^w'lth vehemence, 
with enthusiasm- In your new President you have one who brings all the qualities 
necessary to lead our Society with bnlliant success—outstanding eminence in one branch 
of our subject, recognized last year by the award of a Royal Medal a wide knowledge 
of physics, both theoretical and experimental, to w^hich his war w^ork has added experi¬ 
ence of men and things m \anous parts of the woild : a genuine affection for the Society, 
which has received practical expression in the w’^ork which he has done for it as an active 
member of Council: a kindly, yet shrewd personality and three years* experience of 
high office as President of the Royal Meteorological Society He will lead you wdth skill 
and courage, with adroitness and with enthusiasm, through the many difficulties of the 
immediate future to a position of acknowledged power and of supreme use in the common¬ 
wealth of science May our Society flourish and increase * 
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ABSTRACT, This paper describes the effect of the internal resistance (other than t'^e 
barner-layer) of the selenium rectifier photocell upon its observed character is'-ics. Methods 
of measurmg the resistance of the selenium layer are cited. This resistance is of the order 
of 10 ohms in most modem cells A method of measuring the lesistance of the sputtered 
film is also described. This method is based on measurements, on unlacquered cells, 
of the distribution of potential over the film resulting from the flow of photocurrcnt 
across it when the cell is exposed to a steady uniform illummation The results obtamed 
with four cells tested gave values between 100 and 600 ohm cm. for the resistivity of the 
film They suggest that for a cell of normal t 5 rpe the value is in the region of 100-300 
ohm cm , while a value exceeding 500 or 600 ohm.cm. is likely to be associated with non- 
umformity of the film over the area of the cell, and less satisfactory performance at high 
values of illumination. 

The experiments were made on cells of a production type supplied by a regular maker 

§1 INTRODUCTION 

T he selenium rectifier photocell consists of a metal back-plate, usually 
of iron, coated on one side with a thin layer of light-sensitive crystalline 
selenium, on the front surface of which a very thin translucent metal film 
has been deposited, usually by cathodic sputtering. This film may be composed 
of a noble metal, but its exact nature in the commercial product is not ascertainable 
While the cell is exposed to light it will maintain a current in an external circuit 
connecting the film to the back-plate, the only source of energy being the incident 
radiation itself The photocurrent, regarded as a negative electron current, 
flows through the circuit from film to back-plate, so that the former is the negative 
electrode of the cell, and the latter is the positive To facilitate electrical con¬ 
nection to the film, a narrow strip of fusible metal, called the contact strip, or 
ring, is sprayed on to the film near the penphery of the cell The surface of the 
finished cell is usually lacquered to protect it from moisture and mechanical 
damage. The action of this type of photocell has been studied theoretically, 
but the studies have generally f^ed to give quantitative results in good accord 
with the measured characteristics. In part, this has been due to lack of knowledge 
of simple features of the cell, such as the resistance of its various elements, 
which are not easy to determine and may be subject to variation from cell to 
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cell. The present paper, dealing with the ohmic part of the cell resistance 
as distinct from the barrier layer, is therefore based principally upon experi¬ 
mental considerations. The object of the paper is to examine, simply, the 
influence of the internal resistance on the behaviour of the cell, and to form 
some estimate of the magnitude of this resistance Particular attention is paid to 
the sputtered film, as it is believed that its resistance has not previously been 
measured tn situ by a simple method such as is described below. 

§2. THE ACTION OF THE CELL 

While it is not proposed here to deal with the physical theory of the cell, 
it will be useful to have in mind a simple picture of its action. The primary 
action can be considered to be the liberation of electrons from the sensitive 
selenium layer by the incident light, the number liberated being proportional 
to the illumination. These electrons, in virtue of their being liberated with a 
certam initial energy, tend to accumulate on the sputtered film and charge it 
negatively, in spite of the opposing electric field so created. If there is no 
external connection between the film and the selenium layer, the film reaches a 
steady negative potential such that the flow of the photo-electrons on to it is 
just balanced by an internal back-leakage from the film to the selenium. The 
net current output of the cell is in this case clearly zero. If, however, an external 
circuit be connected to the cell, an extra return path for the electrons, from 
the film to the selenium, is provided. This reduces the potential difference 
between the film and the underlying selenium, and in consequence of the smaller 
opposing field, more of the primary photo-electrons flow into the film, within 
the cell, while fewer leak back. The inflow then exceeds the back-leakage, 
and the excess of the former over the latter provides the current in the external 
circuit. The lower we make the external resistance the lower we make the 
potential difference between film and selenium, i.e., the field opposing the 
collection of photo-electrons by the film, and so the greater becomes the current- 
yield of the cell for a given illumination. 

Generally, for circuit resistances below a few hundred ohms, the resistance 
has little effect on the current output for a given (moderate) illumination. 
Almost all the primary photoelectric current then presumably flows into the 
external circuit, the opposing field within the cell being too small to cause 
appreciable back-leakage—or loss of sensitivity, as we may regard back- 
le^ge. 

We shall next proceed to a simple analysis of the action just outlined, 
showing how the internal as well as the external resistance plays a part in deter¬ 
mining the potential difference between film and selenium, and so, also, the 
current output of the cell. 

§3. THE r5LE of internal RESISTANCE IN THE 
BEHAVIOUR OF THE CELL 

In the simple cell circuit mentioned above there are three parts, namely, 
(1) the interface or barrier layer, having rectifying properties, and assumed to 
be the seat of the conversion of radiant into electncal energy; (2) the remainder 
pf the current path in the cell, having a resistance Rj , and (3) the external circuit 
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having a resistance Now if F be the voltage developed at the interface 

and t be the current flowing, we can at once write F= 2 (i?j+i?i:). We shall 
assume that V is the most important physical factor in this equation and that 
the higher the voltage V which the interface is called on to generate, the lower 
will be the sensitivity of the cell (defined as the ratio of the current to the incident 
illumination). It is seen that this is consistent with well-known experimental 
results. For instance, if we keep the circuit resistance constant and increase 
the current (by raising the illumination), or if we raise the circuit resistance and 
keep the current constant (by suitable adjustment of the illumination), or if we 
raise both circuit resistance and current output, the sensitivity is found to 
diminish. Our equation shows that in all three cases V has been increased. 
(It may be noticed here that the term iRs on the R.H.S. of the equation is the 
voltage across the terminals of the cell). 

For a proper insight into the behaviour of the cell, then, some knowledge 
of F is requisite. This at once involves i?/, although, of course, when is 
large enough, it may often prove permissible to take the terminal voltage iRj^ as 
a sufficiently good approximation to F, and neglect the term tRi altogether. 
Even then, however, we must have some idea of the order of Ri at least, in order 
to know whether it is permissible to neglect it. At the other extreme, when 
the cell is short-circuited (or virtually so, as in the Campbell-Freeth circuit) 
and Rb is zero, Rx is the influential factor. We then have F=z/?j, and we see, 
for instance, that short-circuiting the cell does not make F (and so also the cell 
sensitivity) entirely independent of f, the current drawn from the cell. Short- 
circuiting the cell clearly reduces the range of variation of F, and with it the 
variation in sensitivity, for a given range of z, but it does not eliminate tliese 
variations altogether. (In other words, short-circuiting the cell results m better, 
but not exact, ‘‘ linearity *’.) 

The picture of the selenium photocell just given is admittedly incomplete, 
but it serves to show the importance of the r61e played by the internal resistance, 
and, together with knowledge of the approximate value, or even the order, of this 
resistance, it forms an adequate basis for very useful working rules in the use 
of the cells. For example, we may wish, for convenience in making certain 
observations, to assume that the cell sensitivity is constant, and to determine 
what conditions must be observed in order that the error resulting from this 
assumption shall not exceed a specified amount. We might then determine 
in the most convenient way (e.g. with R^ large and Rx certainly negligible by 
comparison) the appropnate value of F which must not be exceeded. Then, 
if we also know Rx roughly, we can insert the values of F and Rx in the simple 
equation given above, and so determine sufficiently closely for practical purposes 
the related ranges within which we must confine i and 

§4 THE NATURE OF THE RESISTIVE ELEMENTS OF THE CELL 

The purpose of this paper, in addition to drawing attention to the part played 
by the internal resistance in the behaviour of the cell, is to provide information 
on which a rough estimate of Rx for a typical cell can, if desired, be based, and 
to sketch the methods by which this information can be obtained for any given 
cell. We notice now, therefore, that the mtemal resistance comprises two 

i-a 
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parts, namely, that of the selenium layer and that of the sputtered film Methods 
of measuring the former are well known and are briefly referred to below. For 
the latter, a method is described which is believed to be sound and at the same 
timp simple Before describing these methods, however, an important point 
relating to the film must be referred to. We have so far assumed implicitly 
that V IS uniform over the surface of the cell. Strictly, this assumption is not 
valid, for the resistance of the sputtered film leads to a non-uniformity in V 
We ought, correctly, to apply the equation for V to each element of surface, 
rather than to the cell as a whole. Ri would then apply to a particular element 
under consideration, and the part of it due to the metal film only would clearly 
be smaller for elements near the contact strip than for remoter ones. This 
dependence of JR/ for an element of surface, upon the location of the element, 
results in a vanation of V over the surface of the cell The variation may be 
large if either the resistivity of the sputtered film, or the current drawn from 
the cell, be unusually large The consequences of such a case will be discussed 
later, for it is upon the vanation of V over the cell surface that the present work 
is based. 

§5 METHODS OF MEASURING THE RESISTANCE OF THE 

SELENIUM LAYER 

As we have seen, the internal resistance of the cell, represented above by 
Ri, consists of two parts, namely, the resistance of the selenium layer and that 
of the sputtered film. The effective resistance of either will of course depend 
upon the current distnbution in it. In the case of the selenium layer we may 
assume a uniform current distribution in almost all cases, since the sensitivity 
IS generally uniform over the surface. 

At the cost of destroying the cell it is possible to measure the resistance of 
the layer alone For this purpose a comparatively heavy layer of fusible metal 
IS sprayed on to the surface of the unlacquered cell, over the sputtered film, 
so as to form an upper electrode of negligible resistance. The cell in this condition 
will still have the properties of a rectifier. The effect of the interface having 
rectifymg properties can, however, be eliminated by a well-known method. 
This consists in measuring the current passing through the cell for various 
values of voltage applied, in the “ conducting ” direction, from an external 
source. As the current is increased the differential of the current with regard 
to the voltage tends to a definite limit, while the resistance offered by the interface 
tends to zero. The limiting value of the differential is thus the resistance required 
A close approximation to the limiting value can generally be obtained with 
applied voltages of 2 volts or less Various investigators have used this method, 
and their results indicate that the resistance of the selenium layer in a cell of 
average size, say 45 mm. diameter, is generally of the order of 10 ohms 

A similar method might be applied to the cell in its original state, and expected 
to give a result representative of the total “ ohmic ” resistance of the cell, including 
that of the thin film, under normal conditions of use It would not do so, 
however, because, as we shall see later, the resistance of the film is relatively 
high, so that if an external voltage were applied between the back-plate and the 
contact strip, there would be a concentration of current m the immediate neigh- 
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bourhood of the strip. Such a current distribution is quite unlike that of the 
photocurrent when the cell is used in the ordinary way. This method has 
sometimes been used in the past without recognition of its shortcomings 

§6 MEASUREMENT OF THE RESISTIVITY OF THE FILM 

It IS possible, however, to measure the resistivity of the sputtered film alone. 
The method is based on the above-mentioned variation of V over the surface 
of the cell. The cell is exposed to a fairly high illumination and the variation 
in potential over the film is explored.* It is possible, with simple assumptions 
and for cells of simple shape, to relate the potential at any point on the film to 
the co-ordinates of that point, the film resistivity, and the photocurrent generated 
per unit area of the surface. 

Consider for instance a rectangular photocell ABCD (figure 1), with the 
contact strips along the edges AB, CD Assume that the properties of the 
sputtered film, and also the cell sensitivity, are uniform over the surface Then, 
if the cell be uniformly illuminated, the current flow over the film will be 
symmetrical with regard to the centre Ime drawn parallel to AB, CD. The 
electron current will, in fact, flow everywhere away from the centre line, and in a 



direction at right angles to it Thus, all the current arising within a rectangular 
transverse area PQRS, where RS is along the centre line, will flow across PQ. 
Now let PQ be of unit length, and SP be x Also let c be the photocurrent 
generated per unit area of the surface, and R the resistance, between two opposite 
sides, of a square of film of side unity Consider then the small rectangular 
element of film whose longer dimension is PQ and shorter one dx. The current 
flowing across this element will be the current generated within PQRS, which is 
cx. The resistance of the element, m the direction of the current flow, will be 
Rdx. Hence the potential difference dp, across the element, will be cRxdx. 
Ifp be the potential difference between points on the line PQ and the centre line 
we have by integration 

p^cRx^jl. .( 1 ) 

* Unlacquered cells are necessary. Specimens were kindly supplied by Messrs Evans Electro¬ 
selenium, Ltd., to which firm due acknowledgment is made 
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(For a circular cell with an annular contact strip, the corresponding relation 
IS easily seen to hep=cRr^j^, where r is the distance from the centre of the cell) 
We may test whether a relation of this form holds for a given cell, and if it 
does we can measure p, c and *, and so deduce R. The value of c is of course 
obtained as the quotient of the total photocurrent by the effective sensitive 
area. The following account describes the details of such a test. 

A rectangular cell was mounted upon the movable system of a travelling 
microscope so as to be capable of movement in its own plane in a direction at 
right angles to the two contact strips (figure 2). A probe, made of fine spnngy 



Figure 2 


wire, with the end turned back on a small radius, so as to give a smooth point 
of contact, was mounted on a hinge fixed on the stationary frame of the micro¬ 
scope. The probe could thus be brought into contact with the cell, or removed 
at will while the position of the cell was being changed, without uncertainty as 
to the relative positions of the cell and probe. The micrometer screw of the 
microscope movement was used to vary, and to measure accurately, the position 
of the cell relative to the probe, and contact with the cell surface was thus 
possible at any desired point on a transverse line across the cell. The central 
transverse line was, in fact, chosen so as to avoid possible end-effects ”, The 
cell was exposed to a steady uniform illumination, and by the means just described, 
readings of the potential of the cell surface were made on the transverse line, 
at points spaced 2 mm. apart. A potentiometer method was employed, so that 
no current flowed into or out of the cell, via the probe, at the moment of measure¬ 
ment. Instead of measuring the potential difference, py between the probe 
and the centre of the cell, at which no permanent form of contact could easily 
be provided, measurements were made between the probe and a conductor 
connecting the two contact strips together, values of p being obtained as differ¬ 
ences. The conductor joining the contact strips was also connected to the 
negative terminal of a IS-ohm micro-ammeter whose positive terminal was con¬ 
nected to the back-plate. This instrument measured the total photocurrent. 
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Figure 5. Square of distance from centre Ime, in cm® 
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Care was taken that the illumination was uniform over a sufficient area, 
and that the total photocurrent was maintained constant for any one set of 
readings corresponding to a complete traverse of the cell, 

§7, RESULTS 

The curves shown in figures 3, 4 and 5 show some typical results. The 
correspondmg data are given in table 1. Readings were taken in every case 
for several different values of the total photocurrent less than those stated, but 
the resulting curves were all of the same shape as those shown. The values 
of p observed at any particular point on the cell were, in fact, proportional to the 
total photocurrent, to within a few per cent. 

Cells nos. 1 and 3 were of regular production types, while nos. 2 and 4 
were sputtered with rather thinner films as a matter of mterest The higher 
sensitivities of the latter are consistent with a smaller light-absorplion in the 
film. For the measurement of sensitivity the illumination was 10 f.c. and 
the resistance of the microammeter was 10 ohms. The light source had a colour 
temperature of 2848° K. 

Table 1 


Cell no 

Cell size 
(mm ) 

Sensitive 

area 

(cm?) 

Sensi¬ 

tivity* 

) 

Total 

current 

(mA.) 

Current per 
unit area 
{hiK /cm*) 

Potential diff 
centre to edge 
(volts) 

1 (Fig 3) 

37 '50 

15-0 

7-0 

2*0 

n3 

0 0201 

2 (Fig. 4) 

37 • 50 

15-0 

7*3 

2-0 

133 

()'104 

3. (Fig. 5 

broken cun^e) 

22 <40 

5-9 

2*8 

1 5 

254 

0-0238 

4. (Fig. 5 

full curve) 

22 '40 

5 9 

3 0 

1 5 

254 

0 038.*) 


(• refers to the unlacquered cell.) 


In the case of cell no. 2 the observed relation between p and ** departs con¬ 
siderably from the linear form. The possible reasons for this are discussed 
later. For cells nos. 1 and 3 the relation approximates fairly closely to the 
linear form, while the results for no. 4 are intermediate. We shall for the present 


Table 2 


Cell no 

(cm!) 

p 

(volts) 

1 

(A./cm“) 

R 

(ohm cm.) 

1 

2 56 

0 0201 

1*33 10-* 

118 

2 

1 

2*56 

0 104 

1 33 10"^ 

611 

3 

0*64 ' 

0*0238 

2*54 10-** 

293 

4 

0 64 

0*0385 

2 54 10 

474 



















9 


The internal resistance of the selenium lectifier photocell 

disregard the departure from linearity and calculate the value of R in each case 
from equation (1) by inserting the value of p corresponding to the potential 
difference between the centre and the contact strips or edge of the cell and the 
value of for the half-width of the ceil This will presumably give a rough 
average value of R in cases where the film is non-uniform Table 2 shows the 
values of resistivity so <'btained 

/^§8 DISCUSSION OF RESULTS 

The resuJ^^ndicate that the resistivity of the sputtered film, for an average 
normal lies in the region 100-300 ohm cm Cells with a thmner film than 
usual Ijtid a resistivity of 500 or 600 ohm.cm These had a higher sensitivity 
(taLie 1), at least at an illumination of 10 foot-candles, no doubt because the 
thinner film absorbs less light. It is seen, however, that the film resistivity 
must be made two or three times highe. than usual in order to secure so small an 
increase in sensitivity as 7 %. (It is, of course, well known that for very thin 
sputtered films the resistance decreases very rapidly with mcrease in thickness, 
while the transmission factor falls only slightly over the same range in thickness.) 

Consider now the curves showing the observed values of p. These can be 
regarded as curves shoiving the variation of V over the surface of the cell (though 
the ordinates are not actual values of V, since V includes any potential drop 
in the selenium layer and also the terminal voltage) Figure 4 (cell no. 2), then, 
illustrates a case where the value of V at the centre of the cell must beat least 
O'l volt greater (arithmetically) than the value at the edge. So that even if the 
cell were short-circuited, and the peripheral regions were called on to furnish 
only a small voltage, the central region would be generating a voltage of at least 
0-1 volt. This difference in V between the centre and the edge of the film is 
associated with the passage of the photocurrent through the film on its way to 
the contact strip. The difference is, of course, greater the greater the film 
resistivity, and increases with the photocurrent. It is easy to see, then, that 
when a cell having a poor film of unusually high resistance is called on to furnish 
a large photocurrent, V may tend to reach a value much exceeding O’l volt 
near the centre of the cell. Now for most commercial cells a rather marked 
fall in sensitivity sets in for values of V in excess of about 0 1 volt, while for cells 
of poor quahty the critical value of V may be much lower than this. In the 
conditions just considered, therefore, the sensitivity of the central regions of 
the cell will be considerably lower than that of regions near the contact strip— 
that is to say, the sensitivity of the cell as a whole will be lower than it would be 
for much smaller photocurrents, for which V nowhere reaches such a high 
value. 

Hence, too thin a film may be detrimental to the sensitivity of the cell as a 
whole at high illuminations, though it may result in a higher sensitivity than 
usual at low illununations because of its comparatively high optical trans¬ 
mission. This is presumably one reason why the film on a normal cell is, as we 
have seen, made a httle thicker than is necessary to give maximum sensitivity m 
the region of 10 foot-candles illumination. Sensitivity at low illuminations is 
not, for these reasons at least, a reliable measure of the general “ goodness ” 
of a cell. 
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It has frequently been suggested that, in order to avoid the conditions in 
which the film might be damaged or V become excessive over certain areas of 
the cell when a large photocurrent is being generated, extra central contact strips 
might be provided. Such a device is, however, of academic rather than practical 
interest, for the use of several small cells of standard design, in parallel, provides 
an equally satisfactory and rather more convenient solution. Probably, also, 
the variation in potential over the surface of the cell accounts for the peculiarity 
often observed with cells prepared by those not thoroughly versed in the art, 
that the sensitive portion appears io be confined mainly to regions near the 
contact strips. The film resistance in such cells may be abnormally high, and 
this would result in a serious reduction in sensitivity per unit area in the central 
regions, even for quite small values of the photocurrent Moreover, as we 
have seen, in a poorly made cell the critical value of V may be much lower than 
0-1 volt, and so the effect of a high film resistance would be further accentuated. 

Let us now discuss the possible reasons for the observed departure from 
Imearity of the relation between p and in the case of cells such as nos. 2 and 4. 
It may arise from non-uniformity in the sensitivity of the selenium over the 
surface of the cells. Now we might well suppose that a cell which shows good 
uniformity does so because the maximum possible sensitivity has been secured 
for every element of the surface. If so, its overall sensitivity must be higher 
than that of a non-uniform cell m which by definition the sensitivity cannot 
everywhere be a maximum. However, the cell having the anomalous charac¬ 
teristic of figure 4 is rather more sensitive than the one to which figure 3 applies, 
and which certainly exhibits good uniformity. It seems highly improbable 
therefore that the peculiar shape of the curve in figure 4 arises from non¬ 
uniformity in the state of the selenium. A similar argument applies, but with 
less cogency, to the cells of figure 5. 

It is much more likely that the observed departures from the linear relation 
result from non-uniformity in the resistance of the sputtered films, with a dis¬ 
tribution of photocurrent difiFerent from the simple one assumed in deriving 
equation (1). This is m accord with the observation already made that variations 
in the thickness of a film which have only a very small effect on the amount of 
l^ht transmitted (and therefore on the sensitivity of the cell) may be associated 
with large variations in resistance. 

The method described above for measuring the resistivity of the sputtered 
film on a selenium rectifier photocell would seem, then, to be applicable with 
confidence and to give the desired result to a good order of accuracy. When 
the sputtered film is non-umform, this fact is immediately revealed by the method, 
but an approximate estimate of the average resistivity may still be obtamable. 
The method stresses the misleading nature of a simplification often made in 
describing the cell and its mode of action. This simplification is to regard 
the film, as a whole, as having a certain resistance through which the whole photo¬ 
current flows. To do this is strictly incorrect, though it is often permissible 
in considering the general behaviour of the cell, as in the earlier part of the present 
paper. It might be urged that direct measurements of the resistivity of sputtered 
filn» d^osit^ on glass, for instance, would have yielded all the information 
desired. This is not so, for the character of a sputtered film depends tm the 
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matenal on which it is deposited, so that films sputtered on glass and upon 
selenium under identical conditions may not be alike in their properties. 

§9 CONCLUSIONS 

We may briefly summarize our investigations into the behaviour of the 
selenium rectifier cell as follows — 

(1) A simple study of the part played by the internal resistance of the selemum 
rectifier cell serves to show the main features in its influence on the behaviour 
of the cell. A knowledge of the approximate value of the internal resistance is 
useful in this respect, and also as a guide to the experimental conditions appro¬ 
priate to any practical application The mternal resistance comprises both 
the resistance of the selenium layer and that of the sputtered film. These 
two dififer in many important ways, and must be considered and measured 
separately. 

(2) The only convement and valid method of measurmg separately the 
resistance of the selenium layer involves destruction of the cell. Other investi¬ 
gators have obtained values of the order of 10 ohms by this method. 

(3) The method now described for measuring separately the resistivity of 
the sputtered film is based on an exploration of the potential distribution over 
the film under normal conditions of use. The cell is in no way injured. The 
distribution is found to be of a type predicted on theoretical grounds. Values 
of 100 to 300 ohm.cm. are found for the resistivity of the film on cells of a regular 
production type. Other cells tested gave results of 500 to 600 ohm.cm. for the 
mean resistivity, with evidence that when the resistivity is as high as this, the 
film may not be very uniform, and the performance of the cells in certain respects 
unsatisfactory. 

(4) It is correct to regard the cell as being made up of a large number of 
small elements, the effective film-resistance of each element depending on its 
position with regard to the contact strip. The simplified picture in which the 
film IS regarded as offering some definite resistance to the photocurrent as a 
whole is frequently misleading. No value of resistance which might correspond 
to such a picture is therefore given. A value appropriate to any size of cell and 
set of conditions may be calculated, however, when this simplification is 
justifiable. 
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A NOTE ON THE SPECTRUM OF MgO 

By R. F. barrow and D. V. CRAWFORD, 

Physical Chemistry Laboratory, Oxford 


AIS letcived 13 October 1944, in ieplatement oj a 
pjchminary note received 13 May 1944 

ABSTRACT Some observations on the spectrum ol magnesium burning in an have 
been made with a grating spectrograph of dispersion 4 a /mm Wave-length data 
are given for a weak sequence of bands with head at about 4820 a and of a complex 
system in the region 3600-4000 a. from measurements of plates taken in a first and second 
order respectively The X4820 sequence may possibly form part of the well-known 
green system of MgO. The stronger bands of the near ultra-violet system have also been 
photogiaphed in absorption 


§1. INTRODUCTION 

T he most prominent features in the spectrum of magnesium burning in 
air are the well-known band system in the green, a weaker system at 
longer wave-lengths, a complex series of bands apparently degraded in 
both directions in the near ultra-violet (3600-4000 A.), and the A5211 system 
of MgH, all superimposed on a continuous background of radiation from the 
incandescent oxide. Although our primary concern has been with other aspects 
of this spectrum, we have found that the description given m the literature of 
the green system and of the bands at 3600-4000 A. is inadequate in certain respects* 
The purpose of this note is to provide some further data which may be of use in 
any future and more fundamental work. 

§2 EXPERIMENTAL 

Small strips of magnesium ribbon were burned m air and the light focused 
directly on the slit of a 2-4-m, grating instrument Most of the observations 
were made in a first order (linear dispersion about 7’4A./mm.), but the bands 
at 3600-4000 a. were also photographed m a second order. Ilford Ordinary and 
Special Rapid Panchromatic plates were used in the appropriate wave-length 
regions, they were developed in Ilford Process developer to secure as much 
contrast as possible. 


§3. THE GREEN SYSTEM 

A reproduction of a grating spectrogram of the green system is given in 
"the plate (a) The strongest features are seen to be two sequences of closely- 
spaced bands degraded to the violet with leading heads at about 5206 a. and 
5007 a.: the former is somewhat overlaid by MgH structure. These bands 
have been measured many times, and the approximate wave-lengths of the earlier 
members of the two sequences are not in doubt. However, a third, weaker 
sequence, with head at about4820 A., is also evident. This sequence was apparently 
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first observed by Brooks (1909), who gave rough measurements to ± 1 a The 
only other measurements known to the authors are from the low-dispersion 
work of Ghosh, Mahanti and Mukkeijee (1930), although the bands are also 
to be seen on the reproduction given by Eder (1904). Our figures are given in 
table 1 


Table 1 


A (I A.) 

J'vac (cm 

4825-62* 

20717*0 

18 55 

747-4 

10 15 

783 6 

01-57 

820-7 

4791-24 

865 6 

80 45 

912 7 

70 75 

955-2 


^ This band is considerably weaker than the others , it can scarcely be seen on the repro¬ 
duction (see plate (a)), but seemed rather more definite on the negatives. A band at about this 
wave-length is listed both by Brooks and by Ghosh, Mahanti and Mukkeijee 

The appearance and occurrence of these bands at once suggest that they 
represent a third sequence of the green system of MgO, and it is in fact possible 
to include them in a Deslandres array which numerically is quite feasible 
With the A5206 band as the 0,0 band, the band at 5007 A. becomes the first 
member of the 1,0 sequence, and the bands given in table 1 fit satisfactorily into 
the positions of the 2,0 sequence. This scheme leads to values of the vibration 
frequencies as follows • a>j''^760, tt»J<^710 cmr^. 

There is a serious objection to this arrangement, however, which is based 
on the distribution of intensity among the bands Although most photographic 
plates show rather sharp changes of sensitivity around 5000 A., it is probable 
that the sequences do decrease in intensity in the order A 5007, A 5206, A4820, 
as indicated in the plate (a). On a rough visual intensity scale of 10 we would 
guess the figures 10, 6 and 1 respectively. The above scheme therefore 
represents a rather anomalous intensity distribution with the 1,0 band as the 
strongest The only comparable distribution in the hterature appears to be 
that given by Meggers (1933) for an infra-red system of CaO (v(, = 9491 cm~^). 
This system consists of three sequences of bands degraded sharply to the violet, 
and the intensity figures listed are: (0,0) band, intensity 3; (1,0), 30, (2,0), 20. 
So far as we know, in all other systems arismg from states with similar 7 , and 
cjj, values, leading to narrow Condon parabolae, the strongest band is invariably 
the 0,0 band (see Jevons, 1932). 

On intensity grounds, therefore, the present analysis must be regarded as 
rather improbable. However, the only obvious way of reconciling this analysis 
with a normal intensity distnbution would appear to involve rejection of the 
A 5206 band—a procedure for which there is no other justification. In these 
circumstances it is clear that further work is necessary to decide the nature of 
the A4820 sequence* a search for the isotope effect in the A 5007 and A 5206 bands 
on high dispersion, using a source free from MgH emission, would probably be 
decisive. 
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54 . THE ULTRA-VIOLET BANDS 

The complexity of the ultra-violet band system appearing m the spectrum 
of magnesium burning in air will be apparent from the reproduction given in 
the plate (b). Much of the presumably vibrational structure appears to be 
incompletely resolved even at a dispersion of 3-6 A./mm., as on our second-order 


Table 2 

Ultra-violet bands m the spectrum of magnesium burning 

in air 

A(i a) 



Int 

V vac 

A(i a) 



Int 

^'Tac 

3594 23 

V 


0 

27814*5 

3772 8 1 


A 

3 

26498 

99 4 

V 


0 

774 5 

73 05 J 

r V 

A 

3 

496 2 

3612 1 



0 

677 

77 37 

R 


2 

466 0 

21 25 

V 


1 

607 

77 83 

R 


2 

462 7 

26 80 

V 


1 

564*7 

82*25 

R 

A 

2 

431*8 

28*4 

V 


1 

552 5 

83*33 

V 


2 

424 3 

33*86 

V 

A 

1 

511*1 

83*95 

R 


2 

419*9 

39*7 

V 


1 

467 

84*48 

V 


2 

416*3 

60*12 

R 


2 

313*8 

90 651 

R 

A 

2 

373*2 

62*5 

R 


1 

296 

92*58 J 

^ V 

A 

2 

359-8 

64*5\ 

R 


1 

281 

98 29 

R 


4 

320*2 

65-lJ 

V 


1 

111 

3802*6 

V 

A 

2 

290 

n^9\ 

R 


1 

lit 

04*23 

R 


3 

279*1 

72*5/ 

V 


1 

222 

05-28 

R 

A 

5 

271-8 

74*73 

R 


2 

205*2 

10*28 

R 

A 

5 

237*4 

84*0 1 

R 

A 

2- 

137 

15*60 

R 

A 

5 

200*8 

84*92/ 

^ V 

A 

2 

129*9 

16*5 

R 

A 

5 

195 

89*07 

V 

A 

2 

099 4 

23*8 " 


A 

5 

145 

90*61 

R 


2 

088 1 

24*21. 

r V 

A 

5 

141*8 

98*64 

V 


2 

029*3 

35*74 

V 


5 

063*2 

3700*8 

R 


2 

014 

42*30 

V 


6 

018*7 

02*6 

R 


2 

000 

45*12 

V 


7 

25999*6 

03*78 

M 

A 

3 

26991*8 

48*48 

V 

A 

8 

976*9 

09 30 

V 

A 

3 

951 6 

49*77 

V 

A 

8 

968*2 

14*6 

V 


5 

913 

52*46 

V 

A 

4 

950-1 

20*71 

V 

A 

10 

869 0 

53 49 

V 

A 

5 

943*2 

21*04 

V 

A 

9 

866*6 

54*98 

V 

A 

5 

933*2 

21*36 

V 

A 

10 

864 3 

56*32 

V 

A 

6 

924 1 

21*83 

M 

A 

6 

860 9 

59 17 

V 


4 

905 0 

24*82 

V 

A 

9 

839*3 

60*1 

V 

A 

4 

899 

25*86 

V 

A 

8 

831*8 

61*68 

V 


4 

888*2 

26*03 

V 

A 

6 

830 6 

65 02 

V 


4 

865-8 

31*4 


A 

7 

792 

65 49 

V 


4 

862 6 

31 92/ 

‘ V 

A 

7 

788*3 

76 88 

V 


1 

786 7 

32*26 

V 

A 

3 

785 8 

80 18 

V 


1 

764 7 

40 65 

V 


2 

725 7 

82*43 

V 


3 

749-8 

41*42 

" R 


2 

720 3 

3906 5 

R 


1 

591 

50-61 

R 

A 

3 

654 8 

13 0 

R 


2 

549 

55-6 

R 

A 

1 

619 

21*25 

V 


1 

494 9 

59 42 

V 

A 

2 

592*3 

27*6 

R 


2 

454 

66-OO-) 

R 

A 

3 

545 9 

36*17 

M 


2 

398*5 

66*4 J 

'?V 

A 

3 

543 

46 0 

V 


2 

335 

69*7 1 

i ?R 

A 

2 

520 

52*2 

V 


1 

295 

69 98J 

r V 

A 

2 

517*8 

63*1 

V 


1 

226 

71*79 

R 


2 

505-1 

71 4 

V 


1 

173 

72*39 

R 


3 

500-9 

94*5 



0 

027 


The letters R, V indicate band degraded to red or violet. 

M indicates a maximum, and A denotes a band observed also in absorption, 










Modified colour solid a McAdam colour solid 

Figure 2 {a and b) 
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plates. The bands seem to form very closely spaced sequences, initially degraded 
to shorter wave-lengths, but the presence of bands degraded m the opposite 
direction suggests that the sequence difference may change sign at high 
v\ values. All attempts at a vibrational analysis have failed, and we conclude 
that work with higher dispersion is necessary 

The identity of the carrier must remain in doubt until such work has been done, 
but we would point out that the system is of considerable interest, particularly 
in view of the fact that we have observed it m absorption in the flames of certain 
pyrotechnic compositions containing magnesium. 

The only reliable measurements of the main features of the system are those 
of Eder (1^04), but his data apparently refer to maxima rather rhan to probable 
heads of bands We therefore hst wave-lengths and rough intensity figures of 
the more prominent heads in table 2 
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THE BRIGHTNESS OF PRESENT-DAY DYES 

By T. VICKERSTAFF, 

Dyehouse Department, Imperial Chemical Industries, Ltd., 
Dyestuffs Division, Blackley, Manchester, 9 

Lecture given to the Colour Group 22 January 1944 

§1 INTRODUCTION 

I N dye research laboratories, new dyes are continually being evolved, 
some of which ultimately become commercial products. Those which are 
so developed must clearly display advantages over the dyes already on the 
market, since the dye user would not otherwise change over from established 
products. The advantages shown by a new dye may be of many types, such as 
greater resistance to hght or washing or easier application than existing dyes, 
but the aspect of greatest interest to the Colour Group is that of the colour of the 
dye. A new dye may be marketed solely because of its novel colour or out¬ 
standing brilliance, and it is obviously of great practical interest to the dye 
manufacturer to know just how the colour qualities of a dye may be improved 
and, in particular, the extent to which improvement in any given direction is 
possible, so that research may be directed towards the most promising field. 

Improvement in the colour qualities of a dye may be obtained in two directions, 
namely, novelty of hue and increased “brightness”. It is desirable that at the 
outset of the present paper the significance of the word hr^htness should be 
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defined The dyer uses the word in its everyday sense, as when one refers to a 
“ bright red coat”, or a “bright green hat”, and il is with this meaning that it 
will be employed here. The physicist, unfortunately, uses the same word in a 
quantitative manner, referring to the amount of light reflected from a surface* 
In order to avoid confusion it is proposed to use the term lightness to cover this 
latter usage The brightness of the dyer covers a combination of lightness 
and purity. Thus if a comparison is being made of two samples of equal hue 
and equal purity, then the lighter will be termed the brighter, while if the patterns 
are of equal lightness but different purity, then the purer pattern will be termed 
the brighter. This matter has been discussed in some detail in an earlier paper 
(White, Vickerstaff and Waters, 1943). 

Returning to the question of possible colour improvement, the main objective 
of the dye manufacturer is the production of greater brightness than is shown by 
existing dyes, the reason being that bright dyes can always be made duller if 
necessary whereas dull dyes cannot be brightened. There is' not so much scope 
for the invention of dyes of novel hue, since there are already sufficient dyes to 
form a satisfactory colour circle, and intermediate hues can be obtained by 
mixture. In certain cases there may be advantages in having a homogeneous dye 
of a particular shade since it may be brighter than a mixture, and in any case a 
single dye is usually more easy to apply to material. There is some gap, for 
instance, m the yellow-green region of the hue circle 

Nevertheless, the predominant importance of brightness is fiilly realized m 
the colour-using trade, and dye manufacturers are constantly striving to produce 
brighter reds, brighter greens, brighter blues and brighter yellows than those 
already in existence. It is obvious that this process caimot be continued indefi- 
mtely. There must be a limit to the brightness which it is possible to attain in 
any particular hue. It may be that some existing dyes already approach that 
limit closely, so that attempts to improve them would be useless, while there may 
be other regions in which attempts to improve brightness would have much 
greater scope. It is clearly not possible to decide these matters by a mere inspec¬ 
tion of the available colours, as there can be no innate knowledge of the attainable 
limit. However, the limits of purity and hghtness which may be attained by 
surface colours have been defined by McAdam (1935), and it would seem a simple 
matter to compare real dyes with these limits and thus determine the hues offering 
most scope for improvement. It was with this object m mind that the present 
work was undertaken. The comparison was found to be a more difficult matter 
than appeared at first sight and although a fairlv satisfactory basis of comparison 
was finally worked out, it is felt that the difficulties encountered are in many 
ways as mteresting as the final conclusions, and it is therefore proposed to give 
a brief chronological account of the approach to this problem 

§2 BASIC IDEAS 

As an introduction to the subject, the reasons for the existence of limits to 
the purity and lightness attainable may be briefly outhned Any coloured surface 
can be defined in terms of the tnchromatic or the monochromatic system, and 
such a definition is complete The three variables involved are usually regarded 
as being completely independent, it being possible to vary any one whilst the 
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others reixxain constant. While this is true when applied to coloured light, it is 
not entirely true of surface colours such as painted panels or dyed fabrics. In 
such coloured surfaces, the effect of colour is produced by the absorption of part 
of the incident light, and all such surfaces must therefore have a lightness of less 
than 100%, since they are measured by comparison with a standard white surface 
which reflects all the incident light. Furthermore, it is clear that as more dye 



Figure 16 . 

» applied to a surface, which thus differs more and more from white, so does tie 
colour of the surface become purer, but at the same time darker. High punty 
and high lightness are thus mutually exclusive in the case of surface colours, 
and to this extent these two properties are not independent variables. 

PHYS. soc, LVn, 1 
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This question has been investigated in detail by McAdam, who has calculated 
In order to do this, McAdam first proved that the coloured surface will have 
Tna-gitwiiTn puHty and lightness if the spectral reflection curve of the surface 
satisfies the following two conditions: 

(1) The reflection factor at any wave-length must be either unity or zero. 

(2) There must not be more than two transitions in the value of the reflection 

factor over the visible spectrum. 

The application of these conditions leads to the conclusion that coloured 
surfaces possessing maximum purity and lightness must have rectangular-shaped 
spectral-reflection curves having not more than two absorption bands in the 
visible region. Curves of this type may be converted by normal methods into 
the corresponding trichromatic or monochromatic specifications, and thus it is 
possible to calculate the maximum possible lightness which a coloured surface 
can exhibit at any given hue and purity. The most convenient representation 



Figure 3 . 

of all the results is in the form of a colour solid within which all real coloured 
surfaces must lie. A contour map (after McAdam) of this colour sohd is given 
in figure 1 a and a photograph in figure 2 a. The base of the solid is the x, y 
plane and the vertical ordinate is the lightness. 

The limits of this colour solid provide the yardstick against which the achieve¬ 
ments of real dyes must be measured. The difficulty which immediately arises 
is the exact manner in which the measurement is to be made. In a first attempt to 
overcome this difficulty, it was proposed to express the approach of a real dye to the 
ideal limits (its “efficiency”) merely as the ratio of the excitation purity of the 
real sample to the excitation purity of the limit of the colour solid at the saTYi*» hue 
and lightness. The method is illustrated in figure 3. A certain pattern has 
co-ordinates x^, and lightness Y^, and is, therefore, located at the point P. 
A cross-section of the colour solid at the same lightness level Fj has the contour 
shown, and the point P really lies in the plane of this cross-section. If Q 
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the maximum possible purity of a coloured surface of any given hue and lightness, 
represents the position of illuminant C and if the line CP cuts the limit contour 
at L, then it was proposed to define the efficiency (£*) of pattern P as 

= S xl00 = ^ xlOO, 

€1, 

where ep and ej, are the excitation purities of points P and L respectively. 

The efficiency of a single dyed pattern can be expressed in this way without 
much difficulty, but, unfortunately, the efficiency of a dye varies with the 
depth of shade employed. As the amount of dye on a pattern increases, so does 
the purity up to a certain point. If more dye is placed on the pattern after this 
point has been reached then the purity usually decreases. The dyer expresses 
this by saying that the pattern becomes duller at high concentrations. The 
efficiency of dyed patterns when each pattern is compared against its own limiting 
point usually behaves in a similar manner, rising to a peak and falling again. For 
this reason it was decided to define the excitation efficiency of a dye as the 
maximum efficiency which could be obtained on dyed fabric at any depth of shade, 
and in order to determine this it was necessary to measure a whole range of dyeings 
of gradually increasing strengths for each dye. The dyeing having maximum 
efficiency was then selected as representing the efficiency of the dye itself. 

§3. EXPLORATORY EXAMINATION 
As an example of the method and the type of variation encountered, the com¬ 
plete results for one dye, Victoria Pure Blue BOS, are given in table 1. In the 


Table 1. Excitation efficiency of dyemgs of Victoria Pure Blue BOS 


% dye 



Actual 

Excitation 

Dominant 

Theoretical 

Excitation 

on wool 

X 

y 

lightness 

punty 

wave-length 

lightness 

efficiency 

0 06 

189 

n 

% 

16-7 

58 0 i 

A 

4774 

% 

20-9 

% 

68 

0*125 

175 


11 0 

69 0 

4733 

13-8 

78 

0*25 

165 

Ifll 

66 

78 5 

4696 

8*3 

82 

0*50 

168 

093 

44 

81 2 

4655 

5 5 

85 

1*00 

172 

088 

3*3 

81 0 

4630 

4-1 

85 

2*00 

183 


2-6 

79 8 

4570 

3-3 

85 

3*00 

190 

092 

2-1 

76 0 

4540 

26 

79 

4-00 

201 

099 

20 

1 72 0 

4480 

2-5 

75 


first column of the table is the percentage of dye applied to the cloth, and in the 
next three columns the trichromatic co-ordinates and the lightness of the resulting 
dyeings in Illuminant C as measured on the Donaldson colorimeter. Then 
follows the dominant wave-length and excitation purity obtained by plotting the 
co-ordinates on the graphs given in Hardy’s Handbook of Colorimetry^ with Illu¬ 
minant C as white light. The penultimate column gives the approximate light¬ 
ness which the patterns would have if the substrate were perfectly reflecting. 
Undyed woollen cloth of the type used in these investigations is slightly yellowish, 
and has a lightness of 80% (mean of several measurements). Since McAdam’s 
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data are calculated on the assumption that the reflectance of an uncoloured 
surface is 100%, it is necessary m assessing the efficiency of a dye to make 
some correction for the absorption of the substrate, by dividing the actual hght- 
ness values by 0 8 an approximate value is obtained for the lightness of a dyeing 
on a perfect substrate. The error introduced by the fact that the undyed wool is 
not unselective m absorption is very small. Finally, the efficiency of each 
pattern is shown, from which it is clear that the maximum excitation efiiciency 
attained by this particular dye is 85% 

The method was empirical, but it did provide a first basis for a comparison 
between dyes of different hues. Working on this basis, a number of dyes were 
exanuned. The dyes were of various types and included acid dyes on wool, 
vat dyes on cotton and pigments m oil painted on glass. Efficiencies varying 
from 40% to over 90% were obtained, and it was found that there was a general 
consistency in the results on the different types of dye, greens having low efficiency, 
and yellows high efficiency. The variation of efficiency with colour is shown in 



figure 4, in which the effiaency of 61 dyes or pigments is plotted against the 
dominant wave-length of the respective colours. All the colours tested have 
effidencies falhng within the area bounded by the smooth continuous curve, 
■which has two particularly characteristic regions, namely that of v ery high efficiency 
near 600 m/i (yellovrs and oranges) and that of low efficiency near 520 m/x (greens) 
Exaltation of this diagram indicates that the points of maximum and tninimum 
efficiency are located at wave-lengths corresponding to the pomts at which the 
^ectmm locus is respectively nearest to and furthest from the point representing 
Illuminant C. This immediately suggests that efficiency is m some way deter¬ 
mined by the geometry of the chromaticity diagram, and in fact the effect may 
be toced to the use of excitation punty, or distance m measuring efficiency. 
Excitation purity was^ chosen for this purpose because it is easier to determine 
thaii colorimetric purity, and it was thought that a comparison of the excitation 
purity of a real surface with the theoretical maximum excitation purity at the 
tame l^htness wpuld be % sufficient measure of efficiency, and would indicate 
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the limits which can theoretically be obtained, just as well as the more complex 
colorimetric efficiency. Further consideration shows, however, that although 
the limits are indicated in this way, the scale of efficiency is not uniform over the 
spectrum, so that comparison of dyes of differing hue is not justified. 

The concept of efficiency would appear to be placed upon a sounder basis if 
colorimetric purity is employed, as this takes due regard of the fact that the relative 
“ bnghtness *' of the spectrum vanes with wave-length. 

§4. REVISED FORMULATION 

Accordmgly, the previous results were recalculated to give the colorimetric 
efficiency according to the definition 

where Cp and Cx are the colorimetric purities of P and L respectively. On 
this basis, there seems some justification for assuming that the results will be 
independent of hue. 

The colorimetric efficiencies are plotted against dominant wave-length in 
figure 5 a, from which it will be seen that the efficiency now attains a maximum 



Figure 5 (a and b). 


value in the green and falls away steadily on either side. After some consideration 
it was found that if the lightness of the patterns giving maximum purity is plotted 
against dominant wave length (figure 5 b) the curve shows a maximum in the 
same position as the efficiency curve. Thus the efficiency must be related in 
some way to the lightness of the patterns. This behaviour was finally attributed 
to the light scattered from the front surface of the patterns. When light falls 
on any surface, a portion is reflected without penetrating the material, and. there¬ 
fore, consists of unchanged white hght. The remainder of the light passes mto 
the material, suffers partial absorption and emerges as coloured light. The 
fraction of light reflected from the front surface is practically independent of 
the colour of the dye, and on the average has a value of about 2% of the incident 
light for most textile materials, although it is modified by many fiictors, such as 
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the surface structure of the dyed material and the refractive index of the medium. 
If the eflSciency of a pattern is measured at a relatively high lightness, then the 
addition of 2% white light will have httle effect upon the colorimetric purity of 
the pattern, but if it is measured at a lightness of, say, only 5%, then the white 
surface light will comprise 40% of all the light coming from the pattern and will 
reduce the colorimetric purity very greatly, so that the efficiency will also decrease. 
The variation of colonmetnc efficiency with wave-length shown in figure 5 is 
due, therefore, to the presence of this surface hght, and an attempt viras made to 
correct for this effect. 

One of the conditions laid down by McAdam in his derivation of the colour 
solid which is the basis of the present discussion was that tlie reflection factor 
at any wave-length must be either zero or unity. With any real coloured surface 
this condition cannot be attained, for even if a dyed matenal did absorb com¬ 
pletely all the light at some wave-lengths, its over-all reflection factor would still 
be 2% owing to the surface scattering. In order to correct for this, a new colour 
solid was constructed on the assumption that the reflection factor at all wave¬ 
lengths, for patterns having maximum punty and lightness, is either 1 or 0-02. 

Table 2. Trichromatic co-ordinates of contours of maximum purity at constant 
lightness for surfaces reflecting a minimum of 2% of the incident light 


5% 

lightness 

10% 

lightness 

20 % 

hghtness 

307o 

lightness 

40% 

lightness 

X 

y 

X - 

y 

.V y 

X 

y 

X 

y 

0 570 0'292 

0 634 0-294 

0-634 0 

325 

0-623 0-348 

0 600 0-376 

440 

378 

500 

405 

500 

445 

500 

461 

400 

562 

340 

447 

400 

483 

400 

536 

400 

552 

300 

642 

260 

496 

300 

561 

300 

621 

300 

637 

240 

686 

240 

502 

200 

614 

240 

667 

240 

681 

220 

700 

220 

502 

200 

621 

200 

690 

200 

704 

200 

707 

200 

489 

180 

624 

180 

698 

180 

710 

180 

702 

180 

452 

160 

622 

160 

699 

160 

709 

160 

678 

165 

400 

140 

609 

140 

692 

140 

698 

138 

600 

148 

300 

125 

580 

120 

679 

111 

600 

128 

500 

138 

200 

108 

500 

100 

642 

104 

500 

128 

400 

140 

150 

100 

400 

091 

600 

106 

400 

132 

300 

145 

100 

100 

350 

086 

500 

118 

300 

138 

220 

159 

040 

101 

300 

092 

400 

134 

176 

160 

215 

180 

040 

108 

200 

104 

300 

160 

172 

200 

204 

200 

042 

117 

140 

120 

200 

200 

164 

280 

183 

210 

044 

127 

100 

134 

126 

260 

154 

320 

173 

220 

050 

139 

068 

160 

124 

300 

146 

330 

172 

260 

076 

160 

066 

200 

120 

320 

144 

340 

174 

400 

175 

180 

064 

240 

116 

340 

149 

360 

184 



200 

060 

280 

112 

360 

160 

400 

214 



240 

059 

300 

113 

500 

260 

500 

296 



260 

064 

320 

120 







280 

074 

360 

143 







300 

087 

500 

236 







450 

180 
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50% 

lightness 

60% 

lightness 

70% 

lightness 

80% 

lightness 

90% 

lightness 

95 % 

lightness 

X 

y 

.v 3* 

A! y- 

X 

.V 

X 

V 

X 

y 

0 571 

0 408 

0 538 

0 442 

0 510 

0 470 

0 483 

0 496 

0 455 0 

523 

0 430 0 

520 

400 

572 

400 

573 

400 

574 

400 

574 

420 

596 

400 

508 

320 

639 

320 

638 

360 

606 

380 

584 

400 

547 

360 

470 

300 

654 

300 

649 

340 

617 

360 

588 

380 

540 

320 

400 

260 

680 

280 

660 

320 

625 

340 

582 

340 

500 

288 

320 

240 

688 

260 

660 

300 

625 

314 

560 

292 

400 

308 

308 

220 

687 

240 

652 

280 

616 

279 

500 

264 

318 

314 

307 

200 

672 

211 

600 

265 

600 

246 

400 

300 

301 

320 

309 

172 

600 

187 

500 

225 

500 

224 

312 

320 

296 

328 

320 

156 

500 

175 

400 

207 

400 

252 

300 

330 

304 

369 

400 

150 

400 

172 

300 

196 

300 

320 

271 

400 

422 



150 

300 

172 

280 

240 

280 

340 

277 





150 

253 

200 

268 

320 

248 

400 

368 





200 

237 

300 

232 

330 

246 







300 

208 

320 

226 

340 

248 







320 

202 

330 

224 

360 

270 







330 

201 

340 

225 

440 

377 







340 

203 

360 

240 









360 

212 

460 

353 









400 

248 











500 

341 












The actual value of the first surface reflection will differ according to whether 
wool, cotton or glass plates are examined, but in order to avoid the labour of 
computing a fresh solid for each surface, a value of 2% for the scattered light was 
assximed throughout. This is probably near enough to the real value in the 
case of textile fabrics, since the lightness of black dyeings rarely falls below this 
figure. In the case of glass plates coated with pigments the vdue is probably a 
little high. 

The new sohd was constructed by the method described by McAdam, using 
tables of ru nnin g sums for the separate trichromatic functions constructed from 
the tables in Hardy’s Handbook of Cohnmetry. The resultmg colour solid is 
shown in figures 1 b and 2 b for comparison vrith the unmodified solid, and the 
marked reduction m the possibilities of high excitation purity in the greens may 
be noted. The co-ordinates of several points on the loci at various lightness 
levels are given in table 2. 

The eJEciency of the patterns was now redetermined on the basis of this 
new colour solid, again comparmg the colorimetric purity of each pattern with 
that of the theoretical limits at the same lightness. When this comparison was 
carried out at different dye concentrations, it was found that ihe efficiency of each 
dye increased steadily with increasing concentration and showed no maximum. 
This might indeed have been anticipated from the behaviour of dye solutions. 
If the concentration of dye in a solution is increased, the purity of the transmitted 
light increases continuously and ultimately reaches 100% if the dye is sufiBciently 
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soluble. This is because all dyes must have a maximum transmission of light 
somewhere in-the spectrum, and, at a sufficient concentration, the light transmitted 
will therefore tend to become monochromatic. In the case of dyed patterns, 
however, the behaviour is different, the purity increasing to a maximum value 
as the concentration increases, and then decreasing, this effect is due to the 
uncoloured surface-scattered light. Consequently, if a correction is applied for 
this factor, then the efficiency of dyed patterns must also approach 100% at 
very high concentrations. 

Clearly, then, while the concept of colorimetnc efficiency can be apphed to 
any particular pattern or surface, it cannot be used to attach any value to a specific 
dye, since it varies with concentration. It is possible to overcome this difficulty 
by specifymg that the efficiency must be measured at some particular lightness 
or purity, or even dye concentration, but such methods are purely arbitrary, and 
would give unequal weight to colours of different hue. It may also be mentioned 
that the alternative method of measuring efficiency, as the percentage of the 
hmiting lightness which a pattern attains at the same hue and purity, is open to 
similar objections, namely, that efficiency varies with concentration, and that to 
select an arbitrary purity at which efficiency should be measured would be to 
discriminate against certain hues. Many other possibilities were considered, 
but all suffered from one or more of the defects of arbitrariness, non-uniformity 
of scale, or variation in value with concentration. Another method which was 
investigated, in a tentative manner, was to compare the shape of the absorption 
curves obtained by plotting optical density of a solution against wave-length 
with the corresponding rectangular curves postulated by McAdam. The 
advantage of this approach is that the shape of the curve is independent of 
concentration; but there are many drawbacks, such as the fact tliat efficiency 
measured in this way is a purely empirical function which has no bearing on the 
visual effect, and that, with the apparatus available, practical measurements were 
limited to solutions, whereas interest chiefly lies with dyed materials, and in many 
cases the colour of a dye on the fibre may be different from its colour in solution. 

§5. FINAL METHOD 

At this stage the problem was reviewed in an attempt to define more clearly 
the aim of the investigation. There seemed to be several objectives possible, 
but after careful consideration it was decided to concentrate attention on trying to 
find a means for measunng the possibilities of improvement in the colour of a 
dye in terms of sensation steps rather than in physical units. The reason for 
this is purely practical, for the dye-maker is interested only in the visual sensation 
produced by a certam improvement in colour, and not in its physical dimensions- 
The most satisfactory approach appeared to consist in a determination of the 
number of perceptible steps of change by which a given colour differs from the 
ideal McAdam limits. It might appear at first sight that this could be ascer¬ 
tained in a fairly satisfactory manner by plotting the points upon a uniform 
chromaticity diagram of the type suggested by Judd (1935) or by Breckenndge 
and Schraub (1939). Unfortunately, such diagrams are designed to apply only 
to lights of nearly equal intensity, and cannot be applied to questions involving 
surface colours, which necessarily vary very considerably in hghtness. The 
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only satisfactory solution is to measure the distance between the real dye and the 
ideal limit inside a uniform chromaticity colour solid, in which, by definition, 
umt distance in any direction corresponds to an equal difference in colour sensation, 
and which is based upon the known behaviour of surface colours. 

The only available information on a colour solid of this type is upon the 
Munsell colour system, the patterns of which have been specified in terms of 
tricJiromatic units in recent publications (Kelly, Gibson and Nickerson, 1943). 

In the Munsell system, the colour attributes of a pattern are expressed in 
terms of the three quantities hue, chroma and value. These correspond quali¬ 
tatively to the hue, purity and lightness, respectively, of the monochromatic 
system, but quantitatively the relationship is complex and cannot be mathe¬ 
matically defined, since the monochromatic system is an expression of colour 
in terms of physical quantities, whereas the Munsell system represents an attempt 
to arrange colours in such a manner that the visual spacing appears uniform 
and regular. In view of the recent extensive smoothing of the spacing of the 
Munsell colours, based on visual assessments (Newhall, Nickerson and Judd, 
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1943), there is a reasonable prospect that a unit difference of chroma at any value 
(lightness), and m any hue, will produce a similar visual or mental efiiect. This 
system thus appears to offer the greatest promise of providing a method whereby 
the visual possibilities of colour improvement can be assessed in a way which will 
be independent of the hue and lightness of the patterns examined, as far as 
uniformity of scale is concerned. 

The possibilities of improvement, however, will still remam to some extent 
dependent upon lightness. The leason for this can best be appreciated by con¬ 
sidering the shape of the Munsell colour solid (figure 6 a). In this, the achromatic 
series of greys between black and while form the axis from which the various 
hues radiate m increasing chroma. If a cross-section of this colour solid be taken 
by passing a plane through the achromatic axis, a typical section will be as shown 
in figure 6 b, which represents a cross-seclion through the yellow and the comple¬ 
mentary purple-blue hues. The outer hmits of this cross-section represent the 
colours of McAdam’s hmiting colour solid, after correction for surface-scattered 
light. It will be seen that in both halves of the section shown, the chroma first 
increases as the value decreases from white, but then reaches a maximum and 
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a gain as the Value approaches zero, or black. In other words, there 
can be no colour in either black or white, but only at intermediate values. It is 
important to note that different hues attain their maximum chroma at different 
values. Thus yellows can reach high chroma or colourfulness with small light 
absorption, but high chroma in purples can only be reached at low values, a 
phenomenon which is due to the variable sensitivity of the eye to the different 
colours of the spectrum. 

In figure 6 the points representing dyeings of a typical real dye m gradually 
increasing strengths have also been plotted, and it will be seen that the maximum 
chroma attainable by a real dye is less than that of the limiting locus and, further¬ 
more, is attained at a lower level of value. It is also clear that the number of 
chroma steps separating the real dye from the theoretical limit varies with the 
value level at which the comparison is made, so that the problem still remains of 
selectmg for the comparison a value level which will be equally satisfactory for 
all hues. The best solution of this problem seems to lie m a comparison at the 
value level at which the ideal locus attains maximum chroma (A in figure 6), since 
as the real dye becomes more perfect so does its locus approach the limiting 
locus. The value level in question will of course differ for each hue. 

It is perhaps desirable to digress a little here in order to consider a point 
raised by Mr. R. G. Homer in the discussion after the lecture. He suggested that 
in trying to define the efficiency of a dye in terms of a single number, we may be 
attempting the impossible. It may be that inefficiency can only be adequately 
described by a statement of both the chroma and value deficiencies of the real dye. 
This may well be the case, but it is felt that, from the dye manufacturer’s point 
of view, a single number is always preferable to a more complex description, as it 
leads to no ambiguity as to which of two dyes is the better. Therefore, unless it 
can be shown conclusively that a single function is madequate to describe the 
defects of dyes, there seems no reason to increase the complexity. Furthermore, 
by comparing the theoretical maximum chroma with the chroma of the real dye 
at the same level of value, instead of comparing the maximum chroma attainable 
by the real dye with the theoretical maximum, we are in effect mtroducing an 
empirical correction for the fact that the real maximum chroma is attained at a 
lower value level. Examination of figure 6h will make this point clearer, for it is 
proposed to measure the chroma deficiency indicated by the distance RM, rather 
than the difference between the maximum chromas (AM — BR'). From a rather 
superficial examination of the results obtained and comparison with visual 
observations on the brightness of the dyes examined, the proposed measurement 
appears to be fairly satisfactory, but it may well be found, on a more detailed 
scrutiny, that anomalies appear. 

After due consideration it was decided to adopt the above proposal for the 
determination of inefficiency. Before this can be put into practice, however, it 
is necessary to know the actual shape of the Munsell colour solid, in order that 
the optimum value level may be selected for the comparison of a dye of any 
specific hue. The method of determming this shape was as follows. The tri¬ 
chromatic coefficients of all the Munsell colours of value 6 (for example) were 
plotted on a diromatidty diagram and isochroma hnes were drawn through the 
points of equal chroma. The figures for the co-ordinates of the Munsell colours 
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were taken from therecent publication of the Optical Society of America, in which 
the spacmgs have been smoothed and extrapolated to the theoretical limits. On 
this diagram was superimposed the theoretical limit contour corrected for surface- 
scattered white light for colours of that particular lightness (30%) or Munsell 
value(Newhallata/., 1943). The resulting diagram is shown in figure 8. Similar 
diagrams were prepared for value levels of 3, 4, 5, 7 and 9. Value levels below 3 
were not studied, for a Munsell value of 2 corresponds to a lightness of only 
3 ’4%, and since the patterns have a matt surface, at least 50% of the light reflected 
from them must consist of surface-scattered white light. The accuraqr with 
which the theoretical limits may be defined is thus very low. In the present 
writer’s opinion, Munsell patterns of value 1 (T2% lightness) are unrealizable in 
practice, and the extrapolation of the chroma of patterns of this value to the 
spectrum locus is meaningless. 

The resulting set of six diagrams of the type shown m figure 8 represents 
cross-sections of the Munsell colour solid. Cross-sections at right angles to 
these were then prepared by passing planes through the black-white axis at various 



Figure 7. 


hues and determining the limiting chroma at each value level. By plotting chroma 
agamst value, curves of the type of figure 6 were obtained, from which the value 
level yielding maximum chroma in that particular hue plane could be determined. 
Such cross-sections were cut at 26 dilFerent hues spaced fairly evenly round the 
colour circle, with a rather greater concentration around the ends of the spectrum 
locus, where abrupt changes may occur. The value levels yielding maximum 
chroma and the corresponding chroma are shown in table 3 but in practical use 
it is more convenient to express the results in graphical form, shown in figure 7. 
This diagram is constructed on the standard chromaticity diagram, and is so 
contrived that if a straight line is drawn through C to cut the heart-shaped locus 
at V, the distance CV indicates the value at which the ideal dye having the hue of 
points on CV attains maximum chroma. 

The whole procedure involved in determining the mefficiency of any real 
dye will now be reviewed briefly, in order to clarify the position and indicate the 
practical steps which are involved. A dyeing is first prepared and measured in 
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the Donaldson colorimeter or in any other suitable instrument. The tri¬ 
chromatic co-ordinates are plotted in figure 7 at P and the line CP drawn to cut 
the locus at V. The distance CV is measured in units of value (1 unit of value= 
0-04 units of x), and this indicates the value at which the ideal colour of the same 
hue at P attains its maximum chroma. If the value of the actual pattern does not 
coincide with the value so determined, it must be varied by increasing or decreasing 
the amount of dye applied to the cloth until it is of the correct value, Fortunately, 

Table 3. Value levels yielding maximum chroma on cross-section through 

modified colour solid 


Cross-section through C point 
and point in column belo’w 

Value level 
yielding 
maximum 
chroma 

Maximum 

chroma 

V 

y 



0-310 


7-7 

20-5 

0 400 


9-1 

18 0 

0-500 


9 5 

17-0 

0-600 


9-1 

17-0 

0-700 

0 594 

7-8 

16-5 

0-700 


7 0 

17-0 

0-700 


6-3 

18-5 

0-700 


6-0 

19 0 

0 700 


5-6 

19-5 

0-700 

0-200 

5-4 

20-5 

0-600 


5-4 

22*0 

0-500 


5-4 

26-0 

0-366 


5-0 

30 0 



4-5 1 

32-0 

0 198 

0-000 

3 0 

[35-0] 

0-122 

0-000 

3 0 

[30-01 

0 000 

0-000 

4-8 

19-0 

0-000 

0-145 

S-8 

16-0 

0-000 

0-226 

6-0 

17-0 

0 000 

0-316 

6-1 

19-5 

0-000 

0-400 

6*1 

21-5 

0-000 

0 500 

6-2 

24-0 

0-000 

0 600 

6-2 

25-0 

0 000 

0-800 

6 5 

26-5 

0 100 

0 800 

6 6 

27-0 

0 200 

0 900 

7 2 

24 5 


the hue does not usually change greatly with depth of shade, for if it did, it would be 
necessary to proceed by successive approximation, redetermining the optimum 
value level for each new pattern until coincidence was obtained. A pattern of the 
correct value having been obtained, its trichromatic co-ordinates are determmed 
and plotted on a cross-section of the colour solid at the same value. This cross- 
section is mapped out with the appropriate isochroma contours as shown in the 
example in figure 8, and by drawing a line from C through P to cut the limiting 

lo<ms at L, the number of steps of chroma improvement possible is immediately 
evident. 
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Proceeding m this way, the inefficiency of a number of dyes has been deter- 
nuned. The results are given m detail in table 4, which shows the percent^e 
depth of shade needed to produce the required value for the particular hue of each 
dye, the trichromatic co-ordinates of the corresponding pattern and the actual 
lightness (corrected for the absorption of the substrate), the dominant wave¬ 
length, value, chroma, limiting chroma, and chroma improvement possible. 
The dyes are arranged in the table in order of hue. It should be noted that the 
dyeings here presented are not necessarily of the same depth of shade as those 
tised m the earlier investigations on colorimetric and ^citation efficiency 

From the rather limited number of results available, it appears that reds and 
yellows are highly efficient, blue-greens and bluish-reds less so, and purples 
and greens very inefficient. It seems unlikely that this variation can again be 
explained by any S 3 rstematic error in the method of expression. Examination 
of typical absorption curves for the six primary colours (additive and subtractive) 



shows that only m green and purple are there two absorption band edges which 
are both in the visible spectrum For the production of the other four colours 
It IS necessary only to have one band edge lymg in the visible region. Since 
It is the sloping character of this band edge as compared with the vertical band 
edge of the ideal colours which produces inefficiency, it is obvious that greens 
and purples are almost certain to be the least efficient of colours, and this is con¬ 
firmed by the present measurements. There is no obvious reason why blue- 
green dyes should be less efficient than yellows, but in actual fact they are less 
efficient, and this is probably due to the presence in all the dyes examined of a 
small secondary absorption m the far blue. 

The case of Rhodamine BS is esceptional and mteresting. It has a very 
high efficienqr by any criteria, and, indeed, at certain hghtnesses its excitation or 
colorimetnc efficiency exceeds 100%. In other words, the points representmg 
the pattern lie outside the colour solid. This result was r^rded with some 
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suspicion at first, but repeated measurements have confirmed its truth. Con¬ 
sideration of the known fluorescent properties of this dye indicated that such a 
behaviour might result if the dye absorbs visible radiation and then re-emits 
part or all of this as visible radiation of longer wave-length. A simple experiment 
sufiiced to show that this was the true explanation. The standard magnesium 
oxide screen, a piece of white wool and a piece of wool dyed with Rhodamine BS 
were placed in the Donaldson cdorimeter, illuminated with white light, and 
measured with a Wratten trichromatic red filter interposed between the eye and 
the pattern. The relative lightness of the patterns measured in this way was: 
magnesium oxide 98%, white wool 75%, Rhodamine dyeing 117%. Thus the 
Rhodamine B S is absorbing green light and re-emitting it as red, and in consequence 
the patterns can lie outside the McAdam colour solid, which is based on the 
assumption that surface colour is produced by light absorption only. 

§6 CONCLUSIONS 

From the above results it is considered that the chroma deficiency of a dye 
at the optimum value level of the appropriate hue provides a satisfactory measure¬ 
ment of the efficiency of the dye and the possibilities of visual improvement 
in brightness which remain. The results obtained by this method, on a number 
of dyes of differing hues, seem to show that those colours which have only one 
absorption band edge in the visible spectrum are more efficient than those with 
two, as might be expected. 

From a more practical aspect it is considered that this method of measure¬ 
ment provides a sound basis for the quantitative comparison of the brightness 
of dyes of all hues, although it will be most precise and possibly most useful 
when the dyes compared are of similar hue. The results have also shown that 
in certain colours commercial dyes leave little room for improvement. 
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ABSTRACT, Examples of electronic states described by van Vleck as “ pure pre¬ 
cession are found in the Hg, Cd and Zn hahde spectra and also with InO and GaO. 
These are shown to be in close resonance and probably have abnormally large A-type 
doubling. An interpretation of the spectra of InO and GaO is given and a potential- 
energy diagram is presented for these molecules and also for TIO. 

§1. INTRODUCTION 

I N van Vleck’s theoretical treatment of A-type and spin doubling in electronic 
states of diatomic molecules, it is shown that simple relations can be 
derived for the doubling constants for S and IT states if they are related 
to one another in a manner described by him as “ pure precession ”, Such 
states act as though they have identical electron configurations, except that one 
has A=0 in the S state and A = 1 in the corresponding U state, whilst each 
retains the same atomic L vector, which remains quantized in the molecule 
whilst precessing round the electric axis. If there is only one valence electron* 
outside closed shells, then A and / here replace A and L. In addition, even the 
principal quantum number « of an atom may retain its significance on entry 
into a molecule. 

Mulliken and Christy extended this work and applied the results to a number 
of molecules for which doubling data were available, and were able to verify 
van VIeck’s work with the following hydrides: BeH, MgH, CaH, ZnH, CdH, 
HgH, CH, SiH and OH, and also with the homonuclear molecules Heg, Lig 
and Nag. With the hydrides the results were interpreted on the assumotion 
that the molecule is similar to the united atom, with the electrons, except that of H, 
retaining their atomic quantum numbers. For example, it is known that the 
normal and excited ^II states are related to the separated atoms as follows ; 

Hg, 6s^ ^ HgH,2S+ 

Hg, 6s6p3p + HgH,2n. 

If the H electron m the molecule were still essentially a h electron, it would 
be possible to write 

HgH 6 ^ 0 -) VL and 

6sa6pn)als ^11. 

The electron configuration of both states would be the same except for the 
replacement of the fijra by the Gpir. Now these orbits differ in / and hence cannot 
be related precessionally, whereas evidence from the A-type doubling shows 
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that the spectrum derives from two states which are so related. Hence it must 
be supposed that the Helectron becomes a 6pcj in the molecule, thus giving 
6sa)%pa^ and 6sa)^6p7r^ for the two states being similar to the 6s^6p 
configuration of the united atom Tl. This example illustrates the importance of 
the A-type doubling in deciding which of possible configurations is the 
correct one. 

With Heg, Lig and Nag the results were similarly interpreted in terms of the 
quantum numbers of the separated atoms. 

The magnitude of the A-type and spin doubling is dependent upon the 
separation of the S and 11 states, Vnj, being larger the smaller the separation, 
i.e. the closer the two precessional states the greater the resonance shown in the 
fine structure. The largest A-type doubling coefficient discussed by Mulliken 
is that of CaH, where 2 is 1300 cm“^. 

The objects of this paper are {a) to point out the existence of even closer 
resonance between precessional states in the Zn, Cd and Hg halides, and [b) to 
interpret the spectra of the oxides of In, Ga and Tl in terms of similar close 
resonatmg precessional states. 

§2. RESONANCE IN Zn, Cd AND Hg HALIDES 

In a recent paper the author showed that the u.v. system of bands for the 
molecule HgF were due to a —transition (Howell, 1943). It was also 
found that there existed a close relation between the splitting of the state 
and the coupling factor a of the 6r6^®P state of Hg, a relation which could only 
be interpreted as indicating that the Hg 6p electron retained its I value in the 
molecule, becoming a prr. Further, the close proximity of the system to the 
Hg ground line ^ meant that the principal quantum number n was also 

retained m the molecule. In short, the transition was the molecular analogue 
of the atomic transition 6s to 6py and can be described as occurring between 
atomic orbitals 6s(j and 6p7r. The electron configurations were therefore 
represented as 7t^6sa6p7T 6so- 

Probably a better representation would be 6^cr6^*7r)7rV 
which implies that the Hg atom largely retains its quantum numbers in the 
molecule and that the molecular binding is due to the coming from the 
halogen. 

Replacing 4^ and 5^ for the above 6s gives possible ZnF and CdF configura¬ 
tions, which have now been identified, as both these molecules give the same 
type of atomic-like transitions. The same band systems were also sought for 
and found among unanalysed data in nearly all the other halides of these atoms. 

Now the and -S states thus established are not related precessionally 
because they derive from different I values, but the state 6sa6p7r)7r^cr should 
have such a precessional state 6scr6par)7T^G related to it. Attention was 
called to the fact that in most of the halides investigated, the system 

was mixed up with a fragmentary one having the same vibrational constants, 
this confusion being one of the difficulties met with in the analysis. In the case 
of ZnF, Rochester (1939) definitely attnbuted these additional bands to a 
transition, and there seems no doubt that his allocation is correct, in which case 

* It IS proposed to use the term ground line throughout this work m preference to ** resonance 
line to avoid confusion with the quantum resonance which 13 discussed m the text. 

PHYS. PROC. LVZl. X 
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the upper *S state must be the 4so4pff)iT*a' ®S. The reason why such a definite 
statement can be made is the occurrence of the ^ always in the same region 
of the atomic ground line as the *11—*S, showing that both systems are intimately 
related to the atomic *5 line. 

The closeness of these two precessional levels *S and *11 to each other means 
that very strong resonance can be expected betwen them. Unfortunately 
the data on the *S state are so incomplete—^in some cases its existence can only 
be inferred—^that the difference in energy v^-z between the two sthtes caimot 
be given. In ZnF, *S lies slightly above *11, whilst in the Hg halides it lies 
between the two *11 components, i.e. the separation is less than the A—S coupling. 
In most cases it is certain that the resonance is closer than in any molecule 
hitherto studied. In such cases the L vector must be almost completely un¬ 
coupled from the nuclear axis. Now van Vleck’s theoretical relations are 
only applicable to cases in which is large compared with the A — S coupling 
coefficient A, and in this case this is far from being fulfilled. It can be anticipated, 
however, that for these precessional states the A-type and spin doubling will be 
very large and probably greater than the rotational levels themselves. 

Certainly interesting results can be expected from a rotational analysis of 
any of these systems, but the prospects of such an analysis being made are remote 
because of the close structure of these heavy molecules, e,g. the *ni—*S system 
of HgF is represented mainly by Q branches, each of which is condensed into 
quite a narrow line, but it may be possible to resolve the ZnF structure. 

It is interesting to note tl^t the fading out of the P and R branches in the 
above system may be a consequence of the close resonance, as well, maybe, as 
the diffuse appearance of the ^—>2 system in other cases. 

§ 3 . APPLICATION TO THE SPECTRA OF Ga, In AND Tl OXIDES 

Isoelectronic with the halides already discussed are the molecules GaO, 
InO and TIO, and it is reasonable to expect a dose similarity of electron con¬ 
figuration for these molecules. From Ga, 6s*6p *P+0,2p* ®P the configuration 
GaO, o*o*n*, *n, could result using molecular orbitals, but examination of the 
known spectra diows that a construction similar to the Hg halides must be 
assumed. 

(a) GaO. This is found in a Ga arc in air and has been studied most 
recently by Guernsey (1934). The bands occur near the Ga ground lines *<S'—*P 
(*P separation 826 cm.~^), most having double heads with an average separation 
of 2-6 cm~^. 

These ate described as R heads of a ^ — *Z system and represented by 
25706-«|^^^g3.^3^, -3-89«'*) -(767-69a" -6-34«''a). 

Evidence is mentioned of a second system lying m the 4300-4900 a. region, 
the bands being faint and almost entirely obscured by a continuum attributed 
to Ga*, but no data are given for this system. 

(b) InO. This spectrum has been investigated by Watson and Shambon 

(1936), who produced it in exactly the same way as for GaO. Band heads are 
observed from 3847 to 4763 *. ctmno nnP'C ViAinrr ■f'kA 
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the In ground lines ^S—^P (®P separation 2122 cm.“^) and are considered to be 
due to either a *11—or a —*11 system. Watson and Shambon favour 
*n—*S in view of *S being apparently the ground state of GaO. Their quantum 
formula for this system is 

23Q33ljQ}+(626-66a'-3-40«'*)-(703-09«'-3-71«"a- 0-28Sa'3), 

the cubic term being necessary to cover the rapid convergence of the lower state. 
There is evidence of anotW system interlaced within this doublet system. 

§4. INTERPRETATION 

The account of the spectra of these molecules in terms of electron con¬ 
figurations, which will follow, is based upon the following considerations:— 

(1) The spectra, produced in the same way, belong to very similar molecules, 
and should, therefore, be due to the same transition, i.e. they should be both 

or both —^2 or ^2 — 211. That this is apparently not so demands an 

explanation. 

(2) Both systems are corresponding ones in that they both occur in the region 
of the corresponding atomic ground lines. 

(3) The vibrational frequencies are very similar in upper and lower states of 
both molecules. 

(4) In each case there are signs of the existence of another system in the 
same region. 

The occurrence of both spectra near the atomic ground lines suggests that, 
as in the Hg halides, the transition is between atomic orbitals related to the 
25 and orbits. This is borne out by the near equality of the vibrational 
frequencies, which is a characteristic feature of such transitions. 

Now the ground state must derive from 

Ga, ^sHp^P^O,2p^^P 

and the excited state 

Ga, + O, 2p^ ^P, 

so that the molecular electron configurations must be 

GaO 4so^4pa)7T^^i:\ 

and the excited state 

GaO AsG^5sa)v^^. 

The two possible configurations for the ground state are linked precessionally, 
an interesting difference from the Hg halides, where the precession states are 
excited. The foregoing applies also to InO by replacing 4p and 5s by 5p and 6s, 
The observed band systems can now be identified as 

GaO 

and InO 6sa)7T^ 23 _ 5p7r)7t^ m, 

i.e. the InO system is not ^2 as Watson and Shambon believed. Which 
of the two possible ground states is the lower is not certain, as this depends 
upon a more complete study of the unassigned bands mentioned in both investi¬ 
gations, With GaO it is certainly probable that ^2 is the ground state with, possibly, 
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the 4900 A, system, as the “S — : but with InO it looks as though the resonance 

is so close that both states have an equal claim to be considered the ground state. 

It is not at all certain that Watson and Shambon’s identification of the 
560 cm.“^ interval as the ®n separation is correct, for this doubhng is not of the 
expected order This should be due entuely to the Spn electron, and is related 
to the coupling factor of the 5p electron of In. The magnitude of the expected 
®n splitting turns out to be 1475 cmr^, and in view of the strongly atom-like 
nature of the transition it would be unusual if the correspondence did not extend 
to the magnitude of the coupling. 

The two levels which Watson and Shambon have linked together as 
may possibly turn out to be a and one component of the ®n. This will 
have vibrational constants almost identical with the ^IT, and so would fit into a 
doublet scheme without difiiculty. It is evident tliat there is a need for a further 
experimental study of this molecule. 

§5. DISSOCIATION ENERGIES AND POTENTIAL-ENERGY CURVES OF 

GaO, InO AND TIO 

With these molecules there is no doubt as to the nature of the dissociation 
products, via.: 

aPtCGa) + ®P(0) for and 

*P}(Ga)-l-»P(0)for®n,, 

25(Ga)+sp(0)for 

and also for InO. 

This fact, together with the rapid convergence of the ground state in the 
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Potential-energy curves for GaO, InO and TIO 

case of InO, renders it possible to calculate fairly reliable values of both £)' and 
Z>' for this molecule. This gives I>" = 9000 and D'= 11,000 cm.-^. Usmg 
direct extrapolation for the GaO ground state and assummg that a similar 
tendency exists for a slightly more rapid convergence than is given by the formula, 
^ Vidw of 7)'=20,000 cm.-i is obtained, This gives D' =. 19,000 cm,-i, which 
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shows that in both molecules both states have practically the same D values, 
and hence almost identical potential-energy curves. These are sketched in the 
figure, assuming to be the lowest in each case. 

Watson and Shambon report that they found no bands m the T1 arc m air 
in the neighbourhood of the T1 ground lines, and concluded that one or both 
of the corresponding TIO levels were unstable. That this is probably the case 
can be inferred from the big reduction in stability in going from GaO to InO 
(20,000 to 9000 cmr^y Since there is a large increase in the weight of the 
TIO molecule, there seems little chance that any of the levels will have even a 
flat minimum in their potential-energy curves. The probable course of these 
IS sketched in the figure, assuming that a case-c coupling tendency is marked 
with this heavy molecule, and so each level is represented by its Cl value, 
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ABSTRACT. It is show n that the ground-state doubling of SnH is due to a p’tr electron, 
and Its magnitude can be predicted from the ®P width of tlie Sn ground state. The same 
doublet separation is foimd among the red bands of SnH, and a vibrational analysis as 
presepted for this system, which is considered to be a ajj it is assumed that PbH 
will also have a W ground state with an estimated separation of 8200 cm,“^ and which is 
modified by case-c couphng. Although this interval is actually found among the PbH 
bands, its occurrence is not taken as proof of the eadstence of the groimd state, as it 
appears to be more likely the separation of two excited states. The red system analysed 
by Watson and Simon and descnbed by them as '* 2 ? is here interpreted as a 

system analogous to the SnH *^77 system, and an isolated band at 3815 A- is considered 
to be the 0,0 band of 4 (^ 17 ) It is explamed why the mam band system has the 

appearance of a * 27 —system and why the spectra of SnH and PbH are apparently so 
dissimilar. 

The occurrence of two GeH systems is predicted. A similarity between the hydrides 
and hahdes of this carbon group is descnbed and a number of *JT separations for the ground 
states of these molecules is predicted. 


§ 1 . INTRODUCTION 


T he spectrum of lead hydride, PbH, has been investigated by Watson (1938) 
and by Watson and Simon (1940), using a high-pressure arc in hydrogen. 
They found bands extending from 5000 a. to 9100 a., apparently 
belonging to one system which, after a rotational analysis had been made, was 
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considered to be a ®S. This conclusion was reached even though some 
of the bands had branches whose intensities seemed out of order for such a 
transition and which favoured rather a *11 —*11 transition. This latter possi¬ 
bility was finally dismissed, owing to the absence of the expected sub-bands and 
of certain combination differences. 

The same workers (1939) have also studied tin hydride, SnH, using the 
same method of excitation, and they identified bands at 4054 and 4447 as belonging 
to a *A—*II system with a normal *11 state (.4=2183 cm."^) and an inverted *A 
with a very small splitting (u4 = — 1-75 cm.~^). In addition, weaker bands 
were found in the red, but a satisfactory analysis of these could not be made. 
The only bands listed were at 6745, 6892, 7032 with a pile-up of Imes at 6931 
and also at 6095 and 6214 a. A certain number of ®n-state combination dif¬ 
ferences were found among lines around 6931, and Watson and Simon consider 
that these bands probably belong to a *S —*11 transition, as they are quite different 
from the bands of the red *S — *S system of PbH. 

The surprising feature of this comparison of these two molecules is the 
complete lack of any similarity between their spectra. An attempt to obtain 
the analogous ®A—*0 system of PbH was actually made by Watson and Simon, 
but they foimd only a weak band at 3815 A. which was “ not accompanied by 
another at any plausible interval for a *11 PbH state ”. This lack of correspon¬ 
dence is surprising in view of the close resemblance of tin and lead, which in the 
author’s opinion is sufficient to guarantee a similarity of electron configuration 
in corresponding molecules. The common mode of excitation and the need 
for high pressures in both cases suggest that the same type of electronic levels 
is involved. It is particularly difficult to interpret the *S—®S system of PbH 
in terms of electron configurations. Watson and Simon accounted for these 
levels by assuming that they are formed from Pb, 6 p* + H, 1^, the latter being 
promoted to a Is orbit to give 6 /)(t*7^v*S and 6 p 77 * 7 sff*S. Such a transition 
mvolves a two-electron jump, and one cannot but feel uneasy over such an 
explanation, particularly in view of the absence of any normal transition. The 
levels normally expected would be 6 ^ 0 * 6^77 *11 and 6 />o 6 piT**A, ®S+, *S“, 
all of which are found in CH. 

The difference in spectral types in SnH and PbH therefore presents a 
problem which it is hoped this paper will solve. It will be shown that there are 
actually points of resemblance between them, and that the observations of 
Watson and Simon can be included within a consistent scheme. In particular, 
an alternative interpretation of the red ^—*S bands will be given and an analysis 
of the red SnH bands will be suggested. 

§2. COMPARISON WITH SIMILAR HYDRIDE MOLECULES 

Much can often be learnt and predicted about the various band systems 
of a molecule by comparing them wnth the well-established systems of a sinnilgr 
molecule. By smilar molecules are meant those in which one atom is common, 
whilst the others belong to the same group of the Periodic Table. This is 
different from the “similarity” of iso-electronic molecules such as Ng and CO, 
and it is proposed to differentiate by calling the similar molecules here discussed 
grofup molecules. Thus, m the present case the molecules SnH and PbH will 
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be compared with their group molecules CH, SiH and GeH. However, as yet 
nothing is known about GeH, and so we are restricted to CH and SiH. CH has 
a ground state with a doublet separation of 28’5 cm.“^ with ®A, and 
m that energy order. SiH also has a ground state with the larger separation 
of 124 cm.~^, and the only known excited state is the corresponding ®A. Thus, 
assuming a close similanty between group molecules, the ®n state of SnH can be 
safely identified as the ground state and a similar level with a still larger separation 



Figure 1. Energy levels of CH-type group molecules 

can be expected to be the groxmd state of PbH. In figure 1 are collected aU the 
known states of these molecules together with predicted states which will be 
descnbed in due course. An obvious line of enquiry lies in the investigation 
of the separations with the aim of predicting that ejected for a PbH state. 
Another is to explore the possibility of other states competing with the ‘11 for 
the ground state. There seems no likelihood of this in CH or SiH, nor is any 
such state predicted from a study of the electron configurations. 

§3. RELATION BETWEEN ATOMIC AND MOLECULAR 
COUPLING FACTOR 

The author showed that with HgF and its group molecules the atomic 
coupling factor a of the outer p electrons was related to the coupling coefficient A 
of the molecule which determines the *11 separation (1943). This relation 
indicated that the atomic p electron became apir in the molecule, and it enabled 
the *n separation to be determined for a number of these molecules whose 
spectra had remained unanalysed. By using the predicted interval as base, 
it was found possible to present satisfactory analyses. In th^ present case 
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the'doubling in the ®n state is due to a single rt electron, and it is possible that a 
similar relation holds. The doublet separation should be equal to the atomic 
coupling coefficient a of the correspondmg p electron. Table 1 gives these a 
values and the ^JI interval Av where known. 


Table 1. Comparison of a (from ®P) with *11 interval 



CH 

SiH 

GeH 

SnH 

PbH 

a (calc) 

28 

149 

940 

2285 

/7800» 

*n (observed) 

29 

124 

— 

2183 

\8200t 


* From a of Pb''" (*P). t Independent estimate. 


Neglecting PbH for the moment, it can be seen that the agreement for CH, 
SiH and SnH is suflEcient to confirm the view that here too the p electron 
definitely becomes a pv electron. Further, the agreement for SnH seems a 
justification for expecting an equally good correspondence for PbH, and 
encourages the view that the *11 interval for this molecule can be predicted. 
Now the value of a cannot be determined directly from the 6p* ®P width of the 
Pb ground state as in the other cases, as the separation of the *P components 
shows a big departure from normal L-S couplmg. It is, however, possible 
to estimate the value from 6p *P of Pb+, as comparison of the a values derived 
from Si and Si"*" and Sn and Sn+ reveals that the ionized atom gives a value 
28 % and 23 % too high for Si and Sn respectively, and so, assuming that 
a from Pb+ will be 20 % too high, a value of 7820 cm.“^ is obtained. That 
this is probably on the low side is indicated by an independent method to be 
described later, which gives a value of 8230 cm.~^ for the doublet width of *11. 

The observation that with Pb a radical change of coupling has taken place 
is significant, for it means that if a change of term type does occur i^ith any 
member of this molecular group, it should lake place with PbH, for any change 
in the atomic constitution should be reflected in the molecule. 

It begins to appear, therefore, that differences are to be expected in the PbH 
spectrum. This does not mean that the problem has been removed, for it is 
still necessary to interpret the apparent *S, *S states and to explain how they 
have changed from the expected *A and *11. It is probable that such a change 
has come about by alterations m the type of coupling, but it should always be 
possible to trace this change and to correlate the observed levels with those 
expected for normal coupling. Before this is done it will be found advantageous 
to clear up tlie explanation of the red bands of SnH. 

§4. THE RED SYSTEM OF SnH 

By the number of observed branches and the occurrence of some combination 
differences among a few of the red bands of SnH, a *S—*II transition was 
suspected by Watson and Simon. Assuming that *11 is the ground state, it 
follows that, unless only one component of the doublet is present, there must 
occur the ground-state interval of 2183 cm.“^ among these bands. Of the five 
listed, two do show such a difference, viz. 6095 A. and 7030 a., which have a 
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separation of 2181 which seems too close to the expected value to be a 

coincidence. Assuming these to be the 0,0 bands of the system, they can be 
arranged in the following vibrational scheme:— 

Table 2. Vibrational scheme for red bands of SnH 



The missing members of the system should he to the red of the 

last measured band, 7030 a., and Watson and Simon mention that more bands 
do lie to the red of this- There should also be members of the Av—1 sequence 
found on over-exposed plates. If this arrangement is accepted, thenco^" and 
cOg are approximately 1600 and 1300 cm.“^ respectively. Although the value 
of <o/' cannot be checked from the *A—^11 system (as ^s is limited to the 0,0 
bands) it is of the right order, as it should be between the value of 2000 for SiH 
and 1560 cm.“^ for PbH, and necessarily nearer to the latter, since another value, 
that of GeH, must intervene. This assumes that the value quoted refers to the 
ground state of PbH. To complete this brief account of the SnH spectrum, 
it remains to note that according to the probable electron configuration of the 
*A state, It should be normal, and so it is probable that the small negative value 
observed for A is due to the interaction of the s of other electrons with the I of 
the valence electron. 

§5. INTERPRETATION OF THE PbH SPECTRUM 

If it be assumed that the ground state of PbH is *11, then a separation of 
the order of 8200 cm.“^ ought to be found in the spectrum. That such a difierence 
does occur has been overlooked by Watson and Simon. This is between the 
system origin of the red bands and the solitary band at 3815 A., and amounts 
to 8187 cm.“^. This is so close to the expected value that it is tempting to con¬ 
clude that the existence of the supposed *11 ground state is fully established, 
and that PbH is quite similar to its group molecules. If this is so, it remains 
to decide whether the upper state is *S or the expected *A, and then to enquire 
why the lower state behaves like a ®S. 

A case can be made out for ®S or *A, or even for both together, bmng the upper 
state of the red bands, on the hypothesis that PbH has a partial case-c coupling. 
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For pwe case-c, the components *Aj and ®Aj will give rise to the levels 
Q = l and I, which can combine with the case-c ground levels derived 
from This should result in an increase m the number of systems as com¬ 
pared with SnH. If, however, the coupling is only partial case-c, then those 
transitions governed by Af2=0 will be favoured and others may be too 
weak for observation. Thus transitions f(®A) —?(®n), f(®A) —|(*n) and 
§(®A) —|(®n) would be expected, among others, for pure case-c, but for 
partial case-c the first would be the most mtense. Tentatively identifying the 
red system as | — |, the weak band at 3815 A. can be described as ® — 
whilst § — f can be assumed to be similarly weak and covered by the stronger 
red system. Now a case-c | system will have a structure similar to a 
“Hj—®nj, which, apart from the lowest J values, will resemble a *S— 
transition. Such a view would account for the observed system, with 

the exception of one important detail—^the so-called spm doubling of the lower 
state, which was found to be proportional to K+^. This must now be accounted 
for as £2-type doubling and should be proportional to (J -1-4)®. Another 
difficulty is found on a closer comparison with SnH. The main system is 
limited to the 0,0 bands, and the 3815 PbH band ?(®A) —iC®!!) is similarly 
isolated, which makes it hard to understand why the other component is repre¬ 
sented by such a comparatively prolific number of bands. Smce the red SnH 
system ®S—has more bands than the ®A—®n (due probably to the shift of 
the upper potential-energy curve to larger r values) an alternative interpretation 
of the PbH spectrum is suggested. This is to associate the red system with a 
corresponding ®S level (case-c 4). The transition 4 (®S) —4(®n) will be similar 
to a *ni—^IIj transition, which again resembles a ®S—®S, and furthermore, 
the £2-type doubling will now be proportional to J’-b4» which satisfies the obser¬ 
vations of Watson and Simon. It should be recalled at this stage that the branch 
mtensities of certain bands were in keeping with a possible ®II — *11 transition. 
Further support for this new interpretation is obtained from figure 1, where it 
is seen that the |, 2 (®A) level m PbH is slightly higher than the corresponding 
level in SnH (actually 1606 cm.~^). This difference is probably related to the 
difference in the atomic ionization potentials: Pb, 7*38 volts—Sn, 7 30 volts = 
650 cm.~^. Assuming a similar difference in the *S type levels, that for PbH 
would be expected to occur at 18060 cm~\ which is practically the value of 
Vg for the red system. In this case the observed 8200 cm.“^ separation is not 
due to the *11 at all, but represents the difference between 4(^) K®^)* 

This coincidence does not mvalidate the previously developed argument for 
PbH havmg a case-c equivalent *11 ground state with a doubimg of the order 
given, as the evidence given in table 1 is considered conclusive. On this view, 
then, the main red system is a 4(*S)—4(*n) transition and the 3815 cm.~^ band is 
*(®A)— 4(®n). The .f(®A) — f(*n) component ought to he in exactly the 
same region as the red system because of the ground-state separation of about 
8000 cm.“^. It is rather tempting to consider that there might be two systems 
here, and Watson and Simon actually thought this a possibility because of the 
smallness of o>g. Its value is only half of what it should be according to the 
Mecke rule <t>IB = constant, which could only be satisfied by gsanming the 



43 


The spectra of tin and lead hydrides 

existence of two separate systems which take the alternate o' values of the system 
as actually analysed by Watson and Sunon. They decided against this, and the 
author agrees with their decision on the grounds that the similanty with SnH 
indicates that the system should be represented by only a weak and single band 
which is probably masked by the main system. The exact value of the ground- 
state separation is then left undetermined, but it can be measured, according to 
this interpretation, from the position of the i(®S)—f(®n) system, whose 
0,0 band ought to he at about 10,000 a., which is more than 1000 a. further 
than the limit reached by Watson and Simon. Of course in true case-c coupling 
a separation has no meaning, but in partial case-c the levels (|) and (‘) should 
have a separation which is related to that which would occur for good A-S 
coupling. 


§6. POTENTIAL-ENERGY CURVES AND DISSOCIATION 
ENERGY OF PbH 

In figure 2 is sketched the probable course of the potential-energy curves 
of the PbH states involved in this paper. They are all the case-c equivalents of 
those levels arising from the electron configurations ground state 

and 6pa6/WT®®A,*S+,*S~ Direct extrapolation of the vibrational levels of the 



ground state gives D" = 18,000 cm.“S which is probably an over-estimate, and so 
a value of 14,000 cm.”^ has been chosen. 

The ground state dissociates into *Po(Pb)+®<S(H) and the | level into 
®Pi+*,S, which fixes D' for the f state at about the same value as D". The 
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upper level I of the red system must give ®P 2 (Pb) on dissociation to account 
for its stability and also for the mtersection by the curve responsible for its pre- 
dissociation. According to Watson and Simon, this takes place at a point 
3200 cm.above the o' = 0 level, i.e. at about 21,200 cm.“^, in good agreement 
with the value of the asymptote of the | level, 22,000 cm.“^. This repulsive 
level must be a | level, as can only give one | state, and this has already 

been accounted for. 

The remaining unresolved levels, ^ and §, must dissociate into (Pb) 
and have a D value of about 9200 cm."^. All the levels in the figure are probably 
correlated with the states *S and ®Z) of the united atom Bi as shown. 

§7. THE GeH SPECTRUM 

Although no study has yet been made of the GeH spectrum, a comparison 
with the molecules lying on each side of GeH in figure 1 enables the following 
predictions to be made about it:— 

(a) Its ground state should have a doublet separation of about 920 cm.~^ 
—estimated from the ®P ground state of Ge, and also by another method to be 
described in the next section. 

(A) The ®A—®n system should be the strongest, the ®A level lying midway 
between the *A for SiH and SnH at 24,400 cm.“^ This places the 0,0 bands 
at about 4100 A. and 4260 A. 

(c) The ground state co" value should be about 1700 cm.~^. 

(d) The problem of the state is somewhat more difficult to settle. No 
such state has as yet been observed in SiH, but its appearance in SnH suggests 
that it probably exists in GeH, particularly as Ge is perhaps more closely related 
to Sn than to Si. Its position is then probably as in figure 1, at about 16,000 cm.~^. 

§8 DOUBLET SEPARATIONS IN HYDRIDES AND HALIDES 

It has been established that the ground state of the PbF halide-lype group 
molecules is *0, and the doublet separation has been determined in a number 
of cases. These are shown m table 3 along with the corresponding hydride 


Table 3, 

separations of CH and CF group type molecules 
H F Cl Br I 

1 

C 

a 

28 

29 

(60) 

96 

(150) 

(250) 

Si 

149 

124 

lai 

208 

408 

(600) 

Ge 

940 

(920) 

(940) 

975 

1150 

(1400) 

Sn 

2285 

2183 

2317 

2360 

2467 

(2600) 

Pb 

7800 

(8200) 

8266 

(8310) 

(8450) 

(8600) 



(predicted value) 
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value, and also the a value of the atomic p electron, which is certainly mvolved 
in the case of the hydride. It will be noticed that the hydnde seems to belong 
to the same family of group molecules as the halides, m which the separation 
increases as the molecule gets bigger. This is understandable in terms of electron 
configurations, for the extra eight electrons of the F atom can easily form closed 
shells in the molecule, leaving the odd one to occupy the same type of orbital 
as in the hydride. 

From the observed separation of 8266 cm."^ for the ground state of PbF, 
a reasonable value of about 8230 cm.~^ seems likely for PbH This is how the 
value given in table 1 for PbH was estimated. In the same way, assuming the 
same general mcrease in the separation from C to Pb as each halide increases 
in weight, all the values enclosed in brackets in table 3 have been determined. 
That for GeH has been compared with the 940 cm.~^ obtamed from the L-S 
coupling coefficient of Ge *P, and the mean value of 920 cm.“^ was used in the 
discussion on GeH in the previous section. The predicted separations in table 3 
are obviously more reliable for the hydrides and fluorides than those for the 
other halides. 
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ABSTRACT. Solutions are given for a problem in heat conduction through two con¬ 
centric spheres, suggested by the heatmg up of a body in a furnace. Exact solutions are 
given, and also simple approximate solutions which will often be applicable m practice 


§1. INTRODUCTION 


T he problem is suggested by the heating up of a body placed at the centre 
of a fiimace cavity. The system considered consists of a conducting 
sphere of radius a concentric with a spherical cavity of radius b, the 
annular space being filled by a conducting medium. The outside surface of 
the cavity is maintained at a fixed temperature, taken arbitrarily as zero, and 
the initial temperature of the sphere is Oq- practice, the imtial temperature 
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of the annular space will be somewhere between Vq and zero. We shall give 
results for these two extreme cases, which will be referred to as assumptions A 
and B respectively. 

The following notation is employed:— 


Indec 1 refers to 0<r<a, 

Index 2 refers to a<r<b, 

JSr=thermal conductivity, specific heat, /»=density, 
K=Kjcp— diffusivity, /x, == KJKjji,' u=*vr. 

The equations to be solved are then 

9tt, 9«2 

It dr‘ ’ dt 9r2 ’ 


.( 1 ) 


subject to the continuity conditions 

atr=u .(2) 

and the initial and boundary conditions 

tti=0, r=0; «2=0, I 

%=Oo?'» <=0; Ba=sO(^ (assumption A), t=0; > (3) 

or (assumption B), t=»0. j 


§2. GENERAL SOLUTION 

The derivation of the solutions will not be given: they were obtained by 
the usual Fourier method, and in most cases checked by the Laplace trans¬ 
formation method. The exact solutions are:— 




Assumption A: 
2o9go S _ 


sinjLtaCftfl 8in«a(6—a) sin/*Xar 


r — —?^sin®fi(*,,asin*oc„(9—«) 




AssumpUon B : 


2ano £ 
Oi= —2 s 
T »-l 


sin*a,j(6—a) sin/ttacaa —cos fM^a ^ sin/xacnre”'^ 


J 


IJMnSm*ctJb —a)+ tmjb— a) sia^fM^a + ——- sin^/Lto^a sin*«„(9—a) 


where oc,^ is the nth positive root of the equation 


■( 4 ) 


sma(9—a){/xaacos/xoca— sinjuaa}+fta'sin/xaa{aacosa(9—a) 

+ sina(9—a)}=0 .(5) 

The solution above is complete only if (uil(b—a) is irratio nal. If 
(tal{b—a)=plq, where jp and q are integers, then equation (5) admits roots such 
that aqia and a(9—a) are integral multiples of w, and the corresponding terms 
(which are limiting forms of those already given) take the forms; 
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Assumption A : 

■nr{p(i+q)t^x s a ^ \ ®/’ 

AssvmpUm B : 

_ 2gcrOo “ (zrsin£f!2:exT) /- 
flr(pa+ 5 ),-i s a ^*1 )itV 


.( 6 ) 


The problem corresponding to assumption A has previously been treated by 
Carslaw (1920) m connection with the rate of cooling of the earth’s crust. 
Allowing for differences in notation, his formula for the additional terms agrees 
with our equation (6 A), but his version of (4 A) has an incorrect denominator, 
which is not of the right physical dimensions. 


§3. PARTICULAR CASES 

For practical purposes these equations can often be considerably simplified. 
Thus, if the central sphere is a sufficiently good conductor, the temperature 
inside r=a can be taken as uniform, i e. ^ independent of r. Under these 
conditions the second continuity condition in equation (2) is replaced by 

at r=a. .(7) 

This leads to the following equations: 

Assumption A : 

6o„6 S sin«„(6-a)e-'^V 

©I——12- S - j 

a n-i zf^a^asia^oijjb—a) + Zctjb — a) — |sin2a„(J— a) 

(T 

Assumption B 

„ « a„asin®(x„(*-a)e"*^»‘ 

s;i=2wo S - - -. 

2a„a sm* ajp —a) + 3 - {a,i(6—a) — ^ sin 2a„(6—a)} 

.( 8 ) 

where is now the «th positive root of the equation 

a„acota„(h—a) + l=J-o^,a®. (9) 

O’ 

In this case there are no terms analogous to (6). It may be noted that when 
a = 0, (8B) reduces to 

00 j 

®i = 2®oS (t)”« ** , (10) 

n«l 

agreeing with the well-known result for the temperature at the centre of a sphere, 
the surface of which is held at a constant temperature. 

In the practical problem of a body heating up in a furnace, it is often the 
later stages of the process which are of interest; for example, we may wish to 
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know what time is necessary for the whole of the body to reach the furnace 
temperature within certain limits of error. Under these circumstances it is a 
good approximation to take only the first term of equation (4) or (8), and the 
additional terms in (6) are negligible. Moreover, for the later stages it is easy 
to find the conditions under which it is legitimate to assume a uniform tem¬ 
perature within the sphere r—a. If % and are respectively the temperatures 
at the centre and surface of the sphere in the later stages, then equations (4) and (5) 
give (for both assumptions A and B) 


Ve 


smiMiO 

(jMja 



( 11 ) 


The condition for using the first term of (8) rather than the first term of (4) 
IS thus Finally, if the following conditions hold simul¬ 

taneously, 

. 02 ) 

then either assumption A or assumption B gives the following very simple 
formula for the later st^es: 

= ooexp. ^ • .(13) 

Equation (13) will often be applicable in practice, especially if a high accuracy 
IS not needed. The proportional errors in the times which it predicts for a 
given value of will be of the same order of magnitude as the two quantities 
m equation (12). Equation (13) will also give approximate values for non- 
spherical systems, provided that average values of bja^b-a) are taken. 

If the furnace temperature is high and the annular space wide, heating by 
radiation may be more important than heating by conduction. If the tempera¬ 
ture inside the sphere is effectively uniform, then heating by radiation alone 
would, give 

.(l^') 

where the emissivity E can be estimated from the Stef&n radiation constant 
and the absolute temperature of the formula. The result for non-uniform 
temperature inside the sphere has been g^ven by Awbery (1927) m connection 
with the cooling of apples in refrigerators 
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BY RADIUM RAYS IN THE DIFFERENT 
VARIETIES OF QUARTZ, AND SOME OPTIC 
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ABSTRACT, Systematic studies of the coloration and luminescence produced by radium 
rays, on the one h nd, and of the absorption spectra and ultra-violet transparency on the 
other, have been made on four varieties of quartz, namely, the colourless, the smoky, 
the citrine and the rose, in their crystalline and vitreous states. The chief results may be 
summanzed as follows:—(1) After being exposed to the irradiation of the jS and y rays of 
radium, the crystals of all four varieties of quartz turn to different shades of black, so that 
in appearance they resemble very smoky quartz The persistence of the coloration under 
heat treatment depends, however, on the vanety (2) The same rays render vitreous 
quartz of the four varieties violet in colour instead of smoky (3) Under the influence of 
radium rays, all the specimens of quartz, crystalline and vitreous, fluoresce and thermo- 
phosphoresce in bluish-green or bluish-white light, with the sole exception of crystalline 
rose quartz, which emits orange light. (4) Under heat treatment, coloration and thermo¬ 
phosphorescence do not disappear simultaneously, the latter being more persistent. 
(5) Complementary observations with the use of X rays and ultra-violet radiations have 
shown that the coloration and the luminescence caused by X rays are exactly the same as 
those produced by the radium rays, and that the lonizmg ultra-violet radiations have a very 
marked decolounzing effect on the smoky quartz, but have no similar effect on the artificial 
violet colour of vitreous quartz. (6) Among the naturally and artificially coloured speci¬ 
mens of quartz, the violet vitreous quartz is the only one which possesses a band structure 
m its ultra-violet absorption spectrum. (7) In passing from the naturally colourless 
quartz to the three decolourized varieties, the limit of ultra-violet transpaiency recedes 
from A=1850 a. to the vicinity of A=2250. Among the decolourized specimens of the 
three coloured varieties, crystalline and vitreous quartz of the smoky variety are the most 
transparent and the rose variety the least 

Certain discrepancies, concerning the coloration and luminescence of quartz, between 
the present results and those of previous workers aic pointed out and discussed 

U. INTRODUCTION 

T he coloration and luminescence of quartz produced by the rays of radium 
have already been the subject of study by several investigators, notably 
A. Bensaiide and G. Costanzo (1922), S C. Lind and D. C. Bardwell 
(1923), and J. Hoffmann (1931). Their work was mainly hmited to the observa¬ 
tions of the effects produced either on colourless quartz (crystalline and vitreous) 
or on certain coloured crystalline quartzes. Since the phenomena of coloration 
and luminescence produced in quartz are, as in other transparent minerals, 
JPHYS. soc, Lvn, X 4 
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complicated m nature, it seems necessary to follow closely the variations of 
these phenomena with the physical states of the quartz, and also of the impurities 
it contains, in order that a better understanding may be acquired. In addition, 
a knowledge of certain thermal and optical properties of the coloured and 
luminescent substances appears also to be essential. It was such considerations 
as these that led the writer to study systematically (1) the effects of coloration 
and luminescence caused by the radium rays m dMFerent varieties of quartz, 
both crystalline and vitreous, and (2) the spectroscopic properties of quartz 
before and after heating, using both naturally coloured specimens and others 
artificially coloured by radium rays. With a view to comparing such effects 
with those caused by other kmds of rays, some complementary observations, 
with the use of x rays and ultra-violet radiations as exciting sources, have also 
been carried out. 


§2. EXPERIMENTAL 

Four varieties of quartz, namely, the colourless, the smoky, the citnne, and 
the rose, were used in the investigation. The specimens of vitreous quartz of 
each variety were prepared by fusing the corresponding crystals in a gas-oxygen 
flame. 

50 mg. of radium contained m a platinum tube, of which the wall was 0*5 mm. 
m thickness, were used in the experiments. Owmg to the absorption of the tube 
waQ, it is certain that the colouring and luminescent effects observed are due 
entirely to the external-conversion jS rays and the penetrating y rays. The 
K raya, and almost all of the jS rays, emitted directly from the radium and its 
derivatives are stopped by the wall of the tube. The specimens of quartz to be 
irradiated were placed on the radium tube. The time of irradiation varied from 
30 to 50 days. 

As the source of x rays, a Roen^en tube with copper anode and aluminium- 
foil window was used; at a voltage of 50 kv. and a current of 10 ma., the time of 
exposure was 4 hours. 

The ultra-violet radiation used for the study of the colounng and lununescent 
effects, and also for the study of absorption spectra of the specimens of coloured 
quartz, was furnished by a hydrogen discharge tube. This tube, which had a 
power of about 1 kw., was closed at one end by a quartz window and at the other 
end by a fluorite window. The specimen to be irradiated was put in contact with 
one of these windows, in order to minimize the loss of radiations of short wave¬ 
length due to air absorption. The extent of the spectral region used could be 
vaned according to the kind of window with which a specimen was placed in 
contact. 

A large quartz spectrograph of the Littrow model was used for the study 
of the absorption spectra and a fluorite vacuum spectrograph for the comparison 
of the transparent^ limits of the colourless and decolourized specimens. The 
spark spectrum of silver was used for this comparison. 

The photographic plates used for the ultra-violet region of short wave-lengths 
were ordinary plates sensitized with sodium salicylate, according to the process 
described by J. Terrien (1936). 
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§ 3 . RESULTS 

(a) Coloration 

When a specimen of quartz a few mm. in thickness is exposed to the ra 3 rs 
of radium, the part of its surface in contact with or near the radium tube becomes 
rapidly coloured. Evidently this is due to rays, which are known to be much 
more eflFective in colouring and much less penetrating than the y rays. After a 
relatively short period, the coloration of the superficial layer attains saturation, 
while that of the inner layers continues to intensify until, finally, the whole mass 
becomes sensibly uniform in colour. 

(1) Crystalline quartz. The radium rays deepen the smoky appearance of 
the smoky quartz and transform the citrine and the rose quartz to smoky. The 
same effect is also observed in specimens of which the natural colours have 
previously been eliminated by heat treatment, while in the case of natural colour¬ 
less quartz the coloration is generally not strong and lacks homogeneity. 

(2) Vitreous quartz. Vitreous quartz specimens prepared from crystals of 
the different varieties are transparent and colourless. The radium rays give a 
violet colour to these vitreous bodies, instead of smo!^. The maximum possible 
degree of coloration differs with the variety of quartz. In general, the effect 
is much more prominent in coloured quartz than in the colourless. Hie 
coloration in the latter is often irregular; in most cases the coloured and ftie 
unaffected parts are separated by a sharp boundary. 

(b) Decoloration 

The natural colours and those produced by the radium rays in quartz, both 
crystalline and vitreous, can be eliminated more or less easily by heating. The 
artificial smoky and violet tints fade with a perceptible rapidity at 190° c. and 
300° c. respectively, and very rapidly at 400° c. Natural smoky coloration is 
more persistent than artificial, and begins to fade at about 220° c. The citrine 
quartz does not lose its yellow colour until 500° c. The rose-coloured quartz 
is the most persistent of all; complete decoloration caimot be attained below 
700° c. 

After the colorations produced by the radium rays have been eliminated 
by heating, the specimens regain their original transparency and they can be 
coloured again. Apparently the effect is reversible and without fatigue. 

It is interesting to point out that the naturally coloured crystals of quartz, 
after having been blackened by the radium rays, may have their original colours 
completely restored by a suitable heat treatment. This fact indicates that the 
radium rays do not actually destroy natural colours, but that these are simply 
masked by superimposed smokiness. 

(c) Thermophosphorescence 

The varieties of quartz under investigation do not originally possess the 
property of emitting light on heating. However, under the action of radium 
rays they readily acquire the property of exhibiting thermophosphorescence. 
Crystalline rose quartz emits orange light at high temperatures, and its vitreous 
state gives bluish-green light. Both the crystalline and vitreous specimens of 
the o^er varieties emit either bluish-green or bluish-white li^t. 
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The specimens of quartz which have been well excited by radium rays 
phosphoresce brilliantly at high temperatures. It may be emphasized that 
thermophosphorescence and the artificial colours do not disappear simultaneously 
during heating. For example, at 400° c. the former lasts generally some ten 
minutes, while the latter disappears often in the first minutes of heating. 
Because of this difference in persistence, it is possible to eliminate coloration 
without completely destroying thermophosphorescence. The time required 
for the decoloration depends greatly on the temperature and also on the nature 
of the colour. If a strongly coloured specimen of vitreous quartz is heated at 
270° c. instead of at 400° c., it is necessary to prolong the heating from the order 
of one minute to about two hundred hours for the removal of the violet coloration. 
In spite of such prolonged heating, it was found tliat after the heat treatment 
there remains always a notable proportion of thermophosphorescence. Some 
observations performed at 200° show that the violet fused quartz loses neither 
its colour nor its emissive power of phosphorescence even after a heating of ten 
days, and that, on the other hand, the artificial smoky specimen loses its coloration 
in several hours, although its thermophosphorescence does not appear to be 
modified sensibly. The above facts seem to be important, since it is generally 
believed that the coloration and the thermophosphorescence of a substance 
disappear simultaneously durmg heating. This question will be brought up 
again and discussed later in this paper. 

(d) Fluorescence 

Specimens of all four varieties of quartz fluoresce more or less strongly 
when thqr are exposed to the j8 and y rays of radium. The fluorescence is either 
bluish green or bluish white in colour, except that from the crystalline rose 
quartz, which emits an orange light, as in the case of thermophosphorescence. 
In general, the fluorescence of quartz is stronger in intensity for the vitreous 
than for the crystalline state. 

(e) Effects produced by x rays and ultra-vwlet radiations 

Studies of the colouring and luminescence produced m quartz by radium 
rays have led the writer to examine briefly the cases when x rays and ultra¬ 
violet radiations are employed. 

It was found that coloration and luminescence caused by x rays are in every 
respect similar to those caused by and y rays. 

The effect of coloration produced by ultra-violet radiation is different from 
that produced by radium rays and x rays. Thus crystals of smoky quartz are 
rendered brownish but not smoky With the specific type of hydrogen tube 
used, a period of exposure of the order of thirty hours is necessary for this colour 
to be perceptible, while no coloration was observed, for the same duration of 
irradiation, in the case of vitreous smoky quartz and the crystalline and vitreous 
spedmens of other varieties. 

In the course of the ^eriments on coloration of quartz by ultra-violet 
radiation, an interesting phenomenon was observed, viz., that these radiations 
are capable of removh^ the smoky colour caused by radium rays. The effect 
appears to be fairly strong, since an irradiation of only thirty to forty minutes 
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Figure 1 Absorption band of violet fused quartz. 


1 




Figure 2 Spark spectra of silver, showing the Imuts 
of transparency for the crystals of the 
varieties: (1) rose, (2) vellow, (3) smoky, 
(4) colourless 
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Figure 3 Spectra of silver, showing tl 
of transparency for the vitreous < 
the vaneties (l)rose, (2) >ellow, ( 
(4) colourless 
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is sufficient to eliminate the colour. On the violet colour produced by radium 
rays in vitreous quartz, ultra-violet radiations show no perceptible effect. 

The thermophosphorescence caused by the ultra-violet radiations is essentially 
the same as that due to radium rays. Apparently fused quartz acquires equally 
well the property of thermophosphorescence whether it is placed under the 
radiations which come through the quartz window of the hydrogen tube or 
from the fluorite wmdow, whereas in the case of crystalline quartz this is no 
longer true; thermophosphorescence can be produced only by the radiations 
which pass through the fluorite window. This fact indicates that for the 
crystalline quartz the effect of thermophosphorescence is due to the ultra¬ 
violet radiations of wave-lengths inferior to 1850 a. 

(f) Spectroscopic propenies 

(1) Absorption spectra of coloured quartz. The absorption spectra of coloured 
quartz have been studied in the visible and ultra-violet regions. For specimens 
of naturally coloured quartz and those rendered smoky by radium rays, such 
spectra show no band structure in the regions of interest. The fused quartz 
coloured violet by radium or x rays was found to be the only specimen with an 
absorption band. This band, which, so far as the wnter knows, has not been 
observed before, is situated in the interval between A=2750 and A=3200, with 
maximum absorption at about A=3000 a., as shown in the plate, figure 1. 

(2) Transparency bmits of the decolourized quartz. In coimedon with the 
absorption spectra of coloured quartz it may be interesting to compare the ultra¬ 
violet transparency (or rather the limit of transparency) of the decolourized 
specimens of coloured varieties with that of naturally colourless quartz. Such 
a comparison has been made for specimens in crystalline as well as in vitreous 
states. Corresponding crystalhne and vitreous specimens were taken from the 
same pieces of quartz in order to avoid difference in the quantities of impurities. 
The specimens employed were all 1 cm. m thickness. Figures 2 and 3 represent 
the spectrograms for the specimens in crystalline and vitreous states respectively. 

It can be seen from the above figures that the decolourized specimens of the 
coloured varieties are much less transparent than colourless quartz in the ultra¬ 
violet region of short wave-lengths. In passing from the naturally colourless 
quartz to the decolourized quartz of the different varieties, the limits of trans¬ 
parency receded from A=1850 to the vicinity of A=2250. Among the decolour¬ 
ized specimens, smoky quartz is the most transparent and rose the least. 
Evidently the limit of transparency varies with the quantity of impurities; con¬ 
sequently it will differ from sample to sample for a given variety. The values 
indicated in the above figures, representing the limit of transparency of some 
particular samples, simply give orders of magnitude. 

§4. DISCUSSION OF RESULTS 

The preceding investigations permit us to recognize some regularities and 
some anomalies concerning the coloration and luminescence produced by certain 
kinds of radiations in the different varieties of quartz. Equally they permit 
us to draw some conclusions as to the ag^aes which give rise to the coloration 
of quartz. With these experimental facts it is possible to dear up certain 
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problems regarding the nature of coloration and lununescence produced by 
ionizing rays and to the connexion between the phenomena of coloration and of 
thermophosphorescence. 

E. F. Holden (1925) has compared the colour of the smoky quartz of natural 
origin with that produced m the laboratory by radium rays. According to 
him, there is a possibility that the coloration of the smoky quartz is due to the 
atoms of silicon, liberated under the action of the rays of radioactive substances 
during long geological epochs. This consideration appears to be improbable 
for the reason that the smoky colour produced in the laboratory is mcontestably 
less persistent, both under heat treatment and under exposure to ultra-violet 
radiations, than natural smoky coloration. The facts that the crystalhne and the 
vitreous colourless quartz are generally much lighter coloured than other varieties, 
and that there are often some specimens which do not allow themselves to be 
influenced at all by the ionizing rays, appear to indicate that neither the artificial 
smoky colour nor ^e artificial violet colour of the vitreous quartz can be attributed 
to the atoms or ions of silicon. J. Hoffimann (1931) referred the violet colour 
of the vitreous quartz to ferrous and ferric ions m the presence of titanium or 
zirconium. According to this author it is unlikely that the colour of the fused 
quartz is due to the ions or atoms of manganese, although the soda-calcic glasses, 
which contain some manganese, also become violet when irradiated by radium 
rays. It may be mentioned that the characteristic absorption band of the violet 
fused quartz is unfortunately found in the ultra-violet absorption region of the 
glasses in question; otherwise it would be possible to decide by spectroscopic 
method, without ambiguity, whether the absorbing agents m the glasses and in 
the fused quartz are different in nature. 

Lind and Bardwell (1923) have described bnefly their observation on the 
fluorescence of quartz. According to them, quartz does not fluoresce under 
radium rays. However, the writer has not been able to confirm this result; 
for, without exception, all the specimens of quartz examined fluoresce more or 
less strongly when they are irradiated by the j3 and y rays of radium. 

In comparing the spectrograms for any one variety of quartz m figures 2 and 3, 
it is seen that the crystals are generally somewhat more transparent than the 
vitreous material, and that this difference m transparency is exceptionally pro¬ 
nounced m the case of yellow quartz. A slight variation in transparency arisiug 
from the change in the physical state appears to be imputable to the ^ect of 
molecular scattering, which, as we know, is somewhat stronger in the vitreous 
than in the crystalhne state. However, the unusually large variation of trans¬ 
parency of the yellow quartz seems to indicate that the nature of the absorbing 
impurities has been fundamentally modified by the change of state. 

It has long been known that the ionizing rays can produce the dffects of 
coloration and thermophosphorescence m many minerals, salts and glasses. 
Since these two phenomena are frequently coexistent and disappear simul¬ 
taneously during h«»ting, it would be quite natural to suppose a common basis. 
The theory of internal photoelectric effect has been generally adopted. 
According to this theory, certain electrons of the molecules which absorb the 
energy of the ionizing toys are displaced to some metastable levels, where they 
produce (or sometimes may not produce) a coloration. Their return to the 
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normal levels, following, for instance, a thermal agitation, involves an emis^on 
of the phosphorescence and loss of coloration. Obviously this theory associates 
the phenomenon of coloration with that of thermophosphorescence. However, 
it has been pointed out by S. C. Lind (1920) that this theory is not always true. 
He gave as examples the cases of certain glasses and of fused quartz. According 
to him, the violet colour produced in these two substances by the radium rays 
does not disappear below 500° c., and on the other hand, their thermo¬ 
phosphorescence can be eliminated at 200° c. The observations of Lind on fused 
quartz are evidently m contradiction to the results of the present investigation, 
since it is the thermophosphorescence of quartz, and not the coloration, which 
is more persistent. 

This inconsistency m observation induced the writer to make a careful 
companson of the thermophosphorescence and the decolourization due to heatmg 
violet fused quartz and violet glass, both having been coloured by radium 
rays. The results are summed up as follows.—(1) Under the same experimental 
conditions, thermophosphorescence of vitreous quartz is mcontestably stronger 
in intensity than that of glass. (2) In conformity with the result of Lmd, thermo¬ 
phosphorescence of glass disappears rapidly at 200° c., but its violet colour 
remains practically unchanged. In the case of fused quartz, as mentioned 
above, neither its violet colour nor its thermophosphorescence is sensibly 
modified at this temperature; (3) violet glass begins to decolourize at 350° C., 
a temperature some 150° lower than that found by Lind. On heating the violet 
fused quartz at 270° c. for some two hundred hours, its colour is completely 
eliminated, but it still shows notable thermophosphorescence These obser¬ 
vations certainly disclose an essential difference between the properties of violet 
fused quartz and those of violet glass in respect of thermophosphorescence 
and of thermal decoloration. 
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THE POLARIZING ANGLE FOR REFLECTION 
AT THE BOUNDARY BETWEEN TWO 
ABSORBING MEDIA 

By L. PINCHERLE, 

King’s College, London 


MS, received 28 August 1944 

ABSTRACT, The condition for the absence of a reflected wave when a plane (inhomo- 
genous) electromagnetic wave is mcident upon the plane boundary between two absorbing 

media is # # o 

cot cot ^2 4- cot tpi cot ^2 = 2, 

^8 being the angles that the planes of equal phase and the planes of equal amplitude 
respectively make with the boundary. 

For small values of the conductivities no reflection is obtamed at the followmg angles : 
tan ^ 1 = VE, tan ■—, 

1+E^ 




tan ^ 2 “ 




where iS== — ; r}i= — ; .ZL 

and c is the dielectric constant, a the conductivity, and co is 27r x frequency 


§1. INTRODUCTION 

T he problem of determining theoretically under what conditions there is 
no reflected wave when a plane electro-magnetic wave is incident upon 
the plane boundary between two different media is a well-known one.* 
However, the analogue of Brewster’s formula in the case of absorbing media 
has not, to my knowledge, been given explicitly. It is the purpose of this paper 
to establish it. 

It is possible that the theoretical results obtamed may have practical applica¬ 
tions : dielectric constants and conductivities could be determined by measuring 
the angles at which no reflection occurs, in the same way as refractive indices of 
perfect dielectrics are found by measuring the Brewster angle. 

* See, for example, J. A Stratton, Electromagnetic Theory (McGraw-Hill Book Co., 1941), p. 516; 
J. C. Slater, Mtcrozoave Transmuston (McGraw-Hill Book Co., 1942), p. 117, or W Komg, Hand<> 
buck derPhysik, Bd. xx (Springer, 1928), p. 194. 
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The polarizing angle for reflection 

§2. FOUNDATION OF THE EQUATIONS 

We take the boundary of the two media as the plane yz. We assume the 
electric vector of the waves to be parallel to xz, the plane of incidence, as this 
is the case in which we expect the reflected wave to be absent; we indicate by 

(Ti the dielectric constant and the conductivity of the first medium, and by 
gg, oTg those of the second; we assume the magnetic permeability of both media 
to be that of empty space. We indicate by Bg(s = 1,2) the real and imaginary 
parts of the propagation constants in the two media; by the angle of incidence, 
namely, the angle that the normal to the planes of equal phase in the first medium 
makes with the positive x-axis; by ^2 similarly defined angle of refraction; 
and by ifr^ the angles that the normals to the plane of equal amphtude make 
with the A?-axis in the two media. 

In absorbing media, the planes of equal phase and the planes of equal amph¬ 
tude do not in general coincide, i.e., the waves are inhomogeneous, and the 
mtroduction of ^25 ^ well as <f)i, (^ 2 > is necessary. Our wave will thus be 
represented by 

2 ), .. ( 1 ) 

where a)=2rrx frequency. 

Such waves can be generated in several ways: the simplest is by rehracbon 
from air to an absorbing dielectric. Waves m hollow pipes filled with an absorbing 
medium, and all kinds of cylindrical and spherical waves, can be represented by 
the superposition of inhomogeneous plane waves. 

Even in perfect dielectrics the angles <f>, ^ may be different, as, for instance, 
m the field in the second medium, when total reflection takes place. In this 
case, the planes of equal amphtude are at right angles to those of equal phase. 

In this discussion, rationalized M.K.S. units are used. 

The quantities in equation (1) are connected by various relations. Firstly, 
by the formulae defining A^, Bg, viz. 

and 2^J5,cos(^j—^g)=fur,ci»; 

secondly, by the law of refraction, 

Bi sin = B^ sin <f> 2 , 

and AisamJ/j^^AiSiatff^l 

and finally by the conditions for the absence of the reflected wave; these are 
given by Stratton (l.c. p. 517, eq. (3)), and, using our notation, can be 
written 

BjBz cos (^ 1 +^a) =-4i-4a cos +0a)» 

AiB^ cos ■+• ^a) — ““ -^a^i cos (^x “b 
If we multiply A,\ 5*®, o-g and ca „ by the same constant factor, the angles remain 
unchanged; it is then convenient to introduce the following dimensionless 
ratios: 


IT — . 

it-, iqi -, 

Vi — -— • 

.( 5 ) 

0)61 

0)62 




.(6) 
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Equations (2), (3) and (4) then become: 






l-flc*® 


g_ 8 in^ . 

^ sm^2 ’ 




Og _ sin^a sin^, 
sin^ji sin^a’ 

cos (^ 1 +^a) = oCiXa cos + 0 a) 5 

Oi cos ( 01 + 0 a) = — Oj cos ( 01 + 0 a). 


( 7 ) 


iji, Tja, E and j 8 are necessarily positive quantities. If, in addition, we want the 
amphtude of the waves to decrease in the direction of propagation, which is the 
physically important case,* we must have 


Also, of course, 


«*cos(0,-0,)>O. 

Wil Kl<i‘ 


§3. CONDITIONS FOR ABSENCE OF REFLECTION 

We have seven equations connecting ten quantities. Usually the constants 
of the two media, namely E, 77 ^, 772 , will be given, and we shall want to find at 
what angles there is no reflected wave. Conversely we can ask for what media 
we find no reflection at given angles. It appears immediately from the last 
three of equations (7) that the four angles cannot all be given arbitrarily, 
elimmating a^, ag, we find that the following relation must be satisfied: 

cot^i cot ^2 + cot^j cot ^2 — 2 . .(8) ^ 

This, for absorbing media, is the analogue of Brewster’s condition. (For 
%=172 = 0 we have ^ 2 =^ 2 ? ^nd (8) becomes cot^jCot ^2 = l» usual 

condition.) 

Even subject to ( 8 ), the physically possible values of the angles are further 
restncted. Each of them can take any value between —tt/Z and + 7 r/ 2 , but it is 
easily seen from (7), ( 8 ) that and ^2 niust have the same sign, and we shall 

take them as positive; then and ^2 cannot be both negative, because this 

would contradict ( 8 ). We must thei^ore have either all four angles positive, 
or three positive and one of the negative. In this last case, the corresponding 
negative, so that cos(^ 3 —must be negative, to satisfy the condition 
a 3 COs(^ 5 —^^)> 0 . The sign of is immaterial when cos (^ 5 —^ 5 )=0; then, 
unless |ag| — the corresponding medium must be a perfect dielectric, because 
of the first of equations (7); this case has been treated by Stratton (see later) 

Solving the last three equations ( 7 ), we find: 

^ 2 ^ sin ^ 3 ^ sin ^2 cos (03^ 4 -^ 2 ) , 

^ sin sin ^2 cos(^ 3 L+^a) * • 

3_ sin 0 ism 08 co 8 ( 0 i+ 0 a) | . 

* sin0a8in02 cos(0i+0^’ | 

and the angles must thus be restricted to such values as make these two quantities 
positive and less than unity. 

* StEottoo, L.C., <dioo8es instead to make the amplitude of the mcideat wave vanish at infinity. 
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The case aiaoc 2 «:l corresponds to in which case and ^ 3=^2 

(see later). 

When the above conditions are satisfied, the equations (7) can be easily 
solved, and the values of E, 171 , found. 

§4. PARTICULAR CASES 

Reverting to the usual case, the equations (7) can be solved for given E, ))x> 
but, as with the equivalent equations given by Stratton, no simple esqiressions 
can be obtained for the angles. 

The solution, however, is easily obtamed in limitmg cases, to which we shall 
confine ourselves. 

(a) 

Keeping only quadratic terms m 171 , we have 


(2jB + l)‘i2i 


.( 10 ) 


tan^ 2 ~ 


7]2-hEr)j_ 


' s/e (^+2)172—% 

^ 1 , depend thus only on the ratio ’ 7 i/'i ?2 *= ^aO'i/^it^a- The values of tan^j 
and tan 02 fof different values of this ratio are given in the following table:— 


Vihi 

tan iffi 

tan ^2 

0 

-lly/E 


E/(2E-1) 

T 00 

1/2 VS 

1 

v‘E 

i/VE 

E -2 

vE/l 

±00 

oc 

ElilEfl) 

-\'E 


When ^ 1,^2 increase, so that the above approximation is no longer valid, 
01 , 02 depend on the actual values of ij, 1 J 2 and not only on their ratio. The 
angles, however, vary much, as they do for %, 172 small. 

(b) i7i, % > 1 
We have 

1 +^ 1 . 

2i7i»73J 


tan0i= 

V 2 ,x, 2 J 


.( 11 ) 
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Thus in this case all four angles are positive, and and differ only by 
terms in In this approximation also the angles depend only on the 

ratio 971 / 772 . 

(c) Medium (2) is a dielectric and medium (2) is a conductor 

This is the case treated by Stratton (l.c. p. 520). Of course, if medium ( 1 ) 
IS a perfect dielectric, the incident wave must have the planes of equal phase 
perpendicular to the planes of equal amplitude. 

(d) 771=772 and of unrestricted magnitude 

In this case 

tan^i^tan^i^V^. 1 .j2) 

tan^2 — tan^2“ J 

Thus, when reflection is obtained with planes of equal 

phase coincident with planes of equal amplitude and at the Brewster angle. 

(e) 0i=^2==O 

As appears immediately from (7), ( 8 ), it is impossible for the reflected wave 
to be absent if ^ 1 =^ 2 = 0 , this is the case for the component (criss-cross) waves 
in hollow tubes, when the boundary between the two media is at nght angles 
to the axis of the tube. 


RECTANGULAR VOLTAGE WAVES FROM A 
LOW IMPEDANCE SOURCE 

By T. J. rehfisch, 

Northampton Polytechnic 
(Now at Electrical Research Association) 

Demonstrated 27 October 1944 


§1. INTRODUCTION 


T h e response of a physical system to a suddenly applied force has received 
much attention, electrical networks and Heaviside’s Umt Function being 
of particular mterest today. 

Experimental difficulties attachmg to such “ single transient ” phenomena 
may, for some purposes, be overcome by periodic repetition of the transient, 
i.e. by the generation of a rectangular wave and its application to the test circuit; 
providmg that the circuit reaches the steady state within the half-penod of the 
wave, the transient behaviour of the circuit will be repeated over and over again 
and may be exaimned on an oscilloscope. 

“ Squarfr-wave ” generators using thermiomc valves have been used extensively 
in recent times; however, there are reasons why a reversion to a mechanical 
“ make-and-short ” device is advantageous for demonstrations or even for work 
on scale models; primarily, because the internal impedance of this form of 
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generator is very small, being composed mainly of battery and brush- 
commutator contact resistances—a residual few ohms at most; this compares 
with many and unsteady thousands of ohms contributed by alternative low- 
power (thermionic) generators. Hence the mechanical device allows many 
circuit phenomena to be observed on a reduced frequency scale—^in particular, 
oscillatory phenomena, which, with a high-impedance generator, occur in the 
radio-frequency range, may easily be obtained at moderate audio frequencies. 
Ordmary vanable standard components—^resistors, self- and mutual inductors, 
capacitors—^may be readily used; their stray parameters, vitiating at radio 
frequencies, being of little importance in these experiments (with the exception 
of coil self-capacity), known and controllable changes in circuit parameters 
are readily achieved. Moreover, the low residual internal impedance of the 
mechanical generator may be increased at will by adding resistance externally; 
finally, by a simple re-connection, the “mtemal resistance” may be made 
different during the application of the p.d., and its removal, respectively. As 
an extreme case, a “ make-and-break ” arrangement leaves the circuit open when¬ 
ever the battery is removed. 


§Z APPARATUS 

The generator consists of a battery feeding a motor-driven “Fleming- 
Clinton commutator”, modified by the addition of another centre brush; the 
two centre brushes are normally joined electrically and spaced accurately to 
ensure equal make-and-break periods and leave no observable insulating interval, 
without shortemng the battery excessively.* The battery is connected between 
the outer brushes, and the output is taken from one of these and the centre pair. 


COMMUTMOR 



Circuit for investigation of L-C-JR (series) circmt 


•C.R.O. 


A commercial double-beam oscillograph is connected to the test circuits, 
one beam normally showing the p.d. wave-form existing across the condenser 
m the primary circuit, the second beam revealing the p.d. wave-form across a 
resistor m the primary circuit (current wave-form), or across a condenser in the 
secondary circuit. The time base of the C.R.O. is locked to the repetition rate 
of the generator (60 c.p.s.), or half this value, as the case may be. 

^ A paraffin lubricant was found essential for good contacts. 
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§3 OBSERVATIONS 

Observations carried out with the equipment, some of which were demon¬ 
strated to the Society, are summarized in the followmg table, which shows the 
circuit and the parameters which can usefully be varied, with notes on the 
effects thus illustrated. 


Circuit 


Variable 

parameters 


Observations of particular interest 


A. Any 


B C~jR m senes 


C R O time base Rectangular wave output unaffected by test 
circuit. 

B.F.O. output Comparison with B F O sine-wave 

C, JR Condenser p.d and its differential C/f, 

resistance p d (current). Rate of rise 
depends on 1/CJR ; crest value of p.d.s 
unaffected by (CJR) value, providing 
sufHaent time is allowed 


C. L-C-JR in senes X, C, JR 

(LC) small 


D JL-C~R in series, C, R 

(LC) large 


E. Lr-'C—R^ in R 2 , X, O 

parallel, in 
senes 

Make and short 
Make and break 


Rectifier connected 
across the parallel 
circuit 


Introduction of X speeds up attainment of 
steady state 

Critical dampmg. 

1 R* 

Venfication of condition ==0. 

Overshooting; damped oscillations of penod 
determmed by XC. 

Damping factor R/2X independent of C 

Condenser p d. overshoot limited to <C2E 

When 29rVXC=T‘ (repetition period), the 
circuit may be tuned to the applied wave 
(the fundamental and the second harmonic 
components) 

Condenser p.d ** purer ’’ than current 

Coil p.d very discontinuous 

Observations appear as duals of (D), but the 
current first “ undershoots Dampmg 
by R* leads to single-pulse p.d. ; its 
width is shortened by decreasing X, C 
increasing R^ ; its height limited by E. 

On open-circuitmg the circuit wherein th< 
coil cames a steady current, dampec 
oscillations are produced ; a 2-v. batter 
energizes it suffiaently to produce oscilla 
tions filling the screen (100-v. peak t« 
peak). 

Their period depends on XC, their imtis 

1 /x 

value jiJq* dampmg on 1/J 
and C, but not on X 

At critical damping, a smgle pulse is gem 
rated. 

This suppresses the oscillation completel 
or leaves the first half-cycle only, accon 
ing to the sense of connexion 
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Circuit 

Vanable 

parameters 

Observations of particular interest 

F. Coupled circuits 



Both coils 
apenodic 

M 

Make * rise of primary p d. depends on 
M , non-oscillatory secondary current, 
direction determined by sign of M 
Short • oscillatory fall of p.d 

Primary coil 
tuned 

P 2 

Damping of primary coil increased by re¬ 
ducing i ?2 

Both coils tuned 

M 

Circuits isochronous as M is mcreased, 
the damped oscillations in the primary 
circuit are broken up into separate 
packets, eventually too close to be dis¬ 
tinguished ; the envelopes of correspon¬ 
ding secondary circuit oscillations are in 
antiphase to the envelope of the primary. 

“ Turn-over ” points 



At 20% coupling, a maximum secondary 
oscillation occurs when the arcuits are 
isochronous ; smaller C 2 values effect 
substantial and more rapid secondary 
oscillations, while with C 2 some four or 
more times larger, the secondary con¬ 
denser p.d- falls to practically zero, and 
the effect is similar to a short circuit on C^. 

Secondary circuits 
also connected 
to source 

M 

Type of oscillation depends on mode of 
excitation—^beats are suppressed, fre¬ 
quency determined by sign of M. 


DISCUSSION 

on papers by L. S, Goddard (Proc. Phys. Soc.y 56,372 (1944)) and L. S. Goddard 
and O. Klemperer (ibid. 56, 378 (1944)) on Electron microscopes* 

Dr L J. CoMRiE, I approve very much of this ** back to nature ” movement, m 
which the fundamental equations are treated rigorously, and I admire anyone who has 
the courage to face the necessary arithmetic. Perhaps the classical instance of this principle 
IS Coweirs work on Halley’s comet Up to this time an elliptical orbit was used as a 
first approximation, and perturbations due to the major planets were applied. In this 
process, second-order terms, due to the difference between the assumed and the true 
position of the comet, eventually become burdensome- Cowell therefore discarded the 
elliptical orbit, and combined all attractions, including that of the Sun^ in his step-by-step 
solution of the equations of motion His success in predictmg the return to perihelion 
to within two days over a period of 75 years (equivalent to 5-figure accuracy) is ample 
testimony to his treatment 

' The W E. Milne step-by-step method of numerical integration, as used by Mr. Goddard, 
is described in a senes of pamphlets issued by the Marchant Calculatmg Machine Company, 
of which I am expecting a supply soon for distnbution. My first examination of the 
method failed to convert me from the usual finite difference methods, especially those in 
which the computer estimates one or more higher-order differences of the highest dififer- 
ential and then produces (usually m pencil) enough central differences to use central- 
difference formulae to get values of the integral that suffice for use m the differential 
equation The values of the differential obtained by substitution in the equation are 
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then compared with the estimated values. Although this is theoretically an iteration 
process, in practice a good computer will not need repetitions I can speak from experience, 
as 14 of my girls, whose average age is less than 21, have just spent several months solvmg 
pairs of simultaneous differential equations of the second order. 

The lack of attractiveness here is similar to that m the Lagrangian formula for inter¬ 
polation and is due to (1) the loss of the sheet anchor of the differences, which not only 
detect errors, but also guide us to any necessary changes of interval ; (2) the fact that 
the method is “ blind and cannot see how many function values to use, or detect errors 
in them easily. That such methods are more attractive with a machine like the latest 
electric Merchant is true, but I cannot resist the feeling that the method is here the slave 
of the machine, instead of the converse. 

Mr. T. Smith. I think the outstanding fact which emerges from these papers is that 
a method of calculation has been evolved which is quick, well-adapted to existing machines, 
and gives results in good agreement with experiment From the description it appears 
that the method can be safely applied by computers who are by no means trained mathe¬ 
maticians. I am glad to see a method of this kind established, for it has seemed to me 
inappropriate to expect methods developed for glass optics* to be suitable for electron 
optical problems. The distinction between the abrupt changes characteiistic of the one 
system and the continuous changes of the other appeared so important that I have not 
regarded very seriously any work on electron optics done by the usual optical methods 
The one optical method which should undoubtedly be appropriate is that of the 
characteristic function, and I hope to discuss this some time with Mr Goddard. As 
this method may be regarded indifferently as optical or dynamical—^it is, in fact, the origin 
of Hamilton’s equations of motion—^there is no doubt that it has a strong prim 2 facte claim 
to consideration. 

Dr W. D Wright. Greater accuracy in the tracing of electron paths is obviously 
to be desired, and it would seem that Mr. Goddard’s method represents an important 
advance over previous attempts There may still, however, be a useful field of application 
for more approximate calculations, since the tracing of an electron through a particular 
lens IS rarely imdei taken because of any inherent interest in the path itself, but rather 
as a means to improving the design of a lens in respect of its aberrations In the method 
adopted by Dr Klemperer and myself, to which Mr Goddard has referred, we sub-divided 
the system into a number of refracting surfaces and endeavoured to calculate the con¬ 
tributions which each surface made to the final aberration, by means of optical formulae 
developed by Conrady. When these contributions are known, it is possible to visualize 
the changes required in the refracting surfaces, that is, in the electrostatic field, in order 
to improve the aberrations. The fact that the data are only approximate is not really 
important, so long as the direction in which the aberrations will change with a given change 
in shape of the refracting surfaces can be deduced. I am not clear that the equivalent 
information can be obtained from an accurate method of ray tracing in which the field 
IS treated as contmuously variable, and it is certainly not possible to take advantage of the 
mass of information and experience accumulated in the design of glass lens systems Our 
method was especially successful in providing a simple derivation of the Petzval curvature 
of field and in comparing the problem of flattening the field of an electron lens with that 
of designing an anastigmatic photographic lens 

Authors* reply Dr. Comrie’s suggestion that a method using differences may be 
preferable to one using ordinates only is certainly worthy of consideration As stated in 
the first paper, each method was tried and the method using ordinates proved to be much 
quicker, and so was adopted. But this was the sole reason, and we agree that the method 
usmg differences is safer, and in some problems it may actually be more rapid. If, for 
example, the conditions of the field or the electron change a great deal over the portion 

* It is often forgotten that the current tngonometnc methods of lens design were adopted, 
not because they were, without qualification, the best for the purpose, but because, takmg mto 
consideration tabular and other aids to calculation available at the time, they were considered 
the methods most suitable for application by workers merely tramed as routine computers. Apart 
from vested mterests of one kind and another, I thmk they have httle claim to serious consideration 
today. What is important is the accumulated knowledge that has been gained by their use, and 
this in different circumstances would have been obtamed m other ways, 
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. of the path to be determined, then the problem of a change of interval may anse. In this 
case the method recommended by Dr. Comnt. might well prove to be superior because 
It would reveal when the interval should be altered and what alteration is necessary This 
problem, however, did not anse in the case of the magnetic lens. 

Mr Smith’s remark about the possibihty of usmg the method of the charactenstic 
function IS very interestmg It is also very valuable because this method, when it can be 
applied in practice, is one of great pover, and there has been a tendency m some quarters 
to neglect its possibilities The refractive index, in the electron-optical case, is given by 


^\here <i> and A are the electncand magnetic potentials respectively, and ^ is the vector, 

_ fdr dilf dz\ 

da* day* 


obtamed by differentiating along the path. From this it is evident that the medium is 
heterogeneous and, when a magnetic field is present, also amsotropic. This shows how 
inadequate it is to expect much help from the analogy of glass optics where the medium 
is homogeneous and isotropic. It should be stated that the method of the characteristic 
function, or at least an equivalent, has been studied by Glaser m a senes of papers in the 
Zeitschnft fUr Physik. However, even Glaser does not appear to have considered the full 
possibihties of the method. A further study is certainly desirable, as Mr. Smith suggests. 

We agree with Dr. Wnght that there is seldom any mtrmsic interest m the path itself, 
and this fact was appreciated at the time the papers were written The problem was not so 
much to develop a method for very accurate ray tracing as to provide a method which 
was general and at the same time did not mtroduce the very large errors that are inherent 
in some of the methods used hitherto In the case of magnetic lenses, ray-tracmg 
proved to be impracticable for reasons pointed out in the second paper, and it was 
necessary to develop an alternative method It was possible to solve this problem only 
by freemg oneself from the methods of ray tracmg which had become standard durmg 
the last ten years or so. Only by a return to the exact equations of motion and a numerical 
solution of these by a method that has a rigorous mathematical derivation could one hope 
to achieve the desired accurady and generahty The new method, considermg the 
accuracy of its results, is considerably quicker (when used in conjunction with a modem 
calculating machine) than the methods hitherto developed No time is lost in referring 
to tables of functions or m plotting or usmg graphs, and it is unnecessary to calculate 
any auxihary quantities The method is, m fact, an algebraic process. 

In the case of trigonometric ray tracmg, the convergence is slow, as may be seen by 
refemng to table 1 on p 300 of the paper by Dr. Klemperer aiid Dr. Wnght (Proc. Pkys. 
Soc. 51, 296 (1939)). Bv solving numencally the equations of motion it would be possible, 
for a given accuracy, to use a much smaller number of points because, m passmg from a 
point P» to Pn+ii 'ise is made of much more information than merely the conditions existing 
at P» 

Regardmg the estimation of lens errors, it should be noted that these may be calculated 
by means of formulae developed m the senes of papers by Glaser, mentioned above ; and 
these may well prove to be of importance m the design of electfon-optical systems For 
this purpose it seems doubtful whether extensive use could be made of experience gamed 
in glass optics, and on this point it is worth noting the remarks made by Mr. Smith In 
glass optics the refractive index of a medium may be changed without altenng that of 
neighbourmg media, but m electron optics the system must be considered as a whohj 
and the reduction of errors will be achieved through a consideration of integral rather than 
differential (or local) conditions 

For the Petzval curvature an exact expression has been given m terms of the field 
strength (see, for example, W. Glaser, Z, Pkys, 97, 177 (1935), and, m particular, p. 195). 
We have, usmg Glaser’s notation, C—D for the Petzval curvature, 
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Corrigendum; Recent reports and catalogues 

where 4>{z) and H(z) are the scalar potential and magnetic field strength along the axis 
In the case of a purely electrostatic lens we have jEf(2r)=0, so that 


This formula* gives the cur\atuie more lapidly than that used by O Klemperer and 
W. D. Wright, as only a single (numerical) integration is needed It is also evident that 
the contribution of different parts of the field to the curvature may be found by studying 
the function 4>'Xs:)l\j>{ss)]= It is hoped to treat the question of aberrations of electrostatic 
and magnetic lenses m a future paper. 


* The formula used by Dr Wright may be easily derived from that given. The refractive 
index IS given by [jL—k(j}b, where k is constant, and the radius of curvature of the equipotentials 
(on the axis) is (see Myers, Electron Optics (London, 1939), p 95) 


Hence 







R.mi* 


dst= 



& fi'dst 
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If the integral is now replaced approxunatelv b> a sum we obtain the desired form 


CORRIGENDUM 

Paper on ‘*A mean scotopic visibility curve, by W. S. Stiles and T. Smith 
(Proc. Phys, Soc. 54, 251 (part 4, 1944)) 

The measurements of Hecht and Wilhams (1922) were made for binocular vision, 
not monocular vision as stated, and the number of observeis was 48 The authors are 
indebted to Prof Hecht for this additional mformation 


RECENT REPORTS AND CATALOGUES 

Copper and Copper Alloy Springs (C.D A Pubhcation no. 39, 1944) Pp 62 The 
Copper Development Association, 9 Bilton Road, Rugby, Warwickshire 

Annotated Catalogue of Works on Physics, including also items on collateral sciences, and 
comprising the Library of John Tyndall, F R.S (1820-93), with a supplement of 
penodical pubhcations and addenda. (Catalogue no 873, 1944.) Pp. 88 Henry 
SoTHERAN, Ltd., 2-5 Sackville Street, Piccadilly, London W. 1 

Antiscatter Treatments for Glass, by F. W, REmHAHT, Ruth A Kronstadt and G. M Kline 
(National Bureau of Standards Miscellaneous Publication M 175, June 1944.) Pp, 31 
U.S. Department of Commerce, Washington, D.C. 10 cents 

Discussion of the National Electrical Safety Code Part 2 and Grounding Rules, (National 
Bureau of Standards Handbook H 39, July 1944.) Pp 162 US Department of 
Commerce, Washmgtcn, D,C 75 cents. 
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ABSTRACT, During the last two decades many papers on metal spraying have appeared, 
some of which are of \ery gi-eat technical iiapoilan^t., tiiough very little of the published 
work has given any mdication of the fundamentals oL the piocess 

The difficulues of research on the process are exammea, these difficulties bemg mcreased 
by the rapidity of the cycle ol events in tlie process of wire spraymg Some duficulties 
have been overcome by tno use of the high-speed cme camera, which iias indicated that 
the spray of metal is lapiclly pulsatuig and that a retracuon of the deposited agglomerates 
of particles taltes place on the surface. A ta^ory is put forward to show that surface 
tension plays a considerable role both in puloation of <-he spia^^ and in the ultimate 
structure of the coatmg Some indications are given that the amount of metal sprayed 
m umt time is controlleU by \\^eli-Jmown physical laws, and an empirical formula for speed 
of working is given and c.iammed, Developmg the theory of the action of surface tension 
at the moment of impact, explanations are given for certain phenomena observed m depositmg 
the metal on smooth glass and roughened metallic sui faces, mcludmg the problem of 
adhesion. Some effects due to tlie spread of the spray, marginal deposits and the tem¬ 
perature of deposition are noted, and a tentative explanation for the varymg percentage 
loss with different metals is advanced. 

§1 INTHODUCTION 

S INCE the invention of the metai-sprayiiig processes by Schoop, in 1910, 
there has been pubhshed a great mass of technical hterature; unfor¬ 
tunately a large percentage of this has described m detail special makes 
of tools and has been coloured by trade influence. 

In the Journal of the Imtitute of Metals there may be found three papers 
describing metal spraymg m various stages of development. The first, by 
Morcom (1924), was an account of wliat was then an entirely novel conception 
in the art of working metal. In 1924 the process was developing commercially 
m this countr}', and T. H. Turner and the present author described the wire 
process and the properties of the deposited metal. A period of considerable 
expansion in the industry then took place, and the third paper was contnbuted 
m 1937 by E. C. Rollason, m which the author suiveyed a somewhat wider field 
and compared the results obtamed oy the three spiaying processes in use in 
commerce. Smee that date, the use of sprayed metal has become general in 
many branches of engmeenng and very great advances have been made, both m 
the apparatus used and m the application of the deposits. The present paper 
IS not intended to describe these advances, mterestmg though they may be, 
but rather to endeavour to explore some of the fundamental physical considerations 
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involved in the art of metal spraying The paper deals specifically with the 
wire process unless otherwise noted, but the comments do not refer to any 
one type of apparatus. 

Comparatively few papers in the literature of the subject have described 
work of a fundamental character, and there are many contradictions and ambi¬ 
guities This is undoubtedly due to the many variables which affect the process, 
and the very great difficulties presented in exact evaluation. For example, it 
might appear to be easy to measure the exact adhesion of sprayed metal to the 
base b} one of the methods developed for electro-deposits (see Hothersall, 1943); 
but in fact such methods are not apphcable because it is necessary that the deposit 
be built up to sufficient thickness to resist the test load, and this increase of 
thickness will, unless the shape of the test piece be very carefully chosen, seriously 
affect the result. Methods relying on soldering the sprayed coatmg to the 
apparatus must also be suspect because even slight healmg affects internal 
stress. 

Recently Ingham and Wilson (1944) have descnbed a method of testmg 
adhesion which seeks to overcome these difficulties by depositing the metal on a 
shaft in which there is inserted a close-fitting plug. The method would seem 
to be very promising, but even so it is not entirely certain that the results give 
the measure of true adhesion. This does not mean that adhesion tests are 
valueless; it merely indicates difficulties in exploring the problems of spraying 
m what would appear to be a straightforward example. 

Schoop (see Rollason, 1939) believed that the metal particles shot from the 
gun became solid during transit and became molten again at the moment of 
impact, due to the release of the kinetic energy. This view-point was contested 
by Arnold (1917) in one of the most instructive papers on the subject that has 
been written, Arnold’s calculations are, however, open to question because he 
assumes that the temperature of each metal particle at the moment of impact 
IS that of the surrounding envelope of gas. This is extremely imlikely. Further¬ 
more, the temperature of 70° c. assumed by Arnold for the gaseous envelope 
IS far too low, as will be seen later. 

Turner and Ballard (1924) and Rollason (1937) have shown photographs of 
splashes of sprayed metal on glass, mdicatmg that the metal is completely liquid 
in some cases, and Rollason, by means of back-reflection x-ray photographs, has 
shown evidence of some cold work in the deposits. 

All workers agree that there is no alloying of the sprayed metal to the base 
metal, but many theories have been advanced to account for the adhesion of the 
deposit, none wholly satisfactory. The simplest idea appears to be that the 
desposit interlocks with the interstices of the shot-blasted base, giving a type of 
microscopical dove-tailmg. This is undoubtedly true, but a molten metal 
allowed to solidify on a shot-blasted mould will also fill these interstices, though 
the adhesion will not be as high as that of a sprayed layer. There would seem, 
therefore, to be some other factor mvolved. In the paper of 1924, Turner 
and the author wrote: ** It is possible that these illustrations may prove of interest 
to those engaged upon the problem of surface tension in metals In this paper 
an attempt will be made to show that this suggestion contained a possible 
explanation of some of the phenomena of metal spraying. 
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Before considering this further, it should be appreciated that the difficulties 
of investigating these problems are intensified by the rapidity of the events of 
the process. The metal is melted, is divided mto small particles, travels through 
the spraying distance and is deposited, all in an extremely small part of one 
second. It might be argued that a similar sequence of events, perhaps of a 
more complicated nature, takes place m electro-deposition, that is, the tearing 
oflF of metal from the anode, passmg into chemical combination, migration, 
decomposition and deposition at the cathode, aU of which may take place, under 
some conditions, in a short time. It should be remembered that although the 
particle size in spraymg is very small, it is certainly very large when compared 
with the ion in electrolysis, and, therefore, the processes are not comparable. 
Except for Arnold’s work, there are no definite data available on the speed of the 
sprayed particles. 

It will be admitted that for a metal to be sprayed from a wire it must be melted* 
It is possible, by speeding up the wire-feed to the flame, to get lumps of plastic 
metal tom from the wire, but they are immediately apparent, being large and 
irregular m shape and not being a normal feature of the process. The first 
assumption is, therefore, not affected by this possibility. 

Now the surface tension of metals is known to be very high (see Burden, 
1940), and therefore as each drop of metal is pulled from the wire by the sur¬ 
rounding gases, it will assume a sphencal shape, and it is reasonable to suppose 
that each drop will be accompanied by a very tiny drop, the well-known Plateau 
spherule. The author beheves that much of the exceedingly fine dust generated 
during spraymg is caused by the dissemination in the atmosphere of these 
spherules. They are so small that they cool quickly, and unless entrapped by 
a larger particle do not adhere to the surface to be sprayed but are earned away 
by the gases. Occasionally, however, one is so entrapped and can be seen in the 
micro-structure of the sprayed metal. Figure 1 shows these bodies in a sample 
of sprayed medium carbon steel. In the case of zinc, the existence of these 
spherules in the air around a pistol probably accounts for the beneficient physio¬ 
logical effects on the operators observed and reported elsewhere by the author 
(1943). The existence of the spherules does not modify the structure of the 
deposits to any extent, and their existence is merely noted as a matter of 
interest. 

The spherical drop of metal, having left the wire, commences on its journey 
towards its final resting place in the deposit, and by the time this is reached, the 
drop 

(i) may still be liquid; 

(N.B. Or it may be solid, and so hot that the release of kinetic energy on 
impact remelts it, in which case it may be regarded as liquid for 
the purpose of this argument.) 

(ii) It may be solidified, but hot enough to be plastic; 

(iii) it may be solid, cool and not easily deformed. 

Taking the last case first, because it is the least complicated, it will be noticed 
that the velocity of the particles is comparatively high, and it would be normal 
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to expect that the coefficient of restitution between the particle and the base 
would also be comparatively high In other words, one would expect such a 
particle to bounce and be earned away by the gas stream, except m the case in 
which, by collision with another particle, it becomes entrapped by aggregation. 
Examination of the micro-structure of sprayed metal confirms this view, as 
entrapped bodies, roughly sphencal in form, are not a general feature of the 
structure, but they occasionally occur at great nozzle distances, when it would 
be expected that more of the particles would have cooled and have lost their 
initial high velocit}'. Such an entrapment was shown by Rollason (1937), 
and another such body in sprayed alumimum is shown in figure 2. 

Although these entrapments are unusual m wire-sprayed coatings, they are 
common in powder-sprayed coatings, because some powder always escapes the 
hot zone of the fiame and remains solid, but becomes muced with more plastic 
elements. 

The behaviour of the sphencal drops which are liquid at the time of impact 
IS more interesting. If a hght layer of sprayed metal is formed on glass it can 
be examined by transmitted light, and is found to consist of particles which 
have a definite splash formation. Figure 3 shows such a splash of sprayed 
copper. This formation can best be understood by reference to the work of 
Professor A, M. Worthington (1894), who studied the behaviour of drops of 
liquid falling on to a surface which they did not wet. The patterns of the splashes 
in metal-sprayed deposits are often similar in design to the formations observed 
towards the end of the cycle of mcidents before the drop becomes static, and this 
indicates, therefore, that the freezing of the particles is not instantaneous. The 
possible results of these effects will be discussed later in the paper. 

The remaming class of drops mcludes those which, although solid, are hot 
enough to remam plastic, and these probably represent a fairly large proportion 
of the marginal spray. On impact, their spherical form will be considerably 
flattened, particularly at the base, that is, the area of impact and the top will be 
flattened by the impact of the next particle amvmg. The final shape therefore 
is that of a plate. These particles are not seriously deformed at the top on the 
outside of a deposit, as they have not received blows from above, and, therefore, 
they are the reason for the matt appearance of the outer surface of a deposit. 

In practice, spraying is often carried out m layers, that is, a surface is coated 
with a light deposit and the pistol then traverses the same area agam to give sub¬ 
sequent layers. The particles on the top of each layer will be less deformed, 
and, therefore, the micro-structure of a coating formed in this way will show 
broader bands of undeformed particles. Figures 4 and 5 show respectively a 
coating of copper built up contmuously and a similar coatmg built up in two 
passes, and m the latter the broad band may be noted. 

This type of particle is, of course, subject to some cold work, and the internal 
structure is equi-axed, whereas the structure of the interior of the splashed drops 
IS columnar. Examples of these two types of structure were given m Rollason’s 
paper. 

Having now briefly described the types of units one expects in sprayed coatings. 
It is possible to examine some of the factors influencmg their ffistribution and 
some of the results of their presence. 



Figure 1 0 4 carbon steel as spra> ed, 

show mg spherules X 200 


Figure 2 Alummmm as spra\ed, show mg 
entrapped particle 200 



Figure 5. Copper sprayed m layers, show- 
mg one top layer X200. 


Figure 7. Ends of zinc and aluminium 
■wire. X 6. 
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Figure 8. Still from film showing nozzle Figure 9 As figure 8, but about 1/300th 
and spray About actual size of a second afterwards 
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Figure 11 Composite micrographic section ot steel deposit 



Figure 14. Under-surface of tm sprayed on glass X 30. 
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§2 TEMPERATURE OF GAS STREAM 

Arnold assumed that the temperature of the gas stream at the working distance 
indicated the probable temperature of the metal particles within the stream. 
This was disproved by Thorman (1933), who, by means of a radiation p 3 U‘ometer, 
sought to show that iron particles m the spray were at temperatures exceedmg 
1000“ c. It may be suggested that this method is questionable because the 
majority of the particles which give incandescence to the iron spray may be 
themselves bummg in the o:iygen in the air blast. This is unlikely, as it cannot 
be disputed that at moderate working distances iron shows a splash effect. Further¬ 
more, o.xidation is not predominant, as the metal magnesium sprays with ease and 
shows httle sign of burning. 

It seems reasonable to suppose that the hotter the gas stream at the spraying 
distance the hotter will be the particles in general and the greater will be the 
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proportion of hquid drops. The temperature of the gases will of course depend 
largely on the type of pistol and the amount of combustible gas, oxygen and 
air that is used, besides bearing a relationship to the amount of metal sprayed 
and Its melting pomt. Nevertheless, it seemed desirable to investigate the usual 
range of temperatures. This was done by exposing metal thermocouples of 
very fine-gauge mckel and nichrome wiie, carefully standardized, immediately 
before the nozzle at measured distances. Careful blank tests were carried out 
to establish any effect of the metal deposit sticking to the wires The amount of 
metal a^^ftnng was very small and it did not make any difference to the readings. 
The results are shown in figure 6, the pistol being of a standard pattern, the fuel 
compressed coal gas, and the wire 2 mm. diameter. It is apparent at once that 
the spraying process is not as cold as some have claimed. The form of the 
curve is intftr<»ating as it approximates quite closely to the logarithmic curve 
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expressing the law for bodies cooling in an air stream. It would be expected 
that greater divergence would be shown, because beat is absorbed by the expansion 
of the compressed air stream and by the air from the room, which is drawn into 
the pistol blast in very large quantities. It should be noted that in these experi¬ 
ments the thermocouple is placed in the axis of the wire, and therefore represents 
the maximum temperature of the gas stream at that particular nozzle distance, 
the outer streams of gas being much cooler. It is mterestmg also to note that 
the curve showmg the pressure of the gas stream at varying nozzle distances is 
exactly similar m form to that showing temperature drop. 

That the temperature of the gas stream is comparatively high is illustrated 
by the followmg experiment. A steel tube, 2" long x 0-6" o.d., was held in the 
chuck of a lathe, and a thermocouple was placed inside the tube. Brass was 
then sprayed on the tube with the pistol at varying nozzle distances. The 
time taken to reach a constant maximum temperature was noted, as was also the 
temperature in c°. 


Nozite 

Timetoreadb 

Maximum 

(distance 

Tnayitriimi 

temperature 

(in.) 

(min.) 

(“C.) 

1 

4-5 

360 

2 

6 

280 

3 

7 

165 

4 

7-5 

145 

5 

8 

125 

6 

8-5 

120 

7 

10 

105 

8 

11-5 

95 


It is apparent from these figures that even if it is considered likely that the 
temperature of the particles and the gaseous stream are equal, Arnold’s calcu¬ 
lations showing that it is impossible to suppose that the particles reachmg the 
surface could not be remelted by the release of kinetic energy are based on error, 
as he assumed a temperature on arrival of 70® c. 

§3. THE FORMATION OF THE DROPS AT THE END OF 

THE WIRE ‘ 

It was noticed long ago that if the flame of the pistol is extinguished suddenly 
by pinching the oxygen pipe, the wire will still be advanced by the pistol gearing, 
and the end of the wire which has been m the flame will show a conical form. 
This is only to be expected, and one would also assume that the cone will be 
longer the thicker the wire and the lower its conductivity. This assumption 
Is found to be true by observation, the cone of 2-mm. lead wire having a smaller 
angle included at its apex than a l*5-mm. copper wire. Further information 
can be gained by observation of these wire ends. Metals of higher melting 
pomt, e.g. nickel, often show spirally arranged grooves on the sides of the cone. 
Many metals show a thickening at the base of the cone, that is, the diameter of 
the base of the cone is slightly larger than the diameter of the original wire. 
This effect is particularly noticeable m the case of aluminium or aluminium 
alloys, see figure 7. 
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In order to examine more fully the spiral formation and the reason for this 
thickening, use was made of the high-speed cinematograph camera The work 
was undertaken with the help of the research staff of Messrs. Kodak Limited. 
The camera exposes about 100 ft. of 16-mm. film in one second, and m one 
second between 2700 and 3000 pictures are taken. The 100-ft. length of film 
takes about five minutes to pass through the projector. The speed of the subject 
taken is therefore reduced about 300 times. Some stills from the film are shown 
in figures 8 and 9, which depict the spraying of a zmc wire, 2 mm. diameter, 
usmg propane as the combustible gas. It is unfortunate that while such a filtn 
is extremely revealing on projection, stills such as these reproduced from it are 
somewhat unsatisfactory, due in part to the texture of the sensitized layer. If 
the wire be examined after the pistol is stopped, zmc does not usually show the 
spiral effect, but the film shows that the spray is actually spiral in form, the helix 
being very open. The film shows also that the spray is not quite so steady as it 
appears to the ordinary observer, but pulsates rapidly, the periodicity being 
of the order of one three-hundredth ot a second. The metal appears to melt on 
the side ot the cone and to be sucked into the spiral of the flame zone. Then the 
suction becomes less, or surface tension increases, and the thin film of molten 
metals runs back and collects as a ridge on the base of the cone. Then suction 
again predominates and the cycle of events recommences. Whether the action 
of the thin film of metal on the cone side gives rise to the twisting action, or 
(as seems more likely) the expandmg gases tend to take a swirling path, caimot 
be stated with certainty at the moment, but it is hoped to carry out further experi¬ 
ments by means of a different type of camera and illumination in the future. 
The pulsations may be due to irregularities in the wire feed, but this does not 
seem likely, as they are quite regular. The recession of the molten film towards 
the base due to surface tension would in itself produce the rapid regular pulsa¬ 
tions observed. The particles themselves are too small to be exammed by the 
cin^ method, but work will be continued by means of spark photographs. 

If it be accepted that the explanation of the phenomenon occurring at the end 
of the wire is as described, then it should be possible to make further deductions 
on this basis. The metal-spraying pistol will work equally well under water, 
and it is, therefore, a comparatively simple matter to determine moderately 
accurately the total heat generated in the process. All that is necessary is that 
the pistol be held for a certain time in an msulated vessel containing water, the 
temperature of which is known, and the rise m temperature of the water can be 
noted and the heat calculated, makmg allowances for the heat content of the 
pistol itself, and carefully checking the temperature of the air coming away 
from the surface of the water. By carefully arranging the apparatus, results 
have been obtamed which are extremely close to the theoretical values obtained 
by taking note of the volume and the calorific value of the fuel gas. The amount 
of heat required to melt the metal passing through the pistol can also be calculated 
within reasonable limits, and a number of experiments under various conditions 
have indicated that the maximum amount of heat absorbed by the metal itself 
is seldom more than 5 % of the total heat generated in the flame. The major 
part of the heat is dissipated m raising the temperature of the air which is sucked 
in from the surrounding atmosphere by the mjector effect of the burning gases 
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and of the propellant leavin® the nozzle at high velocity. In these circum¬ 
stances it is correct to assume that the metal entering the flame reacts as a cold 
body entering an atmosphere in n'hich th^^re is a Huge excess of available heat. 
Therefore it follows that the temperature of the flame is high compared with 
that of the wire, and there \idi be a tendency for the film of metal on the outside 
of the wire to gather heat extremely quickly and become molten. As soon as it is 
molten it will be tom away by the suction effect. Where a metal has a very 
high conductivity, as is the case with copper and aluminium, the heat will pass 
very quickly from the surface film cowards the centre of the wire, and the film 
of molten metal will tend to be thicker than the film of a metal with a lower 
conductivity This is probably the explanation of the fact that the particle 
size of copper and aluminium tends to be larger than that of zinc or iron when 
sprayed under the best conditions. 

Proceedmg with the argument, it follows that if melting occurs in films as 
stated, the area of the hot film will have a predominating mfluence. Rejecting 
for the moment the length of the cone at the end of the wire, this area, 
which is always being renewed, will be dependent on the. volume of wire 
used in a given interval of time, and this again, if the diameter of the wire is the 
same, will depend on the speed of wire passing. If the diameter of the wire be 
altered, then the area will also be subject to change, but if this is correct, then a 
change in wire diameter will bring about a proportional change in the volume of 
vnre passing. There may, at first sight, appear to be an objection to this argument 
because the amount of heat taken up by various metals will be different in accor¬ 
dance with their specific heats and their latent heats of fusion. If, however, there 
is a large excess of heat available, then this factor would not appear to be so 
important as the area of metal presented to the flame, this area being, as already 
stated, largely dependent on wire diameter. The other factor which will affect 
the area considerably is the length of the cone if it varies within very wide limits, 
but as a rule the length of the cone is not very widely different with the same 
diameter of wire, although, as already staled, there is some variation. 

If the length of wire sprayed in unit time be plotted against the melting 
point of the metal, the curve will, under certain conditions, be logarithmic, and 
it is found that with metals meltmg under 700° c. it will take the form which 
satisfies the equation 

T=Ke-\ 

where 7=temperature (°c.), K—a constant, /=length of wire sprayed in umt 
time (ft. per mm.). 

This is closely parallel to the law for bodies cooling or bemg heated under 
these conditions. The value of K can be found by experiment lor any one 
diameter of wire and spraying condition, but the reason for an} particular value 
does not appear to be clear. Actually, the hot gases are in the stale or curbulent 
flow, and Ae pick-up of heat will be dependent on transfer chroughthcuicerfaces, 
i.e. hot gas to moken film and molten film to solic. metal. 

The value of K will vary to some extent with the paiucular fuel gas used and 
the shape of the nozzle. It is probably u composite of seteral factors, inciudmg 
dimensionless groups similar to the Reynolds number. The curves shown in 
figure 10 apply to a multi-fiuted nozzle, usmg propane as the fuel gas. If the 
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same gas is used throughout and the nozzles are similar in construction, K is 
directly proportional to wire diameter. In the curves shown, isr=2100 for wire 
of 1-5 mm. diameter. These facts seem to add confirmation to the theory of 
film formation on the wire tip. 

It has been mentioned that this is only true for tliose metals or alloys melting 
at temperatures below 700° c. If the curves are extended above this range, they 
mdicate false values in che case of the larger-diameter wire. The higher curve 
for 1'5-mm. wire appears to be merely an extension of the curve below 700° c., 
i.e. the value of K remains unchanged. For 2-irm. wire the value of K is con¬ 
siderably reduced, and for 11-gauge B.S the value of K closely approximates 
to that for 2-mm. wire below 700° c. This indicates that, considered from the 
point of view of thermal efficiency, the spraying of thick wires of the higher 



melting-point range is not desirable. In practice this is recognized, e.g in 
American practice, where the tendency is to use diameter wire for the lower 
range and 11 B.S. for the high range. The reason for this can be mdicated. If 
one observes the end of the wire while spraying metals in the high range, it is 
seen that the wire tip is visibly hot, and as radiation increases rapidly with tempera¬ 
ture one would expect a high heat-loss bj' radiation from the cone surface. 
This will reduce considerably the value of AT It is curious, however, that the 
curves as found by experiment take the same form as tliose m the lower range, 
at least for melting points up to 1500° c., because as the amount of radiation 
mcreases rapidly with temperature it might be reasoned that the slope should 
be greater. Furthermore, the usual form of such curves requires the use of 
another constant in the negative power of the exponential, but in this case its 
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value is undetermined. Therefore these curves and formula can only be con¬ 
sidered as empirical, but giving some indication of the mode of formation of the 
spray. 

Another point with regard to the curves, showing relationships of the wire 
speed to temperature, is that it is interesting to note that the curves for very fine 
gauges of wire are misleading, as it is possible to spray at a very much faster rate 
than the curies indicate. The curves cross the temperature axis, which means 
that It should be impossible to spray small-diameter wires having a meltmg point 
above that shown by the mtersection. This is certainly due to the fact that the 
reservoir of heat in the fiame is so great that, with the thin wires, melting takes 
place by the formation of a small drop at the end of the wire rather than by the 
tearing of a film which has been described in the more commercial sizes of wire. 
Actually, this drop formation and the dismtegration of the drop by the propellant 
gas is quite a satisfactory method of spraying, and, in fact, the coatmgs produced 
are much finer in texture because the metal has excess of heat, and is consequently 
broken down into fine sprayed particles much more easily by the gas stream. 
Hence in practice very fine coatings of steel can be obtained with 08 mm. or 
1 mm. diameter wire. 

§4. THE PARTICLES IN FLIGHT 

Litde information is as yet available regarding the speed of transit. Arnold 
in 1917 carried out experiments to determine the speed of sprayed particles, and 
concluded that it approximated to 130 metres per second at normal spraying 
distances. There is no reason to dispute Arnold’s work, but it is hoped to check 
it in the near future by means of high-speed photography. The actual speed, 
however, is not of great importance in considering the final coating. There is 
no reason to suppose that during transit the particles are other than spherical in 
shape, and it is extremely likely that they have a spinning motion m view of the 
spiral form of the mass of the spray. 

§S THE FORM OF THE SPRAY 

It would be expected that in common with the usual types of spray the metalh- 
ferous spray would be concentrated inthecentralzone and more diffuse in the outer 
portions. That this is so is apparent if one watches the spray of steel, this spray 
being itself luminous. What is not generally realized is that the central zone 
is comparatively narrow and the metal content highly concentrated. This can 
easily be shown by drawmg the pistol along a suitably roughened surface at 
normal spraying distance and examimng the result. 

Figure 11 shows a composite microphotograph of a section of the deposit 
of steel from one pass of the pistol passmg and depositing on to a shot-blasted 
surface of steel. It will be seen how loosely packed are the particles in the mar- 
^nal deposit, and also how' loosely it adheres to the surface until covered with 
the subsequent layers. It will be realized therefore that the porosity of sprayed 
coatmgs is largely dependent on the marginal particles. This explains the 
increase in porosity with increasing nozzle distances. It may be assumed that 
it might be preferable to spray very heavy layers and gradually cover the surface 
by slow movement, but this is not true because the marginal particles cause 
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porous layers to form on each side of the spraying area, and coarse porosity occurs 
from the base metal to the surface. This is often more dangerous than porous 
layers Ijong parallel to the base. 

Reference to figure 12 shows the actual zones diagrammatically. The 
central zone responsible for the greater part of the deposit lies between AA in 
the case of steel. The spray is luminous between BB and some small deposit 
occurs in this area. Metals of lower melting point, e.g. zmc, give sprays containing 
much more metal (i.e. the metal consumption and deposition are greater), and 
these sprays tend to have a slightly wider throw, the particular pistol used spreading 



jURF'lCE or OrPOGP-C i 

Figure 12. Diagram of form of spray 


between the limits CC. It is often suggested that pistols having a large spread 
should be made, Le. ** that a white-wash brush is needed instead of a camel-hair 
pencir’. It will be seen that all the metal must come from a focal point, i.e. 
the apex of the wire cone, and increase in wire diameter does not necessarily 
mean larger spread. There are methods of increasing the area of deposit (e.g. 
fan-nozzles), but these necessitate many particles travelling great distances, 
and possibly becoming cooler. For that wWch follows it will be seen that this 
may not be advantageous. 

§6 THE DEPOSITION OF THE PARTICLES 

In considering the events at the time of impact, it is desirable to consider 
deposition:— 

1. On smooth surfaces, such as glass. (This, of course, is never carried 

out commercially.) 

2. On suitably roughened surfaces, usually of metal. 

(a) Deposition on glass 

The surface of glass can be considered for the purpose of this discussion 
as being smooth, and it is also a surface which is not wetted by liquid metals, 
for example mercury. At the same time it is admitted that at exceedingly high 
temperatures, above the softening point of glass, some effect similar to wettmg 
might be noticed. Such effects do not appear to be seen in metal spraying. 
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Also, glass is a poor conductor of heat (about 0*0025 calories cmT^ secr^, com¬ 
pared with 0167 for iron and 1041 for copper). That surface conductivity 
might have some effect must be realised, although the major dissipation of heat 
is caused by the gas stream. This was pointed out by Parkes in a written com¬ 
munication to Rollason’s paper (1937). Also, by reference to the experiments 
already described, it ^viH be seen that the steel tube sprayed with brass at 1" 
distance reached a maximum of 360° c. The temperature of the gas stream 
was 510° c. at this distance. It follows, therefore, that in this case some dissi¬ 
pation does occur by way of the receiving surface, and also, that a hot particle 
arriving at a glass surface will cool slightly less quickly than a similar particle 
arriving on a steel surface. 

Reference to the work of Turner and Rollason shows that the particles first 
deposited on glass surfaces form well defined splash figures, as shown in figure 3. 

Now Worthington (1894) showed that drops of mercury falling on glass 
assume well defined forms, some of which are shown diagrammatically in 
figure 13. It is possible, also, by careful visual examination of spots of water 
on clean glass, to follow similar events. It is, of course, realized that here we are 
only concerned with those particles which arrive at the surface as molten drops 
or become molten at the moment of impact. 



Figure 13. Diagram sho'mng splash forms. 


A molten drop, arriving at the surface which it does not wet, will first spread 
out as a flat plate, and will, if surface tension does not operate, continue to spread 
until the plate became of unimolecular thickness or the drop solidifies. The 
spreading is of course helped if the drop has arrived at high velocity, but even 
then, after a short interval, surface tension restrains this spreading tendency, 
the edge of the plate becomes thickened and there is a tendency for the thickened 
edge to break and form a ring of small spherical drops, leaving a spherical drop 
m the centre, smaller than the original. This action of retraction also causes a 
number of radial splashes In the case of the sprayed drop, solidification may 
occur at any instant in the cjxle of events. After examinmg the sprayed par¬ 
ticles on glass, It will be seen that most of the forms of splashes described by 
Worthmgton are present. It is apparent, therefore, that in considering the 
formation of sprayed metal coatmgs, retraction of individual drops or aggregates 
of drops, due to surface tension, must be taken into account. Oxide films on the 
particles or aggregates also cause modifications to the splash effect, as they tend 
to interfere with the distribution of surface energy. A film of the arrival of drops 
of zinc and of steel on glass was prepared by the high-speed camera. The 
camera was focused on a glass plate and the plate was sprayed from the other 
side. On showing the film at normal speech, the retraction of some of the 
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a^lomerates of particles can be observed. It is unfortunate that it has been 
found impossible to take from the him representative stills showing this effect. 
In the case of some metals, most of the particles are frozen in the first stages of 
spreading and retraction and most of the particles appear roughly circular m 
shape, with serrated edges. This is shown by cadmium, lead, tin and zinc, 
and these metals have a comparatively low heat-content when fused. On the 
other hand, aluminium, iron, nickel and copper have high heat-content, and these 
metals show more variation in the pattern of the splashes. 

One aspect of this is perhaps shown as follows . consider an ideal case, 
never obtained in practice, of ail the particles being molten on impact. All 
particles of the metals with high heat-content will give pronounced splash effects 
and the patterns will be much broken up. Surface tension will have caused 
many small spheres, not connected if the layer be one particle m thickness. If 
the metal has low heat-content, the drops will be frozen when the surface tension 
is at its maximum value, considering the flattened drop as a whole. These 
metals will show, in general, highei adhesion, for reasons discussed below. 

(b) Deposition on metals 

If a shghtly roughened surface, such, for instance, as the normal surface 
of a coin, is sprayed, a very perfect negative is obtained, the smallest detail of the 
pattern being shown. On the other hand, if glass be sprayed, the surface of 
the metal film nearest the glass will not be smooth, but will contain a large number 
of regular pits. This fact has been noted by many workers, and Hoppelt gave 
as an explanation that the particles tended to glide on the smooth surface and lift 
before coming to rest. This explanation is difficult to follow and appears incor¬ 
rect. The author believes that this phenomenon is due to the effect of surface 
tension. It is obvious that as the com does not show this effect, the particle 
aggregates fill in every space in the first layer apphed except, of course, the 
microscopical pores present in sprayed coatings. On the smooth surface of 
glass, possessing poor heat-conducting properties, there is nothing to impede 
the retraction due to surface tension. The first layer is covered before retraction 
has set in, then the first layer retracts, the second layer retracts a moment later, 
and so on, thus forming small pits. 

It may be argued that it is unnecessary to bring in surface tension, because the 
same effect may be explained by ordinary contraction due to cooling. It will 
be seen from figure 14 that the area of the holes is too large to be covered by this 
explanation. The highest contraction allowed in making castings of most 
metals is about 2%, Taking area into account, this is insufficient to account 
for the phenomena described, although, of course, it is a contributing cause. 

If the pistol be held at considerable distance from glass, the majority of the 
particles will be solid and plastic before reaching the glass. Splash effects will 
not be noted and the structure will appear to be built up of small, roughly circular 
units and the surface next to the glass will be nearly smooth. It should be noted, 
however, that adhesion is very small, and it takes a long time to form a coating, 
that IS, such methods give a high percentage loss It is impossible, however, 
to make a completely smooth coating m this way because some of the partides 
will be molten and act as described above. 
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§7. LOSS IN SPRAYING 

This is a very difficult subject for investigation, because losses in spraying are 
dependent on so many factors, the following all having a very great influence on 
the actual loss figures :— 

1. The movement of the pistol nozzle in relation to the surface sprayed. 

2. The nozzle distance. 

3. The type of surface. 

4. The actual contours of the surface. 

Nevertheless, it is possible to prove in every case that the loss with aluminium 
and its light alloys is very much less than with the other metals. Also, although 
tin has a very low melting pomt, the tendency is for lead to show the highest loss. 
In e 3 Ctreme cases, the loss with alumimum is one-tenth that with lead and about 
one-sixth of the loss with such metals as zmc and tin. 


I 



If one assumes that the particle size is not widely difiFerent, and it is assumed 
that the speed of the particles also is of the same order, it follows that the 
kinetic energy in each particle will be a function of its mass, and, therefore, the 
kinetic energy will bear some relationship to the reciprocal of the density. The 
aluminium particle would therefore appear to be likely to have one-quarter of the 
energy of the lead particle and one-third that of most other metals. In these 
circumstances any solid particle reaching the surface would be likely to bounce 
off much more easily in the case of lead than in the case of alumimum. This, 
therefore, would seem to mdicate that the argument is sound, although many 
other factors will contribute to the final figures obtained for loss. For instance 
the proportion of total heat in an aluminium particle just sohd would be four 
times that of a similar sized particle of lead. The metals of high melting pomt, 
such as steel and nickel, give a lower loss figure than would be mdicated by con¬ 
siderations of kinetic energy alone, but the amount of heat in a solid particle 
nearing its melting pomt would be five times that of the lead particle. It would 
appear, therefore, that while it would be extremely difficult to express in a 
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mathematical formula the probable losses for any metal, the main contributing 
factors are the kinetic energy and the heat content. 

If the volume of the metal deposited in unit time, under similar spraymg 
conditions, be plotted against nozzle distance as the only variant, it will be found 
that for the metals of low melting pomt a straight line is obtained (figure 15), 
indicating that loss increases proportionately to increased nozzle distance over 
the normal range of spraying distance. In the case of the metals of higher melting 
point, this is true to a certain critical distance, after which a straight line of greater 
slope is obtained. In other words, beyond this distance loss mcreases more 
rapidly with higher nozzle distance. It is submitted that beyond this critical 
distance the majority of the particles are solid—whence the change in slope. 

§8. DEPOSITS ON METAL AND SOME PRACTICAL 
OBSERVATIONS 

We have considered the deposits made on smooth glass because the informs- 
tion gained leads to the assumption that surface tension has a considerable 
influence on their formation. Commercially, the deposits are usually applied 
to a roughened metal surface and the conditions are somewhat different. It 
is still true that there is no indication that the sprayed deposits actually wei* the 
metal surface, but the conductivity of most metal surfaces will be considerably 
higher than the conductivity of a glass surface. Therefore, the particles will 
chill much faster than on glass, and the effects of surface tension will not be so 
apparent, as the metals will be solid before full retraction has taken place. If, 
therefore, surface tension is playing its part it w^ould be expected that the adhesion 
of sprayed metal to an equally roughened surface of a metal of high conductivity 
would be somewhat less than that obtained on a metal surface of lower conduc¬ 
tivity. This IS, in fact, true, as it is more difficult to obtain high adhesion on 
cold copper or cold aluminium that it is on cold steel unless special arrangements 
are made with regard to surface roughness. Here again, however, the argument 
can be pressed too far because, if this is wholly true, the difficulty could be partly 
eradicated by heating the base metal, but this is not found to be particularly 
efficacious. It is obvious that the heating of the base may cause the formation 
of oxide films which may be tom apart by surface tension of the sprayed metal, 
and they in themselves will become loose and detachable from the surface. 

The use of a suitably roughened surface such as that made by shot-blasting 
with a suitable grade of shot would seem to rely on the fact that the particles or 
agglomerates of particles, when they rest over the roughness of the surface, 
tend to retract in the way that has already been descnbed, and this retraction will 
bind them on to each small mountain in the surface. As these mountams are 
more or less evenly spaced at very close intervals, retraction, mstead of taking 
place over the whole sprayed surface, as in the case of smooth glass, is confined 
to shrinkage on to each raised portion, and, therefore, the effect of the shrinkage 
is to cause adherence to the surface as a whole rather than to tend to pull away 
in areas as is the case with glass. This effect, which is so important on shot- 
blasted surfaces, would not be found in the case of large contours such as a smooth 
screw-thread, because it will be seen that such large contours would be out of 
proportion to the size of the agglomerates of particles. In commercial practice. 
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however, the rough threading of shafts, for instance, does not leave a smooth 
surface within the thread, the surface itself being torn and so acting as a shot- 
blasted surface. Naturally, ii the surface area is mcreased by such methods as 
screw threading, then the adhesion of the particles is mcreased per umt area 
of the origmal article, although it would not be increased in each very small area 
of the thread itself. As the thickness of the deposit mcreases, the shrinkage will 
go on in each layer, aiid obviously in the case of the grossly roughened surface, 
the shrinkage of the layers on top of each other will tend to bind it mechanically 
to the corrugation of the surface. In other words, on a normal shot-blasted 
surface the adhesion is largely due to surface-tension retraction effects, but on a 
screw surface this effect is increased by the retraction of the whole mass of metal 
on to the corrugations, so forming a mechanical lock. 

One of the difficulties of the corrugated surface is that the solid particles 
passing down the margin of the sprayed cone do not so easily get carried away 
by the gases if they strike tangentially on the surface, and the result is that one 
may get porosities in the bottom of screw threads, for instance, due to the retention 
of the solid marginal particles. This is particularly obvious if the screw threads 
are too deep and too narrow. 

If a pistol be held at an angle to the surface which is to be sprayed, there is 
a tendency to budd up more quickly on the one side of the cone, and retraction, 
therefore, takes place preferentially towards the thickened section; this effect is 
likely to be cumulative. This is one of the causes of the rippling effect that is 
often shown when thick deposits aie made under such conditions that the pistol 
cannot be apphed at right angles to the surface to be sprayed. 

It is known that the porosity of the coatings made by spraying increases with 
the nozzle distance (Fassbmder and Soulary, 1936; Ballard and Harris, 1936; 
Sillifant, 1937), and this is understandable in the consideration of the theory 
set out. Obviously, as nozzle distance increases, so will the number of solid 
particles reaching the surface, and the marginal effects will be more pronounced. 
At small nozzle distances, when the greater part of the deposit is formed by 
molten particles subject to chillmg and retraction, the porosity is very small 
and it would appear that the inclusion of solid particles (mainly due to margmal 
spray) is the major factor in the formation of the pores in sprayed m etal, 

Futhermore, at small nozzle distances, contraction will be greater, due to 
normal contraction of cooling metal and to the retraction effects which have 
been noted. If the coating is comparatively weak, the contraction effects will 
be enough to cause cracks as it cools. This effect is not often very apparent, 
but in the case of deposition of nuld steel, if the speed of wire is inrr p a s ;«»rj too 
much by increasing the oxygen pressure of the flame, the coating becomes verv 
oxidized and very friable, and if the metal is deposited on a shaft, the force of 
contraction becomes greater than the strength of the coatmg and cracks appear. 
It is suggested m some trade literature that to overcome this, nozzle Histanro c 
must be increased to decrease contraction. It will be seen that may not 
be a complete answer, as the coatings at greater nozzle distances quickly become 
more porous, and the structuie will contain more solid particles. Under heavy 
loads this type or coatmg will tend to collapse and crack. 
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§9 CONCLUSION 

This paper cannot claim to be exhaustive or to explain completely the pheno¬ 
mena connected with the art of metal spraying. Its purpose is to indicate some 
theoretical basis for observed facts, and to endeavour to describe some of the 
fundamentals involved. The author is deeply conscious of many problems 
yet unsolved. It is hoped that the ideas advanced may serve as a basis for further 
research. 
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ABSTRACT. The substitution of lens systems of infinite focal length for non-sphencal 
correcting plates is discussed, and formulae and examples are given for two- and three- 
component systems It is pomted out that such systems may be used to introduce 
under- or over-correction of chromatic aberration and coma, in addition to spherical 
aberration, into a system. In the case of lens systems used m conjunction with spherical 
mirrors, the thicknesses and curvatures of the components are relatively small as compared 
with those found m more orthodox lenses of similar relative aperture, and the state of 
correction is good, though probably not so good as in the case where a non-sphencal 
correcting plate is used. 


§1. INTRODUCTION 

D uring recent years several optical systems have been devised in which 
so-called correcting plates are used. The earliest and best-known example 
of such a system is the Schmidt camera, the basic principle of which 
has already been described many times. Although several ingenious methods 
have been developed for the manufacture of the plates, it is still a matter requiring 
skill, and consuming much time because the figuring of the plates is extremely 
heavy In view of these difficulties, the manufacture of these plates in glass on 
a mass-production scale is not possible at the present time, and the alternative 
of using plastic matenals does not appear to be very promising because the 
accuracy of the moulding is not yet sufficiently good. Spherical refracting 
systems on the other hand are easy to make in quantity and easy to test, so that 
the replacement of non-spherical by spherical surfaces may be advantageous 
The earliest example of such a substitution is to be found in the Mangin 
mirror, a divergent meniscus lens with a silvered convex surface, used in pro¬ 
jection apparatus. If the power and shape of the lens are suitably chosen, the 
system may be freed from spherical aberration. The non-spherical system 
which is the counterpart of the Mangin mirror is the paraboloid reflector familiar 
to all users of astronomical reflecting telescopes Apart from its use m pro¬ 
jection apparatus, the Mangin mirror is not of great interest as the angular field 
it is capable of covering is very small. 

Turning now to systems covering a large field, such as the Schmidt camera, 
the proposal is to replace the usual correcting plate by a lens system consisting 
of two or more lenses, and this lens system must possess the properties of a cor¬ 
recting plate. It must therefore have a focal length which is large in comparison 

^ Communication No. 988H from the Kodak Research Laboratones. 
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with the remainder of the optical system, it must be achromatic, and it must 
correct the spherical aberration of the remainder of the optical system. Other 
additional degrees of correction are possible in a lens system which are not obtain¬ 
able in the conventional correcting plate. For example, the lens system may 
be over- or under-corrected chromatically. 

§2 OUTLINE OF THE PRINCIPLES OF DESIGN 

The approximate values of the powers and radii of curvatures of the com¬ 
ponents of the lens system are determined by the application of Seidel thin-lens 
equations. Most optical designers will prefer to use their own methods of design, 
but the following formulae from Chretien (1938) have been found very convenient 
for the purpose. 

Considering rays in the paraxial region, the incident height of a ray on 
thejth lens will be proportional to the incident height of the same ray on the 
first lens in the system, and w’-e may write 

where hj is the factor of proportionality. Similarly, for a principal ray, the 
incident height of the ray on the/th lens is proportional to tan Aq, where Oq is 
the angle of inclination of the ray to the optic axis and 

Ky — — A, tan 00 . 

If a component happens to be at the diaphragm, the cofficient k will clearly be 
zero. The quantities and kj may be calculated once the powers and separations 
of the components in the optical system are known, and will be used later in the 
calculation of the aberrations 

The correcting lens system w’lll be assumed to consist of two or more thm 
lenses in contact placed at the stop, and, if the system is achromatic, the following 
conditions are imposed: 

SP=0, 



where P represents the power of a component lens and V the dispersion figure 
for the glass of which it is made. 

These equations are independent of the shapes of the components. The 
shape of the lens is expressed by 

i?2)> 

where Pj and JR 2 are the curvatures (reciprocal radii) of the two surfaces of the 
lens. If and are the object and image positions, real or virtual, on either 
side ot a lens, a further variable T is defined as 

Quantities Q and E are then computed for each lens: 

Q^AS^-2BS+C 
E-^GS-H, 


and 


•f-t 
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where, if «is the refractive index of the material composing the lens. 


n 

n 



G."-^'p 

n 

n 


In the case of a mirror 

P=2i?, ^ JP2-XP. 

The spherical aberration coma r, and astigmatism a, of the complete system 
are then given by 

c^±\h^kQ-h^E\ 

a^Y.\h^h^Q-lhhE-\‘P\ 

The insertion anywhere in the system of a correcting plate or lens system 
of infinite focal length will clearly not affect the A, A, Q and E values for the other 
components of the system If, m particular, such a plate or lens system is 
placed at the stop, the only aberrations of the complete system to be modified 
will be spherical aberration and coma, because, for the correcting lens system 

SP=0 and A = 0- 

The guiding principle, therefore, in the apphcation of these equations to 
optical systems of the type under review is to design the main optical system 
without the correcting lenses, so that the desired state of astigmatic correction 
is obtained, and to ignore the spherical aberration and coma. The insertion at 
the stop of suitable correcting lenses will then permit the correction of the 
outstanding spherical aberration and coma. 

Take, as an example, the Schmidt system and consider the spherical mirror 
alone. Assuming a mirror of unit focal length imaging an infinite object : 

P=l, A-1, X=0, 0-0-25. 

The astigmatism equation then becomes 

0-25*2 +A+1-0, 
which yields the solution * = — 2. 

The stop must therefore be placed two focal lengths in front of the mirror, 
that is, at its centre of curvature. If this value of * is substituted m the coma 
equation, the coma will also be found to be zero. Hence the correcting lens 
system is placed at the centre of curvature of the mirror, and is designed to have 

0==—0-25 and E=0. 

The simplest type of correcting lens system is one consistmg of two lenses, 
which must clearly be of equal but opposite powers. The condition for 
achromatism indicates that the two lenses must be made of glasses having the 
same dispersion. Several such pairs are to be found in the optical glass cata¬ 
logues; for example. Chance Brothers hst a Soft Crown 515570, ATi) — 151508, 
F—57-0, and a Dense Barium Crown 621572, IVd —1-62081, F—572. Let the 
lenses be of powers P^ and Pg and let the front lens be of Soft Crown. 
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The spherical aberration contributed by the first component will be found 
to be 

01=2-32006 Pi^i® - 3 32006 +3-24304 P,» 

and, for the second component of Dense Banum Crown, 

02 = 2-23395 + 3-23396 P^^S^^ +2-76256 P^. 

Similarly, the coma contnbution will be 

Pi = 1-66003 PiPi-1-33002 P^, 

Pa = 1-61698 PaP*+1-30849 Pf, 

the hji terms bemg zero since the lens system is at the stop. 

Combimng the spherical aberration and coma equations with the appropriate 
contributions of the mirror, which is of unit power, 

S =2-32006 PiPi* - 3-32006 Pi®Pi -f 3-24304 P^ - 2-23395 P^Sf' 

+ 3 23396Pi2P2 - 2-76256 Pi® + 0 25 =0 
C =166003 PiSi -1-33002 Pi^ -1-61698 PiS*+130849 Pi® = 0. 

There are three variables in these two equations, so that one can be fixed arbi¬ 
trarily. A useful criterion to adopt is to make the front component symmetrical, 
that IS Pi=0. Then from the coma equation 

Pa =-0-01331 Pi, 

which is substituted in the spherical aberration equation to give a cubic equation 
for Pi. The final solution is 

Pi = -0 83012, Pa= 001 105. 

The curvatures are then easily determined by the relations 

2(^1)^"“'^®* 2(n^-iy 

the positive sign being taken for the front surface of the lens and the negative 
sign for the rear surface 

The thm-lens specification is thus: 


-0-80582, 


-1-2410, 

^2= 0-80582, 

r2= 

1-2410, 

^8 = 067963, 

'•8 = 

14714, 

^2=-065753, 

ri= 

-1-5208. 


The mirror, of course, will have a radius of — 2*00 and be distant 2 00 behind 
the above lens system- When the requisite thicknesses and diameters are 
introduced, trigonometric ray-tracing will reveal the outstanding errors in 
spherical aberration and coma. A slight adjustment of the radius of the mirror 
and the distance of the mirror from the correcting lens will allow the solution 
to be corrected perfectly. 

The two-lens system may also be used in a modification of the Schmidt, 
first proposed by Y. Vaisala (1936). As is well known, the image field of the 
Schmidt is curved but anastigmatic, the radius of curvature being equal to the 



88 


y. L. Houghton 

focal length. By the introduction of some astigmatism the tangential field may 
be flattened m the manner recommended by Conrady (1929). It may be shown 
that the amount of astigmatism required for this purpose is one-third of the 
Petzval sum of the system. The Petzval sum of the correcting lens system is 
small compared with that of the mirror, and may be neglected. The Petzval 
sum of the mirror is equal to its power. Hence the equation for the stop position 
to give a flat tangential field is 

3 ~ 4 

the solution of which is —31547 or —08453 

The first solution is not attractive, as a large mirror would be required to 
avoid vignetting, and the second requires a diagonal reflector or a central hole 
cut in the lens, because the correcting lens will then be between the mirror and 
image plane. If, however, ^ = — 1 is taken, that is, if the stop is at a distance 
equal to the focal length of the mirror, the astigmatism is 0*25, so that the 
tangential field is slightly round The coma is not zero for a stop in the focal 
plane; hence, if a coriectmg plate is used, it is necessary to figure the mirror to 
remove the coma. If a lens system is substituted for the usual correcting plate, 
the coma may be corrected in the lens system mstead of by figuring the mirror. 
Details of the calculation of such a lens combination will not be given, as it follows 
closely the example already given. 

The application of correcting lens systems is not of course limited to reflecting 
optical instruments, but may be introduced into refracting systems. As an 
example, consider a thin singlet lens. By choosmg the shape of the lens and 
the position of the stop, such a system may be rendered flat-fielded and free from 
coma, but the spherical aberration cannot then be corrected. This correction 
may be carried out by inserting a correcting lens at the stop which is designed to 
be free from coma. 

The above example is of academic interest only, when regarded from the 
point of view of lens designing; three components have been used to produce a 
system which would probably be infenor m performance to an anastigmat triplet 
of the Cooke type. The principle involved, however, is applicable to lens systems 
of various and more complicated types. 

In the case of a Schmidt camera, a further lens system, suggestmg itself as a 
substitute for the orthodox correcting plate, consists of three components, a pair 
of equiconvex and similar lenses with an equiconcave lens, the power of which is 
equal and opposite to the sum of the powers of the convex lenses, between them. 
A considerably wider choice of glass is possible with such a triplet formation 
than is the case with the doublet. Any pair of glasses may be used, including 
the same glass throughout, the only condition being that the glasses are of identical 
dispersions. The symmetrical system is free from coma regardless of the powers 
of the components, which can easily be verified from the formulae already given 
by the substitution of 

Sx=-S^ and 

Trial solutions will show that there is not much advant^e to be gained by depar ting 
from the ^riometrical shapes of the components and that a high refractive mdex 
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IS advantageous in reducing zonal spherical aberration. If all the lenses are made 
of the same glass, the formulae become particularly simple 

Assuming 5, = iSj=<5s=0; = Pg 5 ^2 = ~ 2P,, the equation for Pi is 


~3«+2 

2n 




For Ar=18, Pi = 0^3561 and Pg^-07122. 

For a mirror of unit focal length the thin-lens specification for the lens 
system will be found to be 

ri= 44932, 2-2466, 

r2=-44932, 4-4932, 

^3= -22466, re= -4-4932. 

Comparing these values for the radii with those obtained for the two-lens 
system, it will be seen that the curvatures are much smaller. This allows a larger 
numerical aperture to be used, and aperture ratios of about F/0 6 are attainable 
with the triplet formation as compared with about F/14 for the doublet, while 
still retaining adequate image sharpness. 

The triplet systems are not necessarily limited to coma-free formations; for 
instance, by a suitable redistribution of the powers of the components with 
possibly diflFering shapes, coma may be introduced to correct that in some other 
part of the complete system. The design of such systems will, of course, be a 
little more complicated than is the case with the symmetrical systems, but it will 
again follow the formulae outlmed earher in this paper. 

In the numerical examples given, the correcting lens systems are over-cor¬ 
rected for spherical aberration and are achromatic, but there is no reason why 
spherical under-correction may not be obtained if it is required. Chromatic over- 
correction may be desirable in certain cases; for example, an over-corrected system 
may be used in a Schmidt type of instrument where the field is flattened by an 
oil-immersion aplanaticlens similar to the front lens of an oil-immersion micro¬ 
scope objective. The system would consist of a concave lens of high-dispersion 
glass between two convex lenses of low-dispersion glass. The oil-immersion lens 
would then fulfil the double function of flattening the field and increasing the 
relative aperture. 

Owing to the shallow curves and thm components, lens-mirror combmations 
of the types described in this paper are faster and more highly corrected than the 
more conventional lens systems, but they are probably slightly inferior in these 
respects to those systems using a correcting plate, since all systems using spherical 
surfaces are afllicted more or less with zonal aberrations. A few tngonometrically 
corrected examples will be found in B.P. 546,307, mcluding the doublet and 
triplet Schmidt types and the flat-fielded type briefly described in this paper. 
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The following references, for which I wish to thank Dr. Kingslake, were 
brought to my notice after the above paper had been read to the Optical Group 
They are offered as a small bibhographical supplement;— 

Zeiss describe in B.P. 482,874 a mirror-lens system in which the reflecting 
element is a meniscus divergent lens silvered on the convex surface. In this 
case, the mirror-lens contributes strongly to the spherical correction of the 
complete system; in fact, it is practically a Mangin mirror. Gabor (B.P. 544,694) 
replaces the correcting plate of the conventional Schmidt camera by a meniscus 
divergent lens of which an annular nng only is used, and claims that effective 
apertures less than F/1-0 can be obtamed and fields of about 23® square can be 
covered. Martin, Flugge and Roll (U.S.P. 2,229,302) describe systems for 
use with curved image surfaces such as would be found m fluorescent screens of 
cathode-ray tubes m television apparatus. Cassegram systems are described 
by Acht (U.S.P. 1,967,214 and U.S.P. 1,967,215) and by Tate (B.P. 426,539). 
A very important paper on the replacement of non-sphencal surfaces by spherical 
surfaces has recently been published by D. Maksutov, “New Catadioptnc 
Meniscus Systems ”, J. Opt. Soc. Amer. 34, 270-284 (May 1944). Maksutov 
points out that a monocentric meniscus lens may be used instead of a corrector 
plate, and gives several examples of systems using such a lens, together with a 
detailed analysis of the aberrations. Empirical formulae for the design of 
systems of the Schmidt tjipe are given. 
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ABSTRACT. In a recent paper, Wxllxs Jackson and Huxley have presented some 
expenmental results which appear not to agree with the theory of the non-refiectmg 
termination of a transmission Ime when the latter is terminated by a thin film. The 
present paper shows that their results may be explained by the partial transparency of a 
very thin conducting film to electromagnetic waves, and that there is no real disagreement 
with the usual theory 


M INTRODUCTION 

T he simple theory of a transmission line shows that if it is terminated 
by an impedance which is equal to the characteristic impedance of the 
line, waves arriving at the termination will not be reflected and the line 
will behave as if it were infinitely long. If the losses may be neglected, as they 
may be m many practical applications of transmission lines at radio-frequencies, 
the characteristic impedance reduces to a pure resistance. It is sometimes 
necessary in laboratory work to provide the line with a non-reflecting load, and 
it becomes of interest to consider the physical nature of the conductor which is 



The nori’-reflecting termination of a transnmmn line 91 

needed. In the case of a line whose members are two similar parallel wires, 
it is apparently easy to place a resistance of the required value across the end 
of the hne, m the form of a strip of suitable material, but when a coaxial line is 
used, this would appear to lead to an undesirable lack of symmetry. The con¬ 
ductor which naturally suggests itself is a disc or fi lm of conducting material 
extending from the inner member to the outer member of the line, and it is easy 
to show that the resistance of such a film is 

. ® 

where g is the conductivity of the material, h is its thickness, and and are 
the radii of the inner and outer conductors respectively. The characteristic 
impedance of a loss-free coaxial Ime with air-spacing is 


Zoo = 60 In “ ohms, .(2) 

and R will therefore be equal to -^00 if 

1 Igh = 277 X 60 = 377 ohms, .(3) 


The quantity I'gh is the resistance between opposite edges of a square piece 
of the film whose side is 1 cm,, and in the current literature it issometimes called, 
not too happily, the surface resistivity. The quantity 377 ohms is also the 
value in free space of 377\/W^> where }i is the permeability and k is the dielectric 
constant of the medium between the conductors; it has been called by Schelkunoif 
(1938) the mtrinsic impedance of free space. It is usually assumed that, in these 
terms, there will be no reflection if a line is terminated with a thin film whose 
surface resistivity is equal to the intrinsic impedance of free space, but in a 
recent paper Willis Jackson and Huxley (1944) have described experiments 
which show that this is not the case. These authors found that when a coaxial 
line whose characteristic impedance w^as 76 ohms was terminated by a graphite 
film deposited on bakelized paper, of resistance 77 ohms between the inner 
and outer conductors, a pronounced system of standing waves was formed, 
and an analysis of the standing-wave pattern showed that the film behaved as a 
complex impedance 23*1 —^201 ohms, equivalent to a resistance of 40*5 ohms 
in parallel with a capacitative reactance of 465 ohms. 

It was found, however, that the line could be correctly terminated by con¬ 
tinuing it beyond the film to a distance of 0 88 A/4, where A is the wave-length, 
and closmg the extension by a short-circuiting disc. As the authors point out, 
there appears to be widespread misunderstanding of this problem. It has also 
been discussed by Howe (1944) in an editorial article in the Wireless Engineer. 

§2 THE REFLECTION OF A PLANE ELECTROMAGNETIC WAVE 
BY A THIN CONDUCTING FILM 

Neither in the original paper, nor in the discussions which have followed it, 
does attention appear to have been directed to the significant fact that a film so 
thin is markedly transparent to electromagnetic waves falling upon it, as was 
shown by Heaviside (1892). 
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There will be no loss of generality if we consider a transmission line made 
up of two plane-parallel slabs of perfectly conducting material, a cm. apart 
and h cm. wide, flanked by guard-plates separated from them by infinitesimal 
gaps (figure 1). The electric and magnetic lines of force are straight lines, and 
the geometrical relationships are peculiarly simple. The capacity per cm. of 


such a line is C=/c. - farads, where k = -= 7 ^, 

constant of the medium. 


K being the dielectric 


The inductance per cm. is L | henries, where ix^^TrfjL x 10”^. 

The characteristic impedance is therefore, 

Z^^V(LIC)= ^ 5 . 

Let the line be semi-infinite, and let a film of any “ surface resistivity” iJ^bepIaced 
across it at any point, with extensions across the guard-plates on each side. 



The film must necessarily be very thin Thus with graphite, which has 
been used in practice, ^ is of the order 1250 ohm~^ cm., and if iZ=377 ohms, 
h will be of the order 2 x 10“* cm. With better conductors, h must be corre¬ 
spondingly smaller. 

Consider now a plane electromagnetic wave, guided by the transmission 
Ime, which meets the film, and let H-i amperes per cm. and Fj volts per cm. be 
the strengths of the magnetic and electric fields in the wave. 

In terms of these units. Maxwell’s equations may be wntten 


jHcos0<fc= jj . (5) 

J" F cos 6 ds => Jj . 


where in (5) H cos 6 is the component of H tangential to the element dr of a closed 

dF 

curve and dS is an element of any area bounded by the curve. «is displace- 
m^t current density and I is the conduction-current density. 
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A similar terminology applies to (6). 

In the plane waves considered, the general relationships 


F= iavH, .(7) 

H=kvF .(8) 


exist between the fields, where ©=is the velocity 

At the first face of the film, the tangential component of the electric field 
must be continuous. Let {F^, H^) be the fields m the reflected wave, and let 
(F j', H^') be the fields m the wave transmitted into the film (figure 2). 

Then from the equation of continuity, 

Fi-F^=Fi .(9) 



Figure 2. 


Let H^) be the fields at the second face of the film. Applying equation 
(6) to the rectangle ABCD, we obtain 




.( 10 ) 


where kj, and relate to the material of the film, and {F, H) are the fields 
at any point in the film. 

If we consider sinusoidal waves, the nght-hand side of (10) is of the order 
toFhfvy, and if the frequency is of the order 10® c./s., and h is of the order 10“* cm., 
the order of this quantity is 2 x 10^ f. 

Therefore F^ only differs from F^—F^ by an extremely small quantity, and, 
without serious error, we may say that = F^. 

.-. F^-F^^F^. .( 11 ) 


Thus F is not attenuated. It is otherwise with H. Equation (5) may now be 
applied to the rectangle ABLM, and similar reasoning shows that the contribution 
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of the displacement current to the nght-hand side is negligible. The 
conductive-current term is, however, important, and is given by 


^IdS=^F^.gh.AM. 


Then = 

. . H-^+H^-H^^F^gh. 

From (11), (12), (7) and ( 8 ) we obtam 

gh 

Pi gh+2Kv’ 
P^_ 2kv 
F^ gA+2ic©‘ 


( 12 ) 

(13) 

(14) 


XT 1 1 

Now >CC s= — = -TT" 
fJLV Z( 


00 


X - and ^A=i? 0 , the surface resistivity of the film In 


terms of and i?, the total resistance of the film, 


ft-/ 


.( 15 ) 

ft-/ 


.( 16 ) 


Zoo ^ To IhinMiTV 

_J_ 


Zoul ^ Zoo 

_l_f ‘ 


Figure 3 


If R IS made equal to the characteristic impedance of the line, we shall have 

^ 2-1 El-l 

F^~V Fi'S’ 

and the amplitude of the transmitted wave is thus two-thirds that of the incident 
wave- A somewhat more complicated analysis shows that for a coaxial line or a 
twin line, the correspondmg voltages are in the ratios given by equations (15) 
and (16). 

The above calculation applies only to the case where the Ime extends beyond 
the film to infinity, so that the transmitted wave can be guided on. In view of 
the mistrust shown by Willis Jackson and Huxley of the use of the impedance 
concept, it may be noted that the result obtained is precisely that given by a calcu¬ 
lation in terms of impedances. For it a resistance -Z'oo ohms be connected at 
any pomt A across a semi-infinite line (figure 3), the impedance presented to a 
wave arriving at A is made up of in parallel with the input impedance Zqq of 

Z 

the rest of the line. It is therefore Zi = , and the reflection coefficient 

-Zi —Zqq 1 

In the experiments of Jackson and Huxley, the film was placed across the end 
of the coaxial line, and m such a case it is clear that a wave will be transmitted 
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through the film and radiated away. The termmating impedance will then 
be a parallel combination of the resistance of the film and the radiation impedance 
of the annular aperture, a quantity not easily predictable. 

§3 THE NON-REFLECTING TERMINATION 

It is of interest to examine, from the aspect of wave-propagation, the ter¬ 
mination which Jackson and Huxley found to be effective in suppressing reflection. 
This was a short-circuited extension of the line, beyond the film. 

Let X be the length of the extension. As before, let be the amplitude in 
the wave advancing towards the film. Consider any film for which pF^ is the 
amplitude of the transmitted wave, and (1 —p)Fiis the amplitude of the reflected 
wave where 0 <p <1. The transmitted wave is perfectly reflected by the short- 
circuiting disc, with reversal of the sense of the electric fidd, and this reflected 
wave IS partly transmitted and partly reflected when it returns to the film. Succes¬ 
sive reflections take place in this way at the boundaries of the extension piece, 
and if we take the phase of the first reflected component as standard phase, the 


SiHOR-r 
CieCUITtMG 
Disc 

Tilka 

Figure 4 . 



electric field in the disturbance travelling back from the film toivards the origin 
IS the sum of the infinite series 


F=F-^ j(l —p)e's.p.jvrt+p^exp.j{tot—2qx)+p\\ —p)exp.j{wt—A:qx) 
-t-p*(l —p)®exp.j {tot — 6qx)+p\\ —p)®exp j{pt — %qx)+ -j, 


where q=2til\. 


F=F^exp.jwt 


(1 -p) - (1 - 2p) exp. ( - 2jqx) 
l-(l-p)exp i-2jqx) 


The square of the amplitude (i^o) may be obtained by multiplying by the conjugate 
complex quantity. It is 


^ o (1 -j>)^ + (l -2py-il -P)(l -2py cos 2^x 
~ 1 + (1 -PY - (1 -pf cos 2qx 

The condition for this to vanish is 


cos2qx= 


(l-p)(l-2p) ’ 


If which IS the value obtaining when the resistance of the film is equal 
to the characteristic impedance of the line, as in Jackson and Huxley’s experi¬ 
ments, this reduces to co%2qx^ — L 

Therefore :r=(2P-f 1) ^ , where P=0,1,2 ... 
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Thus a suitable film, backed by a short-circuited extension of the line, one- 
quarter wave-length long, will correctly terminate the line, and the energy of the 
incident wave will be completely dissipated m the course of the successive passages 
through the film The same result could be obtained by termmating the line 
with the film alone and using matching stubs, but the asjrmmetry introduced 
by stubs m the case of a coaxial hne would be imdesirable, and Jackson and 
Huxley’s device is much to be preferred. The departure of the length of their 
extension (0-88 A/4) from the theoretical value of A/4 may be due to the sheet of 
bakelized paper on which the film was deposited, and to the method of mounting 
The result is again in agreement with that given by the concept of impedance 
The input impedance of the short-circuited extension of length A/4 is mfinite, 
and the impedance presented by the film and the extension to the oncoming 
wave IS therefore -^00 This agreement arises from the fact that the currents and 
the voltages, in terms of which the impedances are defined, are themselves 
variables derived by mtegration from the intensities of the magnetic and electric 
fields respectively; the latter are the fundamental entities. As correct relation¬ 
ships, satisfying Maxwell’s equations, exist between the fields, so must they 
between the impendances. The use of impedance, however, obscures the physical 
realities. The subject is one which lends point to the aphonsm of Hansen 
(quoted by Slater, 1942]: “ The idea of impedance cannot be used as a substitute 
for thou^t 

Jackson and Huxley’s terminating device is non-reflectmg for one frequency 
only. The ideal non-reflecting termination for a coaxial line would be a length 
of distortionless hne, with high attenuation, having the same physical dimensions 
and characteristic impedance as the line to be terminated, but it is doubtful 
whether this could be set up with known materials. 

REFERENCES 

Heaviside, 1892. EUcirical Papers, vol. 11, p. 385. 

Howe, 1944. Wireless Engr. 21 ,409. 

Jackson and Huxley, 1944. J. Instn. Elect. Engrs. 91 , 105 

ScHBUKUNOFP, 1938. Bdl Syst. Tech.y, 17 , 24. 

Slater, 1942. Microwave transmxssum, p. 79 



A STUDY OF THE COMPARATIVE METHOD OF 
DETERMINING GASEOUS REFRACTIVITIES* 
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ABSTRACT. It is shown that the comparative method for the determination of refiactive 
indices by white-light interferometry yields the ratio of the group refractivities and not 
the ratio of the phase re&activities. 

The effective wave-length of the ordinary gas-filled lamp was found to be close to that 
of sodium hght For ordinary gases, however, any wave-length in the same region may 
be taken without senous error 

Observation of the shift of the central achromatic fringe due to differences of dispersion 
in the two paths enables the difference of dispersion to be measured This enables the 
group mdez to be corrected and the phase index calculated at any point in the visual range 
of the spectrum 

The method has been apphed to several common gases and to mixtures of the vapours 
of volatile oigamc solvents with air, and appears to give results comparing not unfavourably 
]n accuracy with those obtained by the absolute method m monochromatic light. 


§ 1 . INTRODUCTION 

T hf interferometric determmation of the refractive index of a gas or 
vapour may be carried out either by an absolute method or by a com¬ 
parative method. In the former, monochromatic light is used and the 
band-sUfts for various changes of pressures are observed. By extrapolation, the 
band-shift for the pressure change from zero to one atmosphere is calculated, and 
hence the refractive index. The appropriate corrections are applied to give the 
result at N.T.P. 

In the comparative method, instead of counting the fringe difference, optical 
balance is restored in effect by introducing a suitable thickness of a comparison 
substance, usually air or glass. The variation of path in the comparison gas is 
most easily effected by varying its pressure in a tube of constant length. This 
method of varymg the gas pressure has the advantage of giving a substantially 
automatic correction for normal changes of room temperature and pressure. 
When a glass compensator is used, both temperature and pressure of the gas 
have to be taken into account. 

Now the measurement of the apparent relative retardation of two gases 
merely involves the determination of the ratio of the two gas pressures at optical 
balance, a'determmation which can obviously be made with considerable pre¬ 
cision. The comparative method is more rapid and convenient than the absolute 
method. For the determination of the concentration of a solvent vapour in air, 
for example, there is no method which has anything like the combined speed and 
precision of the^mterferometric one. 

^ Abstracted from a thesis approved by the University of London for the Ph,D. degree. 
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There is, however, no way of identifying the central fringe of the interference 
system in monochromatic light, so that white light has to be employed to give an 
achromatic central fringe, and thus to enable restoration of optical balance to be 
observed. It appeared desirable to examine the possibilities of the comparative 
method, and to find what diflFerences are introduced by the necessary substitution 
of white light for monochromatic light. 

As a comparison gas there can be no doubt that dry COg-free air is the most 
convenient to employ, as has already been suggested by Werner (1925) even for 
mixtures containing no air. Where mixtures of air and vapour are concerned, 
the use of air commends itself even more strongly 

The degree of accuracy aimed at m the present work was of the order of about 
1 part in 1000 in measurements of (« — 1), which should be attained by pressure 
measurements on the air compensation tube within a few tenths of a millimetre 
of mercury. 

The chief source of uncertainty in the comparative method arises from the 
necessary use of white light for the identification of the central fringe. A theory 
is developed below dealing with the corrections introduced by the shift of the 
achromatic fringe due to dispersion. It was proposed to verify this theory 
by measurements on pure gases, the optical constants of which had been reason¬ 
ably well established by previous workers, taking into account any corrections 
arising from departure from the ideal gas laws, and finally to apply the method 
to mixtures of solvent vapours with air. The published values for solvent 
vapours are in general rather old.* 

The problem of the determination of refractive index by white-light inter- 
ferometiy has been dealt with to some extent by Adams (1915) and by Clack 
(1925), both of whom were concerned with aqueous solutions, and used tilting- 
plate compensators. The present treatment applies primarily to the (gas) 
pressure-variation method of compensation, but can readily be extended to cover 
the tilting plate or any other method. 

Apart from an observational refinement due to Clack, the present treatment 
IS in prmciple exactly the same as the theory of the method of the determination 
of the index of refraction and dispersion of a glass plate as given by Mann (1902). 

§2 THE DENSITY CHANGE FOR BALANCE 

The density change required to obtain optical balance in non-homogeneous 
light may be calculated as follows :— 

Suppose two tubes of unit length, contaming two gases of refractive mdices 

and and densities and pg. Optical balance is obtained by mcreasing the 
pressure of the second gas until its density is /pg, where /is a density ratio. Apply¬ 
ing the Gladstone-Dale law, the change rate of phase or order with wave-length 
will be zero at the centre of the system, when 

(«i—^ —1)/(«2—A dttg/dA -1). 

It can readily be shown by assuming some dispersion formula, such as 

^ c.g. 1941 editum of Kaye and Laby’s Tables quotes values mostly detemuned about 1878 , 
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or by graphical methods that the ratio 

{n - XdnjdX - l)/(w -1) = 1 - (A dmdXjfn -1) 

IS very closely equal to 1 + 3ct>, where oi is the dispersive power expressed as 

a> = («p-nc)/(^D-l)- 


§3 VERIFICATION OF GROUP-INDEX FORMULA 

The ratio / may be obtained m practice from the ratio of the initial and final 
pressures by making the appropriate correction, determined if necessary by the 
method of limiting densities. 

The replacement of 7i in monochromatic light by n—Xdn dX in non-homo- 
geneous light was pointed out long ago by Rayleigh, Cornu and others. As 
emphasized, especially by Schuster for the analogous case of a plate of some 
dispersive solid, the same result is obtained by considering that what is involved 
is the gtoup velocity of the trams of waves resulting from white-light impulses. 
For the velocity V^C/n of monochromatic hght m the medium must be sub¬ 
stituted the smaller group velocity ArfF/rfA The path retardation m 

each tube of gas at the original density is given by tifie numerator and denominator 
in the expression for/above. 

By analogy with the ordinary phase refractive index n = c/F, the quantity 
clU—n-^XdnjdX may be termed a “group mdex A summary of applications 
of this quantity is given later, and the symbol n is tentatively proposed for it. 

Although die above theory is old, the author is not aware of any measurements 
which have been made to confirm it with the exception of the classical deter¬ 
mination of Michelson in 1883 of the velocity of white light in water and CSg by 
the rotating-mirror method, and further direct determinations of velocity in 
hquids more recently by others (Gutton. 1911; Houstoun. 1944), 

The following measurements may, therefore, be of special interest. In a 
Rayleigh refractometer with 50-cm. tubes (Craven, 1939) the change in air 
pressure necessary to balance equal films (about 0*02 cm.) of various liquids in 
turn was determined. The cell was made of ordmary plate glass and was mounted 


Fluid 

P 

njj 

n 

n~l 

«~1 

l-r3w 

Air 

0 

1-000 

1 000 

_ 

— 

Water 

353 

1-333 

(1-351) 

(1 054) 

(1 054) 

Methyl alcohol 

348 5 

1-329 

1-346 

1-052 

1 050 

Ethyl alcohol 

381 

1-362 

1 379 

1 047 

1 050 

Acetone 

383 

1-359 

1 380 

1 059 

1-059 

Benzene 

557 

1-501 

1-554 

1 105 

1 100 

Anilm 

662 

1-586 

1-658 

1 123 

M27 

Carbon disulphide 

731 

1-628 

1 727 

1 158 

1 162 


p =the air pressure in mm of Hg required to restore balance. 
n^=refractive mdex for sodium light. 
n =apparent index for white light, 1 e the group index 

The observed ratio of w — 1 to w— 1 is in reasonable agreement with the \ alue of (1 — 3 cd), 
calculated from published values of «x> given in the last column 
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in front of the gas tubes, and the fiduciary air system* was formed, as usual, above 
the tubes. 

The temperature was 20® c. throughout, and the results are calculated by 
companson with water as the standard substance. 

No doubt with a cell of optically worked parts and attention to a further 
small correction mentioned in a later section, even closer results would be 
obtained. 

The number n represents the reciprocal of the velocity of white light in the 
medium as compared with the velocity of light in free space Michelson’s 
direct determinations in 1883 were made with a tube 3 metres long, whereas m 
the present work the film thickness was barely 0-2 mm. The result obtained by 
Michelson for CS 2 was 1*758, and the temperature appears to have been 0° c. 

Further experiments were made in which 1cm. of water was optically balanced 
by a suitable thickness of glass, and others m which microscope cover-glass was 
balanced by air pressure. The results were all closely in agreement with the 
group-index prmciple. Measurements were also made on flakes of mica and the 
disappearance of the fringes with A/2 plate and a 3A/2 plate was noted. 

§4. SOME GENERAL THEORETICAL POINTS 

The present work appears to confirm that, to a first approximation, inter¬ 
ferometry in white light yields the group index and not the ordinary phase index. 
The question has been asked by Williams (1932) at what breadth of source we 
pass from phase mdex to group index. The answer appears to be that any real 
source will give group-mdex results by alignment of the achromatic centres. The 
position of the achromatic centre, however, quickly becomes obscure withreduction 
of spectral width of the source. 

Some general applications of the group-index idea may be of interest. The 
well-known Rayleigh formula for group velocity is based on two contiguous 
wave-lengths, A and A-f-dA. With a source of greater width, A becomes the 
“dominant” or effective wave-length and the group index n —Adn/dAbecomes 
an average value, and it is therefore tentatively proposed to denote it by w. 

Accordmg to the group-index idea, a thin pulse of non-homogeneous light 
passing through any real medium is spread into a train of waves and the condition 
for achromatism in any system is that on every such tram there shall be superposed 
an equal and opposite train. By such considerations many of the ordinary 
formulae of optics may be derived and expressed in terms of the group index n 
and the ordinary phase index n : 

Retardation of slab t{n — 1) 

Interferometric balance — 1)=^ 2(^2 1) 

Resolving power of echelon Nt{n — 1)A 

Resolving power of prism f(w — n)K 

Condition for thin achromatic prism ti{ni —tz^) = —^ 2 ) 

Condition for thin achromatic doublet same as prism. 

In each case t is the effective thickness, i.e. difference of thickest and thinnest 
parts in use, and N is the number of elements in the echelon. 

* Tlje use of the fiduciary system is often ascribed to Haber and Lowe, but is m fact explicitly 
described by Lord Rayleigh (Set, l^apers^ 4 , 221). 
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It may be asked why the group index appears so little m ordmarj" optical 
measurements. It is suggested tentatively that this is because in general such 
measurements are concerned with angular deviation. As a dimensionless quantity, 
an angle has no relation to the mode of propagation of light in the medium, neither 
does it give any direct information as to the velocity of propagation. The group 
mechanism relates only to effects in the Ime of sight, and these are seldom 
examined. 


§5. DISPLACEMENT OF THE ACHROMATIC FRINGE 

In the expression for the change in density ratio required to obtam optical 
balance in white hght viz., 

/-(«,-i)/(rzs-i), 

if a simple Cauchy dispersion formula (n —1) = A + be accepted for each 
gas, then the corresponding group refractivity will be 

n-l=A + 3BX-^ 

Applymg this, for example, to the case of the relative refractivities hydrogen/air 
It will be found that 

Relative refractivity in sodium light = 1394/2926 = 0‘4763. 

Relative refractivity in white light = 1453 3016 = 04817. 

The above difference in relative refractivity is equivalent to 0-0054 x 462= 2-5 
fringes of Na light in a 100-cm. tube at 20^ c. In monochromatic light there 
would be an equal number of fringes in each of the paths through the tubes at 
optical balance, whereas m white %ht, owing to the dispersion of the medium, 
there are unequal numbers. This is manifested by a wandering of the central 
achromatic band from the position it had under the original symmetrical 
conditions. 

§6. THE DISCONTINUITY RESULTING FROM THE SHIFT 
OF THE ACHROMATIC FRINGE 

In the above calculation it is assumed that in restoring optical balance, the 
optical centres of the fiduciary and gas-tube fringe systems are brought to com- 
ddence, whereas m actual fact what is done is to align the achromatic band of 
the reference system with the most nearly achromatic band of the gas system. 
It has already been shown by Clack (loc. cit.) that the effect of this natural tech¬ 
nique IS that at balance the numbers of periods in the two paths are either equal 
or differ by an integral number. If, therefore, starting with the two gas tubes 
full of the same gas A, a second gas B of higher refraction and dispersion is gradually 
substituted m one tube, the resultmg curve is as indicated diagrammatically by 
the full lines in the figure. 

The hne OXF' gives the balance in monochromatic light correspondmg to 
the equation 

/' = («b- 1 );(« 4 .- 1 )- 

In white light there is a discontinuity at X, the achromatic centre having shifted 
half a fringe, so that there are two equally achromatic fringes in the gas system. 
This condition is frequently observed m practice. At Y the displacement is 

8-a 
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1^ fringes and the same eftect is observed, and so on. The point O corresponds 
to the refractive mdex of the gas A and the point F' to Wg. 

At points P and Q the dispersion shift is an integral number of wave-bands, 
and the interference system of the gas tubes is symmetrical and can be brought 
into exact coincidence with the fiduciary system The spine O, P, Q.... F 
indicates the balance in non-homogeneous light which would be obtained if the 
achromatic centres of the fiduciary and gas systems were brought into comcidence, 
and corresponds to the equation 

/=(«b-1)/(»a-1). 

The practical balance m which the nearest achromatic band of the gas-tube 
system is brought into coincidence with the central band of the fiduciary system 
is given by the family of parallel segments 

OX, X%.YT". 



A total dispersion shift of 2 4 bands has been shown m the above diagram. 

In addition, therefore, to the two values of the density ratio / and f already 
considered, there may be added a third value,/", which is the one actually observed. 
In practice it is sometimes difficult to distinguish between / and /', and in the 
experiments with liquids already described no attempt was made because of the 
experimental difficulty. 

It may be noted that any observation in white light will agree with mono¬ 
chromatic light if It fall on the first segment OX of the broken Ime ; on other 
segments there will be a dispersion error of an integral number of wave-bands. 

The difference in slope of OF and OF' depends on the difference m disper- 
sivity of the two gases. It happens that the dispersive power of air is low, so 
that in using it as a comparison fluid, the effect of the dispersion difference is 
almost always in the sense to make the apparent index of refraction of the second 
gas or vapour higher than the true value. 
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Measurements made on mixtures of benzene vapour with air gave a family 
of curves exactly like like those in the figure. It was later found that the same 
observ^ations had already been made by Bonder (1938), who refers to an important 
paper by Hansen (1930) m which a formula is given for the location of the 
SprungsteUen. 

As already mdicated, however, this discontmuity effect is implicit in the earlier 
treatment by Clack. 

§7 THE EFFECTIVE WAVE-LENGTH OF THE SOURCE 

It is usually assumed that white-hght observations correspond to a wave¬ 
length of about 0-56 at the maximum sensitivity of a normal eye. With a 
tungsten lamp, however, the emission vanes rapidly at this wave-length. A 
rough calculation from specimen curves indicates a visual maximum some 
002 / 1 , higher on this account. 

With the writer*s right eye (of distinctly different colour sensitivity from the 
left eye) no difference in band spacmg could be seen or measured as between 
sodium fringes or white-light fringes. 

Measurement of the change of air pressure necessary to give a shift of a few 
fringes showed an effective wave-length of 059// for an ordinary clear half-watt 
lamp, and 0*585// for a daylight lamp. It must be admitted, however, that 
neither of these tests is very satisfactory. So long as a white-light fringe is 
sufficiently clear to be separated, a sodium fnnge will necessarily coincide more 
or less with the brightest part of it, and in the other case where measurements 
of fringe shift are attempted, the fringes compared are of reversed colounng. 
The results in any case refer only to the observer’s eye. 

With two substances of moderate dispersive power, an error of 002// in the 
effective wave-length will have little effect on the ratio of the refractivities. It 
is a pomt, however, which needs further expenment. 

The mtroduction of strongly coloured filters—^tricolour filters for example— 
has practically no effect on the position of optical balance. The only effect is 
to trim off the coloured edges from the fnnges It is probable that this would 
remain true if the spectral width of the source were decreased down to something 
approaching monochromatic light. On this assumption it is clear that any 
method based on identifying the central band, even if the final balance were 
made in monochromatic light, would still yield results governed by group- 
velocity considerations. 

§8 THE DISPERSION DETERMINATION 

Since the optical balance in white light is a sort of integration result, it would 
be unwise to expect that refractive indices for values of A far removed from the 
effective wave-length of the source could be determined with equal precision. 
It is possible, however, by careful observation, to determine the extent of the shift 
of the achromatic band of the gas system and so to find the difference between 
the dispersion of the gas under examination and that of the reference substance. 
Since it is the difference which is measured, the total dispersion can be assessed 
with fair accuracy. 
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In the observations on gases which follow it has been assumed that the dis¬ 
persion IS sufficiently well expressed by a simple two-term Cauchy expression, 
= + and this is probably true for all colourless gases in the 

middle of the \asual region, indeed the expression fits many liquids and solids 
surprisingly well. 

From the considerations already mentioned, the values of A and B may be 
determined It is of mterest to note that and Wq K»ay also be obtained with 
fair accuracy by correcting the value of /' found by the quantity corresponding 
to the integral dispersion band-shift at the given wave-length. 

The extent of the dispersion shift is sometimes very considerable. For 
example with 100-cm. tubes, in changing from air to ammoma, there is a wan- 
denng of the achromatic centre of 19 wave-bands and with air to ethylene about 
40 wave-bands. The suggestion appearing m te.xt-books that the central band 
should be identified in white light and the fractional part determmed in mono¬ 
chromatic light is entirely misleading. 

§9. THE REFRACTION OF AIR 

A mean of the determinations by various authors up to about 1930 gave the 
following values for the refraction of air at N.T.P.:— 

A 0486 (F) 0-589 (D) 0-656 (C) 

(«-l)10’ 2947 2926 2916 

These values were used in all the present author’s work on gases. After this 
part of the work was finished, it was found that Barrell and Sears, of the N.P.L., 
had published the results of an elaborate investigation (1939) leading to a value 
of («n —1)10’ at N.T.P. of 2924 and a slightly greater dispersion than is given 
above It was not thought necessary to recalculate all the present work on 
account of these small changes. 

§10 MEASUREMENTS ON GASES 

The mterferometer used for the bulk of the work was the laboratory-con¬ 
structed instrument of the Rayleigh pattern with 50-cm. tubes mentioned above. 
The light source was an ordinary “coiled-coil” half-watt lamp. 

The mcrease or decrease of pressure in the air tube required to restore optical 
balance was measured on suitable mercury manometers of 8 mm bore 

The pure gases were made by approved chemical methods and dried, when 
possible, by a long tube of potassium hydroxide. iVIeasurements were also made 
on commercial gases from cylinders, and were found to differ only slightly from 
those on the pure gases. 

The dispersion shift in replacing air by the gas under e xaminat ion was deter¬ 
mined by allowing the gas to mix in slowly, and measunng the change in pressure 
for each half-fnnge shift of the achromatic centre, i.e. from a clearly defined 
single central achromatic band, to the condition where there are two equally 
coloured bands. 
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The following table summarizes the mean results obtained for (« —1)10^ at 
N.T.P.:— 


Gas 

AO-486 

AO-589 

AO 656 

Dispersion shift 

H, 

1408 

1394 

1388 

1-3 


1411 

1395 

1387 


O 2 

2738 

2713 

2702 

2-0 


2743 

2714 

2701 


N, 

3004 

2982 

2973 

none 


3006 

2984 

2973 


NH, 

3902 

3846 

3823 

9-5 


3918 

3846 

3826 


CO, 

4524 

4490 

4469 

1-0 


4528 

4492 

4473 



The top line of figures gives the observed values for each gas, and the second 
line shows recent results determined m monochromatic light by other observers. 

There appears to be a general tendenqr for the present method to give a some¬ 
what low result at the blue end of the spectrum. It is likely that this is due to 
the paucity of blue hght in artificial illumination , the refractive index is rising 
most sharply where visual acuity is rapidly diminishing, and, therefore, the average 
is somewhat low. 

A specimen of the observations and calculations is given for H 2 . In the 
case of NH 3 , a special correction was necessary from 20 ° to 0 ° owing to its abnormal 
coefficient of expansion. 

Specimen observation and calculation for Hg 

cm. Hg 

Barometer 77’09 temp. 20° c. 

Air pressure at balance 37 07 

Avogadro correction 0-02 (neghgible) 

3705 

Allowing 1 band dispersion shift=0*33 cm. pressure, 

/'=36-72/7709 = 04763. 

(«D -1)10^=2926 X 04763 = 1394. 
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For the dispersion : 

Total shift of achromatic centre =13 bands = 043 cm. Hg. Hence 


^=3715 7709=04819 

- a dnidX)T> =25A-2 = 3017 X 0 4819 -1394 = 60. 
5=300/288 = 104. 

From which 

ns =1394 +10 4 X1-35 = 1408 , 

Bo = 1394-104 X 056=1388. 


An alternative approximate procedure which entirely ignores the light 
quahty is to use the appropriate pressure corrections for the F and C lines instead 
of 0-33 cm. as for D above. 


This gives 


= 


37-05 - 0-27 
77-09 


X 2947 =1406, 


37-05 - 0 37 
77-09 


X 2916 = 1387. 


As the pressure measurements are purely relative, it may be noted that there 
IS no need to apply any corrections to the barometer or manometer readings, 
providmg, of course, that these instruments are not far apart. 

Usmg the values of Bu obtained in the present work, and published values for 
other quantities, the molecular refraction was calculated for the gaseous and liquid 
state for these gases 

For gases, the formula ilin = 14940(bd — 1)/(1 + a) was used, where 
(1+«) = Avogadro factor or apparent degree of association. 


Gas 

Values of iWu 

Gaseous 

Liquid 

H, 

2-08 

209 

O, 

405 

405 

N, 

445 

437 

NH, 

5-65 

5-56 

COa 

666 

6-57 


Considenng the difficulties of observation on liquefied gases, the agreement 
must be regarded as remarkably close. 

§11 MEASUREMENTS ON AIR-V.-VPOUR MIXTURES 

Mixtures of air with the vapour of organic liqmds were made by breaking 
sealed bulbs of the liquid in a 20-litre bottle which was rotated until the liquid had 
entaely vaporized. By suitable temperature and pressure measurements, the 
initial and final volumes were determmed, and hence the volume of the vapour 
found by difference. The mixture wras drawn through the tube of the refirac- 
tometer, which had already been charged wnth an air-vapour mixture of 
approximately the same composition in order to minimize sorption effects. 
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It was found (contrary to usual beEef) that the solvent vapours at quite low 
concentrations (1 to 5 % vol) are appreciably associated, the following values 
being obtained :— 


Methyl alcohol 

1-03 

Formic acid 

165 

Ethyl alcohol 

1-03 

Acetic acid 

1*84 

Acetone 

101 

Methyl ethyl ketone 

1-03 

Benzene 

1-04 

Paraldehyde 

1-01 

^-Heptane 

104 


Vapour refractions are commonly reported at N.T.P. This practice has 
little to commend it since it mvolves a most uncertain extrapolation to impossible 
conditions. It appears more useful to give the specific or molecular refraction 
and the apparent association factor. 

With all the above solvents, the molecular refractions, with the single exception 
of formic acid, were within 1 % of the liquid values (Lorenz-Lorentz). In the 
case of formic acid somewhat lower and inconsistent results were obtained, but 
this appeared to be due to actual chemical attack on the brass refractometer tube. 

Attempts were also made to take measurements on mixtures of vapours with 
Jh^rogen, but owing to various experimental difficulties this had to be abandoned. 

§12. TILTING-PLATE COMPENSATORS 

The group-velocity or group-index principle may easily be applied to cal¬ 
culate a calibration curve for this type of compensator. Such compensators, 
however, appear to show quite perceptible changes in calibration in use and are 
not suitable for work of more than moderate precision. 

In some applications, however, they are useful as null mdicators, or for 
measuring small deviations. For example, if it be desired to make a 10% vol. 
mixture of a given gas with air, two gas tubes can be used, one 100 cm. long for 
the mixture and one 10 cm. long for the given gas, and optical balance should 
result. 

This device of a short tube is incidentally, also useful for balancing gases 
of high refraction by a reasonable pressure of air in the longer comparison tube. 
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THE INFLUENCE OF ABSORPTION ON THE 
SHAPES AND POSITIONS OF LINES IN DEBYE- 
SCHERRER POWDER PHOTOGRAPHS 
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ABSTRACT Simple graphical methods of detemunmg the basic Ime-contours for 
powder diagrams t^en in cylmdncal Debye-Scherrer cameras are described. From 
these contours the absorption factor may be obtained for any given Bragg angle and dilution 
of the specimen. The contours also enable the position of the line peaks to be calculated 
for dijfferent sets of experimental conditions. This, m turn, opens up the possibihties 
of new types of extrapolation curves for the accurate determination of lattice parameters. 


§1 INTRODUCTION 
The absorption factor 

T he usual experimental arrangement for takmg Debye-Scherrer powder 
photographs is one which employs a cylindrical specimen made of an 
aggregate of crystal fragments which is placed at the centre of a cylindrical 
camera. The sht system of the camera is fixed and limits the height of specimen 
irradiated In the absence of any absorption of the x-ray beam within the 
powder aggregate, the intensity of an x-ray reflexion is proportional to the 
volume of powder irradiated and, therefore, to the area of cross-section of the 
specimen. In practice there is an appreciable amount of absorption, and the 
intensity of the reflexion is cut down to a fraction A of the ongmal amount. 
A is termed the absorption factor. It may be thought of as consisting of two 
parts, the one being concerned with absorption within the bulk of the powder 
aggregate (macro-absorption), and the other being a function of absorption and 
extinction withm the reflecting polycrystaUme particle (micro-absorption). 

We may write the absorption factor m the form 

A=Ta., .( 1 ) 

where t is the micro-absorpuon factor and a the macro-absorption factor 
(Schafer, 1933; Brentano, 1935, Brindley and Spiers, 1938, Taylor, 1944). 
With very small particles (~10“® cm.), t is nearly 100 %> and the mam term in 
the absorption factor is a. The value of a also has a considerable influence on the 
distribution of energy m the diffraction Ime. We shall, accordingly, define the 
shape of the line as determined solely by a, the basic line-contour, and we shall 
modify it according to the experimental conditions to obtam the line shapes 
observed in practice. 

The value of the macro-absorption factor a depends on /x, the mean linear 
absorption coefficient of the powder specimen, and also on r, the radius of the 
specimen, and on the Bragg angle It is most convenient to compute a in 
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terms of the product [ir for a number of discrete values of d and to obtain the 
intermediate values by interpolation These computations have been carried 
out analytically by G. Greenwood (1927), A Rusterholz (1931) for special 
cases, and graphically by A. Claassen (1930). F. C. Blake (1933) used Claassen’s 
graphical construction with a higher degree of accuracy The graphical method 
of Claassen was also given analytical expression by A. J. Bradley (1935), who 
claims greater accuracy when fir>2. L. W. McKeehan (1922) used a very 
involved analytical method of determining the hne shapes for a number of special 
cases, but did not evaluate the absorption factors from them. 

Briefly, and omitting the geometncal constructions mvolved, the Claassen 
method is as follows:—In figure 1 the circle represents a cross-section of the cylin¬ 
drical powder specimen irradiated by a parallel beam of x rays. The total 
length of path of a ray entering along p and leaving the specimen along q after 



Fi^re 1. The Claassen loci Division of specimen cross-section into loci of taken at 

inter\"als O'lr m ss (After F C Blake, Rev Mod, Phys 5, 169, 1933 ) 

reflexion from a small element of area da is 5r=/>4'?. The macro-absorption 
factor is given by the expression 



where x^zjr and ds=dalr^. We may treat this final expression as if it referred 
to a circle of unit radius with an effective linear absorption coefficient fir. We 
then evaluate the integral for specific values of fir and 9. 

In order to evaluate the integral (2), the cross-section of the specimen is 
divided into loci for which z (or at) is a constant. In figure 1, adapted from Blake*s 
paper, the loci are drawn at inteiv^als of 1. The integration, m the 

graphical solution, is then carried out by determining the areas between the loci 
with the aid of a planimeter, multiplying the area of each strip by and 
summing the results. The analytical approach achieves the same results by 
finding the equations to the loci and writing down the values of s and (ds/dx) 
as a senes m x. Bradley gives his results as tables of absolute values of 100 a 
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for different iir and 6 values, while Blake plots the ratios of a(0°)/a(9O®) 
against 0. This latter form of expression has the disadvantage of yielding only 
relative values of a. 

Now although the analytical and graphical methods described above yield 
the absorption factor, they do not, m diemselves, furnish a simple means of 
drawmg the line shapes. These Ime shapes are of fundamental importance, 
for It is essential to know just how far absorption influences the positions of the 
line peaks in making lattice-parameter determinations, and in the measurement 
of particle sizes and lattice distortion we must know all the factors which may or 
may not affect the angular spread of the lines 

We can derive the line shapes directly by means of a very simple strip method, 
assuming the radiation to be stnctly parallel, and from them determine the 
absorption factors with a high degree of accuracy. In practice, conditions 
of parallel radiation are not encountered, since the rays diverge from every 
point in the focal spot. The divergence, as far as the specimen is concerned, is 
very small, for the angle subtended by the specimen at any pomt in the focus is 
only of the order of 40 mmutes of arc. The absorption factor is not appreciably 
influenced by this divergence. However, as w^e shall see, the line shapes and 
the peak positions are influenced to a considerable extent by the divergence, 
for the radius of the camera is comparable with the specimen-focus distance. 

To determine the line shapes for divergent radiation, we have to modify 
the strip method and employ a line-contour matrix. This yields the line shape 
for a point focus, which is then suitably modified to take into account the finite 
size of the focal spot and the distribution of mtensity across it. 

§2. BASIC LINE-CONTOURS FOR PARALLEL RADIATION 
(a) Line contour and absotptton factor by the direct-stnp method 

In figure 2, the circle represents a cross-section through the specimen The 
parallel beam of radiation travelling in the direction XA completely bathes 
the specimen, and is diffracted through 26 in a direction parallel to the central 
ray AB. The example showm in the figure is drawn for 0 = 22J® and =20. 
It is clear that all the energj’ in the shaded region of the line-contour must have 
travelled from the shaded strip EF of the specimen. The total energy given 

by such a strip must clearly be proportional to J or to J e~**'^ds when 

referred to a umt circle. In practice, it is convenient to make the strips infinitely 
narrow when the integral taken along a chord such as EF yields the corresponding 
height of the stnp in the line-contour. These integrations are carried out by 
graphing the function on a large scale and determining the areas by counting 

squares. 

The accuracy with which the mtegrations yield the heights of the line elements 
depends, ultimately, on the accuracy with which the lengths p and q can be 
measured. This accuracy becomes all the more important as the value of fjur 
increases, for then falls rapidly and only the outer skin of the specimen is 
effective. As long as ]u.r<5, a circle 40 cm. m diameter suffices to represent the 
unit circle on which p and q are measured. 
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Chords EF were drawn across the unit circle at intervals of 2 cm. In the 
region of the peak, where additional accuracy was required, the chords were 
spaced at intervals of J cm. Starting at the ends F, where the specimen makes 
its major contribution to the line intensit)’’ and the need for accuracy is greatest, 
the chords were divided into 1-cm. intervals and the corresponding series of 
lengths p+q measured off. Smaller subdivisions were taken as required. 
Tables of were then constructed for each chord EF and for dtGFerent values 
of \hr and 0, maintaining five-figure accuracy throughout. Thus when the 
functions were plotted to a large scale for carrying out the integrations, it was 
possible to obtam an accuracy of at least ±i% for the ordinates of the line 
contours. 

The area of the basic line-contour is, of course, proportional to the intensity 
of the diffracted beam, while its outline gives the intensity distribution. When 
the value of /x, is zero, the contour becomes a semi-ellipse of axial ratio 2, with an 



Figure 2. Dxxect strip method of obtaxnsng Ixne-coiitout for parallel radiation. 

Drawn for 

area equal to that of the umt circle, ir. The absorption factor a for a given value 
of is thus the area under the basic line-contour divided by the factor w. 

The method mvolves a considerable amount of arithmetic and graphical 
work if high accuracy is aimed at. For the special cases of 5—0® and 90® it is 
possible to cut down the work appreciably without sacrificing any of the accuracy, 
since the integrations along the chords can be carried out directly. 

At 0®, the incident and reflected rays lie in the same straight line, and the 
total path jp+j is equal to the chord length. Thus the total contribution by a 
given chord of length c of the umt circle is simply equal to We can thus 

draw the contour of the diffraction line at 0° with a minimum of error by replacing 
all measurements of chord length and graphical integrations by direct 
calculation. 

At 5=90®, the reflected rays travel back along the mcident paths, and now 
p = q. The maximum distance traversed by a given ray is now twice the length 

of the chord whose mtegrated effect is or Thus 
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the ordinates ot the line-contour at 0=90" may also be computed without the 
need of intermediate graphical integrations* 

A comparison of our final results for the macro-absorption factors at 0, 22 J, 
45, 671 and 90^^ with those obtained by Bradley is made in table 1. On the 
whole the measure of agreement is exceptionally good. 


Table 1. Absorption factors 100 a when ftr<5 


O-OOOO 

0 = 



0 1464 

22^° 

0 5000 

45** 

0-8536 

671** 

1-0000 

90“ 

Strip 

method 

Bradley 

Strip 

method 

Bradley 

Stnp 

method 

Bradley 

Stnp 

method 

Bradley 

100 00 

100-00 

100 00 

100-00 

100 00 

100-00 

100-00 

100-00 

66-2 

66-0 

65-5 

65 5 

67 5 

67-5 

68-0 

68-0 

44-0 

44-2 

45-0 

44-8 

46-8 

47-8 

48 9 

49-0 

29-8 

29-8 

32-8 

32-5 

35-3 

35-4 

37-5 

37 S 

21-0 

20-95 

23-9 

24-2 

27-5 

27-85 

29 5 

29-5 

6-34 

6-35 

9-93 i 

10-05 

13-8 

13-84 

15-7 

15-67 

2-89 

2-885 

5-75 

5-82 

8-9 

8-89 

10 54 

10 54 

1-71 

1 706 

3-95 

4-02 

6-53 

6-53 

7 94 

7-94 

M9 

1 189 

2-96 

3-05 

5-14 

5-14 

6-35 

1 

6-35 



Bragg Angle 6 Degrees 

Figure 3. Ratio of absorption factors a (d")/a (90°). (F. C. Blake.) 
Circles 8ho^\ present set of results. 


We have ako expressed our results m the form oc(0°)/a(9O°), and plotted them 
on Blake’s curves, shovm in figure 3. The agreement is almost perfect except for 
when the points come appreciably higher 
The measure of agreement shown between calculations based on the strip 
xQiethod and the values of a given by Blake and Bradley is a verification of the 
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high accuracy with which the basic line-contours have been drawn. A set 
of these contours is illustrated in figure 4. For convenience of representation 
they have all been drawn the same height. The basal widths are on the same 
scale, being equal to 2r, the diameter of the specimen. When they appear to 
be much narrower, as, for example, when 6 = 45° and ftr=40, it is because the 
intensity falls steeply and the vertical scale is too small to reveal the weak tails 
on the lines. The numbers uppermost on the curves are the corresponding 
values of 100 a. These are proportional to the areas beneath the contours and 
give some idea of the magnification employed in plotting the contours of Imes 
with high values of fir. 




Figure 4. Basic line shapes of Debye-Scheirer lines with parallel radiation obtained widi the 

direct«strip method. 


(ft) Position of line peaks vdth parallel radiation 

The peaks of the lines are displaced from the central ray in the direction of 
greater 6 by a distance Ar along- the film. For parallel radiation and a given 
value of 6, Ar will be proportional to the radius of the specimen, provided 
is maintained constant. Thus it is convenient to express the peak displacement 
as a fraction of the radius Ar/r, and, since parallel radiation is employed, this 
fraction must be the same for all values of the camera radius R, Values of 
ISrjr are given at the base of the lines m figure 4. 
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For a line having a flat top, we have adopted the convention of referring 
Ar/r to the centre of the flat portion, as, for example, at 0 = 90®. When the 
line displays a definite peak, the measurement is taken at the point of maximum 
intensity. 0 = 0® represents a special case. Here the peak is at the centre for 

Table 2. Values of Ar/r for parallel radiation 


pr 

5=0® 

22 i° 

45® 

67i® 

00 

C/I 

0 

90® 

0 00 

0-00 



0-00 

0*00 

0*00 

0-25 

0-00 



0*24 

0-07* 

0*00 

0-50 

0-00 


0-47 

0*48 

0-22 

0*00 

0-75 

0-72* 

0-725 

0*64 

0-64 

0*50 

0-00 

1-00 

0-8S 

0*78 

0-72* 

0-73 


0-00 

2-00 

0-97 

0-90 

0*87 

0-90 

0*90 

0-00 

3-00 

0-98 

0*94 

0*92 

0-96 

0*97 

0-00 

4-00 

0*988 

0*96 

0*95 

0-97* 

1*00 

0*00 

5-00 

0*99, 

0-97, 

0*97* 

0-985 

1-00 

0*00 

00 

1*00 

1*00 

1-00 

1-00 

1*00 

0*00 



lO 20 40 50 50 ■'O 80 

Anqie 6 Degrees 


Figure 5. Values of Jr/r as a function of par and Bragg angle B 
Calculated for parallel radiation. 

fir=0. A& (ir increase, th.e contour flattens out and then becomes slightly 
depressed at [tr^O-5. The line suddenly switches over from having one peak 
to having two, which lie close to the outra: edges of the line. Near the value of 
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lir=0-5, when the change-over is on the point of taking place, the position of the 
peak is indeterminate. 

Values of Ar/r are given in table 2. Between 67^® and 90° the values fall 
rapidly to zero. This angular region is of particular importance in lattice- 
parameter determinations, for the resolving power of the powder diagram 
increases as tanff. The maximum value of 0 recorded in cylindrical cameras 
rarely exceeds 86°. The line-contours for 0=85° were therefore calculated, 
and values of Ar/r obtained from them to bridge the gap between 67J° and 90°. 
These values are also recorded in the table. 

Figure 5 illustrates the remarkable variations of Ar/r much more clearly than 
the table. At angles below 22J° the positions of the peaks for /^r<0-75 are 
difficult to determine even with very accurately drawn contours. Between 
80° and 90° the curves suddenly fall to zero and make interpolation in this region 
very difficult. 

§3 BASIC LINE-CONTOURS FOR RADIATION DIVERGING 
FROM A POINT SOURCE 

When we consider the line-contours for divergent radiation, we find that, 
except for the special cases of 0=0° and 90°, they cannot be derived from the 
contours for parallel radiation by any simple geometrical construction. The 
contours of the lines now become dependent on the camera radius R, and the 
specimen-focus distance AX in addition to 0 and lar. We shall find that as 
long as the focus may be regarded as a point source, the dimensions of the line- 
contour will change in proportion to r provided fur is maintained at the same 
value and the other variables are unchanged. When the focus becomes finite, 
the proportions of the line-contour then change according to the ratio : size of 
focal spot/radius of specimen. 

In our analysis we have considered two sizes of camera, namely, cylindrical 
cameras of radius i?=950 mm. and 4500 mm. For these cameras, specimen- 
focus distances of 150 mm. and 100 mm respectively have been taken as values 
most nearly realized in practice. 

In figure 6, X represents the pomt source, radiation from which completely 
bathes the specimen. We may divide the specimen into strips EF, which subtend 
equal an gles at the point X. Smce, for a specimen of 1 mm. radius at a distance 
AX» 150 mm., the total angle subtended by the specimen is only 2/150 radian, 
or 0°*76 approximately, these narrow strips may be considered as rectangles 
tilted slightly with respect to each other. 

The rays diffracted from the strip EF through an angle 2JB will strike the film 
over the range GH with an intensity distnbution shown schematically by the 
shaded area. This distribution is easily obtained from the tabulated values of 
obtained for parallel radiation. We then have to determine the relative 
positions on the film of the contributions from strips such as EF. This is done 
by ci»l^”lgfing the exact location of points G with respect to B, the point where 
the central ray, unaffected by divergence, strikes the film. The overlapping 
contributions from EF and from the central strip are shown (not to scale) in the 
figure. 

PKVS. SOO-LVII, a 
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To compute the ordinates which yield the line-contour, we proceed as follows. 
We divide the basic circle into twentj' parallel stnps and plot graphs of the 
functions for each of the strips. (These were already available from the 

previous work for parallel radiation.) Starting with the graph for the outermost 
strip near the peak, we read off values of at set mtervals and write these 

down in a row. We than calculate the position of G, the origin of the next 
strip, and commence reading values from the appropriate curve of at 

positions which coincide with the intervals in the preceding strip. These 
numbers form the next row of figures Proceeding in this manner for all the 
chords EF, we build up the Une-contout matrix. Such a matrix for R — 45-0 mm , 
AX= 1000 mm. and fi.r=2-Q for ^=45° is shown in figure 7. 

The figures along each horizontal row of the matrix correspond to the energy 
contributions given by each stnp EF, and the envelope of the matrix corresponds 
to the relative positions of the terminal points GH of the strip contributions. 
The ordinates of the basic line-contour are then obtained by graphing the numbers 



Figure 6 Construction of basic line*contour for divergent radiation 


in the vertical columns and finding the areas beneath the curves. This yields 
a much greater degree of accuracy than is to be obtained by simply ndriing the 
numbers together. In the region of the peak, the vertical columns are ta Vn 
at J and J intervals in order to determine the peak positions withgreater accuracy. 
For the sake of clari^, these extra columns have been omitted from the diagram. 

In figure 8 we give a comparison of line-contours for parallel radiation and for a 
point focus when R= 95*0 mm., AX = 150 mm., and jtir=2 0. For convenience 
of reproduction they are all drawn to the same maximum height. At angles 
below 0=45“ the lines from the point focus are broadened, while above 45'’ there 
is a marked focusing effect and the lines are sharpened. At 0° the horizontal 


dimensions are increased by a factor ^1 + while at 90° they are reduced 
in the ratio • Despite these dimensional changes, the final areas 


und^r the contours, and, therefore, the absorption factors, must remain unchanged. 
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Figure 7- Operation of liue-contour by means of a contour-znatnx. 
Drawn for 0*45®, ;w*=2*0, i^=45-0 mm., AX=* 100-0 mm. and for point focus. 


Figure 8, Companson of basic Ime-contours for parallel radiation and for point focus. 
Prawn for AX =*150-0 nun., /^s«95-0 nun., firs*=2-0. 

9-a 
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for the summations for divergent radiation must be the same as for parallel 
radiation. All we have done is to change the order m which the summations 
are earned out. This result agrees with the anahtical expression of Rusterholz 
(1931) when the divergence is small. 

If we increase the radius r of the specimen, we increase the lengths of the 
rows in the matrix m proportion. We also increase the angle subtended by the 


Table 3. Values of Ar/r for divergent radiation 

Small camera of radius JRi=45*0 mm. 

Focus.specimen distance AX=100"0 mm. 



c 

o o 

0-1464 

22 i‘ 

0-5000 

45" 

0-8536 

67*" 

1-0000 

90" 


0-00 

0-00 

0-00 


0-00 

0-25 

0-00 

0-36 

0-30 

0-15. 

0-00 

0-50 

0-00 

0-695 

0-55 

0-28 

0-00 

0-7S 

I'OSo 

0-956 

0-72 

0-38 

0-00 


1-23, 

1*09 

0-836 

0-46 

0-00 


1-40, 

1-25 

1-00 

0*63 

0-00 

3-00 

1-42 

1-30 

1 -02, 

0-71 

0-00 

4-00 

1-435 

1-33 

1-05 

0-73 

0-00 

5-00 

1-44 

l-33e 

1-06 

0-73* 

0-00 

00 

1 45o 

1-34, 

1 

1-096 

0-75* 

0-00 


Table 4. Values of Ar^r for divergent radiation 

Large camera of radius JR=95’0 mm 
Focus-specimen distance ,AfC=lS0*0mm. 



0 

0 

0-1464 

22 *“ 

0-5000 

45" 

0-8536 

67*“ 

1-0000 

90" 

0-00 

000 

0-00 

0-00 

0-00 

0-00 

0-25 

0-00 

0-54 

0-44 

0-23 

0-00 

0-50 

0-00 

0-96 

0-76 

0-41 

0-00 

0-75 

M8s 

l-81i 

0-90 

0-496 

0-00 

1-00 

1-39 

1-28 

0-97 

0-55 

0-00 

2-00 

1-58b 

1-40 

1-06 

0-62 

0-00 

3-00 

1-60 

1 45 

1-076 

0-656 

0 00 

4-00 

1-615 

1-46 

1-12 

0 -66, 

0 00 

5-00 

1-62* 

1 47 

i 1-13 

0 68 

0-00 

00 

•635 

1 51 

1 MSh 

i 

0-71 i 

, 0-00 

! 


Specimen in the same ratio, and so the matnx rows move a proportional amount 
relative to each other. In other words, it is as if the matrix were drawn out on a 
sheet of ela^c which can be stretched horizontally in proportion to the radius 
of the specimen. If, therefore, we keep (ir constant while at the same time 
increasing r, by diluting the specimen, the numbers in the matrix remain exactly 
the same, and the line-contour retains the sanje relative proportions. Thus 
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the displacement oi the peak Ar from the central ray PB in figure 6 is directly pro¬ 
portional to the radius of the specimen. Thus the ratio \r,r is constant for a 
given set of conditions for all values of the radius r, provided (ir is kept the same. 
This breaks down in the case of a finite focus. 

Values of Ai/r for divergent radiation for two standard camera sizes are given 
m tables 3 and 4. 

The variations m Ar^i with p.} for different values of 6 are best followed 
fromfigures 9 and 10. The run ofthese curves is totally different from those shown 
in figure 5 for parallel radiation, being almost linear in the range from 0=45° to 
ti =90\ For jur <0 75 and B <22^° the curves drop suddenly to the ongm. The 
precise positions of the peaks m this region are difficult to determme with accuracy, 
and the Ar/r curves are drawn dotted to suggest their probable courses. When 
pr becomes greater than 10, the curves of Ar/r crowd together very rapidly on 
the limitii^ curve for /tr=oo. Values of Ar/r for jitr=oo are easily determined, 
for they coincide with the h^^h-angle outer edge of the line-contour matrices. 

§4. MODIFIED LINE-CONTOURS 

In the above derivations of the basic hne-contours we have chosen a set of 
highly idealized conditions. In practice, neither a truly point source nor an 
exactly parallel beam of x rays is encountered. Moreover, the monochromatic 
beam we tachly assumed to exist occupies in reality a definite, though very narrow, 
wave-band. We have also assumed the reflecting crystals to be perfect and to 
reflect the incident radiation over a negligibly small range of 0. When the 
crystals are very small (~10~®cm.) or distorted, there is an additional angular 
spread which may be many degrees, correspondmg to several millimetres spread 
on the powder diagram. Finally, when the line is nucrophotometered, we have 
to consider the effect of the finite slit in the instrument and the characteristic 
curve of the film emulsion. All we can do here is to indicate which factors are 
operative, and we shall limit ourselves to the effects produced by the focal spot 
and the photometer slit upon the basic line shapes. 

(a) Effectof focal spot 

In the majority of crystallographic tubes, the focal spot is in the form of a 
horizontal bar with approximate c^ensions 8-0 x 1*0 mm. The beam is taken 
off at an angle of 5° to 10°, thus foreshortemng the focus to an effective area 
cs 1 mm. square. Treatmg each point in the focus as a source of divergent rays, 
each pomt will give rise to a basic line-contour shghtly displaced from itsneighbour 
on the x-ray film. The final line shape is the integrated effect of all these 
contours. 

We shall consider the case of J?=95 0 mm. and AX =150 Tnm. A focus with 
projected area 1 mm. square corresponds to a movement of a basic line along 
the film of 95 x 1/150= 0-633 mm. For simphcity of calculation we shall assume 
the focus to be slightly smaller than this 1 mm. and make the movement across 
the film, 0*60 mm. 

We shall first take the case of a focus with a uniform distribution of energy. 
The basic line will move through a distance of ± 0-3 mm. on each side of its 
mean position as shown in figure 11 (d), drawn for ^=2-0, r=0-25 mm., 0»22|° 
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The net effect of the movement is the line-contour shown above it m figure 11 (c). 
The ordinates of the final contour were obtained by forming a matrix having 
25 horizontal rows, each row bemg displaced through an amount equal to 
060/24 mm. with respect to its neighbour. The final line shape is now quite 
different in appearance from the basic line-contour, and the displacement of 
the peak from the central ray is also very much smaller. Had the focus been 
broader still, the top of the hne would have developed a flat central portion. 

In figure 11 (a) we illustrate the effect of an energy distribution of the form 
across the focal spot. Some of the components of the line at 6=22^° 
for fir—2-0 and r—0-25 mm. are showm in figure 11 (b)to illustrate the build-up. 



o 'O ?0 30 *C 50 60 70 80 9C 

Braao Angie B Degrees 

Figure 13 Values of peak displacement Ar mm for different types of focus. 

For jR=95 0 mm., AX=15Q 0 mm, r=0 25 mm. and /£i'=2*0. 

which was carried out, as in the previous example, by for ming a 25-row line- 
contour matrix. This line shape corresponds quite closely to the shape found 
in practice 

A comparison of the Ime shapes when AX=150 mm., i? = 95 mm., fir=2-0 
and r=0-25 obtained for uniform and exponential foci is made in figure 12. The 
effect of crystal imperfection and the finite width of the wave-band employed will 
be to broaden out the lines still further. These corrections have not been applied 
as they vary from case to case. 

In table 5 is shown how the experimental conditions influence the peak posi¬ 
tions. We see that a uniform focus produces least movement of the peak from 
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the central ray, but the line shape is bad for satisfactory resolution of the spectra. 
Parallel radiation gives the sharpest peaks, but the lines are very asymmetrical. 
The line shapes for the exponential focus are by far the most symmetrical, and 
their well-defined peaks suffer rather less displacement than those for the point 
focus. The line shapes also correspond most closely to those found in practice. 


Table 5. Values of Ar(mm.) for different types of focus 
For 95*00101., AX=lS0iDm., r=O*250im., /ir=2 0. 


Radiation 

o 

O 

II 

22 i“ 

45* 

67i'’ 

90* 

Parallel 

0-243 

0 -22S 

0*218 

0-225 

0-000 

Point source 

0*396 

0-350 

0*265 

0-155 

0-000 

Uniform source 

0-105 

0*080 

0*050 

0-030 

0-000 

Exponential source 

0-300 

0 275 

0*205 

0-100 

0-000 


Plots of Ar against Bragg angle B are shown in figure 13. Curve (d) for the 
uniform focus is interesting, for it reveals an almost perfectly linear relation 
between Ar and 6 for the conditions set forth m the calculation. Curves (a) and 
(£) for point and exponential foci are almost linear from 45° to 90°. 

(6) Effect of finite nncrophaUymeter sEt 

When measuring the intensities of the spectrum lines, or their half-peak 
widths, a microphotometer is generally employed. The density of photographic 
blackening B is a measure of the x-ray intensity incident on that portion of the 
film where the measurement is made. For the relatively high densities obtained 
in x-ray diffraction work an absorption microphotometer is used. In such an 
instrument, the image of an incandescent source is focused on the film and the 
transmitted rays of light are then focused on to a narrow slit stationed in front 
of a photo-electric cell which registers the amount of transmitted light. The 
effective slit-width usually corresponds to 010 mm. of film, and the film is moved 
in steps of 010 mm., taking readings m each position. These readings, translated 
mto units of photographic density B, give a curve representative of the energy 
distribution in the spectrum lines. For Debye-Scherrer work the Dobson type 
of microphotometer is perhaps the most satisfactory, as it yields values of B 
directly (Taylor, 1945). 

If the slit is made too wide, resolving power is lost, whereas if it is made too 
narrow, the grain in the emulsion tends to be exa^erated. These practical 
considerations restrict the dimensions of the photometer slit within %vell-defined 
limits, and we must see what effect it has on the line shapes. 

If the intensity of the light beam focused on the point x of density B* is *o, the 
amount i transmitted through the film is given by the expression If 

the finite sht lies with its centre at x, the instrument readmg will only be an average 
value B if there is a density gradient across it. It can easily be shown that 
B=logg (l// e~^i!dx^, where the integration (performed graphically) is taken 
over the slit width. 
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la figure 14 we have chosen the hne-contours for =45 and d = 22^° to illustrate 
the effect of a slit 010 ram. wide. We find that the lines are slightly broadened 
at the ha&e while the steeply rising portions are appreciably reduced in intensity. 
This has the effect of reducing the peak height and reducing the line width without 
affecting the peak position in curve A for 22] while in B, where the density 
falls sharply on one side of the maximum, there is a marked rounding-off of the 
peak, and the peak position is displaced away from the steep portion of the 
curve. 



A. 0=45®, ftr=2'0, exponential focus 

B. fjar^2 0, uniform focus. 

jRs=95 0 mm., AX=150'0 mm,, r=0'25 mm 


Provided th?t the photometer slit is not too wide in relation to the width of 
the line, its effect on line shape will be relatively small. Assuming the crystals 
themselves do not produce an excessive amount of broadening, due to lattice dis* 
tortion or small grain size, the distribution of the energy in the focal spot will 
produce the most important modifications in the basic line-contours. This 
energy distribution is most easily obtamed by taking a pin-hole ’’ photograph 
of the focal spot. 

§5. THE INFLUENCE OF LINE SHAPE UPON THE DETER¬ 
MINATION OF LATTICE PARAMETERS 

We have seen that absorption tends to move the peaks m a direction of increas¬ 
ing by amounts depending on the experimental conditions. This, in turn, 
considerably influences the value of the lattice parameters computed from the 
corresponding 0 values of the peaks. To elimmate the errors due to absorption 
and the displacement of the specimen from the geometrical centre of the camera, 
various extrapolation methods have been devised which make full use of the 
high-angle reflexions for which the resolving power of the powder photograph is 

Briefly, values of the lattice parameter a obtained from the observed value of 
6 are plotted s^ainst corresponding values of cos* 6, cot 6 or {n]2-6) cot 0. 




Absorption in Debye-Scherrer pozvder photographs 


1^5 


The value obtained by extrapolation against the selected function of y —90^ 
IS substantially free from error. A small correction, approximately one part 
in 50,000, IS added to the parameter to correct for refractivity. 

Most generally used is the plot of parameter against cos^ d with extrapolation 
to cos^ 6-0. Considerations of the curves for Ar/r show that plot to be eminently 
suitable for lattice-parameter determinations when there are sufficient reflexions 
above 45°, Further consideration shows that if the parameters are plotted against 

1 ^ a perfectly straight line plot is obtained from 5—0° to 

0 = 90°, provided the focus takes the form ^“^'**®* and the specimen is accurately 
centred in the camera.* In this case one high-order reflexion in the region of 
0 = 70 to 80° and a very low-order reflexion, 0£:iilO°,are sufficient to obtain che 
very highest accuracy in parameter. This important result, and other extrapolation 
possibilities, are discussed m a later communication. 


§6. CONCLUSIONS 

It has been shown possible to draw the contours of Debye-Scherrer lines for 
conditions of parallel and divergent radiation, and to obtain from them the macro- 
absorption factors X with a high degree of accuracy. The distribution of energy 
in the focal spot was shown to exert a considerable influence on the ultimate line 
shape, while the effect of the photometer slit was relatively small, though by no 
means negligible. The accurate determination of peak displacements leads to 
new forms of lattice-parameter extrapolation curves. 
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ON THE DETERMINATION OF LATTICE 
PARAMETERS BY THE DEBYE - SCHERRER 

METHOD 
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Commiuncated by Sir Laurence Braggs FRS ; MS, received 23 October 1944 

ABSTRACT The t>’pes of systematic error arising in the determination of lattice 
parameters by the use of Debye-Scherrer powder diagrams are discussed. The various 
extrapolation methods are reviewed, and it is shown how a consideration of the absorption 
factor and geometry of the focal spot lead to the most satisfactory forms of extrapolation 
curve. It IS shown how' the absence of specimen eccentricity enables perfectly linear 
extrapolation curves to be drawn, thus allowmg fullest use to be made of low-angle 
reflexions whereby the very highest accuracy m parameter determmation may be achieved. 


§1. THE DETERMINATION OF LATTICE PARAMETERS 


C ircular Debye-Scherrer powder cameras are most conveniently used 
in the identification of compounds and alloy phases. When the structures 
have relatively high symmetry, powder photographs may also be employed 
for the elucidation of their atomic arrangements. At some stage of the work, 
particularly in the case of alloys when the course of a phase boundary is being 
followed, it becomes necessary to make precision measurements on the dimensions 
of the unit cell. If the Debye-Scherrer camera has been satisfactorily designed, 
It is possible to record difiEraction spectra at Bragg angles in the region of 85 to 86'. 
It is then possible to achieve an accuracy in lattice-parameter measurement com¬ 
parable with that yielded by flat-film back-reflexion cameras recording only a 
limited portion of the diffraction pattern. 

All parameter determinations by x-ray methods involve the denvation of the 
Bragg angle 6 for a given set of reflecting planes from measurements on the peak 
positions of the diffraction spectra. These peak positions are very sensitive to 
the experimental conditions which introduce various systematic errors into the 
parameter determinations. In our discussion, we shall consider only cubic 
crystals, and thus confine ourselves to one lattice parameter, although the methods 
under consideration can, in many cases, be applied to more compheated unit 
cells. 

For a cubic crystal, the lattice parameter a is related to the wave-length within 
the crystal of the radiation A, the Bragg angle $, and the indices of reflexion hkl, 
by the equation 

A Vh^+I^ + P 

““2 Sind ' .W 

The fractional error in a, caused by errors in measunng d, is obtained by 
differentiating equation (1), and is 

— ^-cotede. .( 2 ) 
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Thus in the region where d approaches 90®, cot 6 tends to zero, and any error 
in measuring 6 produces only a small vanation in the lattice parameter. In 
aiming at the highest accuracy m parameter determination, it is thus essential 
to design a camera which will record as high a Bragg angle as possible, and to 
choose a radiation which will give spectra at a high Bragg angle. 

If R is the camera radius and S the distance between corresponding reflexions 
on each side of the incident ray, 


Hence 


so that dS^^Rde. 


da cot0 

— = — 
a AR 


(3) 


The errors dS which arise from the experimental conditions may be classifled 
under the following headings :— 

(a) Finite length of specimen irradiated by the beam 

(b) Film shrinkage. 

(c) Refractive index of the crystal for x rays 

(d) Eccentricity of the specimen. 

(e) Absorption of the beam within the specimen. 

A. J. Bradley and A. H. Jay (1932) have shown that the error in lattice para¬ 
meter caused by (a) is negligibly small. They eliminate the effects of (uniform) 
film shrinkage by fitting the camera with knife-edges which subtend a standard 
angle 0* in the region of 0=90®. is obtained by measuring the camera directly 
or by taking a photograph of a standard material such as rock-salt or quartz for 
which the angles of reflexion are known to a very high accuracy (Bradley and 
Jay, 1933; Wilson and Lipson, 1941). The angle ff of any pair of lines on the 
film is related to S, the distance between the lines, by the relation = 
where aS* is the distance apart of the fiducial marks on the film produced by 
the knife-edge shadows. 

The correction for refractive index is very small, being of the order of one 
part in 50,000. This is added to the final value of the lattice parameter (Weigle, 
1934 ; Jette and Foote, 1935). 

The errors in lattice parameter mtroduced by the eccentricity of the specimen 
and by absorption are most easily elimmated by extrapolation methods making 
use of high-angle reflexions where the resolving power of the powder photograph 
IS greatest and errors in ff least. The simplest of these methods was described 
by G. Kettman (1929), who plotted values of lattice parameter a calculated for 
each line on the film against corresponding values of Bragg angle ff. A smooth 
curve was drawn through the points, and by extrapolating to 0 = 90®, a value of 
a was obtained largely freed from experimental error. A similar process is 
described by Bradley and Jay, who plot values of a against the corresponding 
values of cos^ff and extrapolate to cos^5 = 0 Extrapolations may also be carried 
out against cot0 or (7r/2 — ff) cotff, as pointed out by Buerger (1942). 

All these methods of graphical extrapolation yield slightly different values 
of a. The source of the differences lies m not really knowing the exact equation 
of the function plotted and trying to eliminate the effects of absorption and 
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eccentricity with one and the same extrapolation curve Although the errors 
vanish when ^=90°, and therefore when cos®0, cot 5 and («’;2 —0) cot 0=0, 
the highest angle at which a line can be measured is set by the geometry of the 
camera and the wave-length of the radiation, and this at^le is in the region of 
cSO to 85'. Because the extrapolation curves have different shapes, and the 
distances over which the extrapolations are carried out differ greatly, they cut 
the a-parameter axis in different places. To decide which form of the extra¬ 
polation curve we should take we must see how the line-contours and the 
eccentricity of the specimen influence the peak positions. 

§2 ERRORS PRODUCED BY ECCENTRICITY AND ABSORPTION 
(a) Errors produced by eccenirictty 

In {a) of figure 1 the specimen B is displaced from the centre of the camera A 
through the distance^ at an angle 4> with respect to the incident beam. Bradley and 
Jay (1932) have shown that the displacement may be considered as a vector split 
into the two components psin^ and pcos^, as shown m (6) and (c) of figure 1. 



(a) (&) (0 

Figure 1* Effect of specimen eccentnchy on line position. 
(After A. J. Bradley and A. H. Jay, Proc, Phys Soc 44, 563,1932.) 


The former displacement produces a change in iS of —^+AS=0, while the 
latter produces a net change of — AS—AS = - AS,^= 2p cos <f> sin 20 in the value 
of S. Thus, in considering the errors introduced by the eccentricity of the 
specimen, we find that only displacements along the line of the undeviated incident 
beam have any effect. 

(b) Errors produced by absorption 

In a previous communication (1945) we showed how absorption displaced 
the peaks of the lines in the direction of greater 0 by an amoimt which depended 
on the experimental conditions. If Ar is the shift of a diffraction Ime due to 
absorption alone, the error in S must be £iS„ — 2Ar, considering the two 
symmetrical portions of the film lying on each side of the incident ray. Hence 
the total line displacement due to absorption and eccentricity is 

A5=AS«+AS«e 

=2Ar—2p cosp sm 20. 


.(4) 



129 


On the determination of lattice parameters 


The corresponding error in lattice parameter is, therefore. 


da 

a 


4jjCot^ 


= — (2Ar—2/>cos^sm20) cot0 

— cot6+ cos^ 6. . (5) 

Thus when ff tends to 90°, cot 0, cos® 0, and also Ar, all tend to zero, and, therefore, 
at 5=90°, daja—0. To determine the most satisfactory form of extrapolation 
curve, we must obtam an ^pression for the vanation of Ar with 0. 


§3 FORMS OF EXTRAPOLATION CURVE 

(a) The Bradley and Jay cos^0 extrapolation 

In f^re 2 we show curves of Ar for diflFerent types of tube focus covering the 
range from 5=0 to 90°. They have been drawn for a Debye-Scherrer camera of 
radius i?=95*0 mm. and a distance AX of 150 mm. between the specimen 



Figuie 2. Values oi Ar for different types of focus. 

Full curves are those obtained from the line contours calculated for camera radius il~95 0 mm., 
specimen-focus distance AX = 150*0 mm, specimen radius r—0 25 mm., /Ltr~2 0. 
Points are values obtamed by empirical formulae 

and focus. The radius of the specimen, r, was taken to be 025 mm., a figure 
quite close to the one occurring in practice. The value /ir=20 was taken, the 
line-contours for this case being the ones most accurately determined. It should 
he borne m mind that Ar does not vary a great deal between the values pr= 10 
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and nr<=oo although, of course, the macro-absorption factor ac varies quite 
considerably. 

At* 

If vire compute the values of ^ cot 6 for the cases of divergent radiation from 


uniform, exponential and point foci, we find they plot as near-lmear functions of 
coB^d over the limited range from 60 to 90°. The R.H.S. of equation (5) is thus 
a near-linear function of cos® 6. By plotting a against cos® 6, it is possible to obtain 
almost straight extrapolation curves w^h simultaneously eliminate eccen¬ 
tricity and absorption errors. Provided we have su^cient spectra in the high- 
angle region, the cos® 6 extrapolation would seem to be the best one to use. 

The possible case of parallel radiation is worthy of mention as it may arise 
if a perfect crystal is used as a means of producing monochromatic radiation. 

The term ^ cot 6 is then no longer a linear function of cos®fl, because of the 


abrupt manner in which Ar falls to zero between 85 and 90°. In such an instance 
the Bradley and Jay extrapolation against cos®^ will no longer apply, and it then 
becomes necessary to correct all individual values of S by the amount Ar before 
computing the values of 9. The residual error in a would then be entirely due 

da pcosi 

to the eccentricity factor alone and would simply be — --— cos®0, which 


plots as a straight fine against cos®d. 

For comparison purposes it is easiest to plot curves of daja rather than a 
against cos®/?. These are shown in figure 3 for conditions of parallel radiation 
and divergent radiation. The values for the eccentncity in each example are 
/>cos^=0and ±0-5 mm. 

For parallel radiation, the curves show a sudden upward inflexion below 
cos® 0=0 025, which corresponds to the sudden change m Ar m the range 
85°<0<9O°. For divergent radiation, the extrapolation curves are very slightly 
convex upwards and are almost straight for the case of a uniform focus. This is 
no longer true if the plots are made against 0 or cot 0 unless p cos ^=0. 

In their original derivation of the cos® 0 extrapolation rule, Bradley and Jay 
take an extreme case by assuming /xr=oo and a point focus. The positions of 
the peaks are assumed to be near the high-angle outer edge of the lines at a frac¬ 
tional distance 


Ar sin20/'^ R \ 
r~U9 


( 6 ) 


from the central ray. No formal proof is given for this relation, its sole justi¬ 
fication apparently lying in the fact that when added to the eccentncity correction 
one arrives at the expression 


^ _ /pcos^ _ _!L _ _l\ n\ 

a~\ R 2J9R 20AX/‘^°®^’ . 

which plots almost linearly agamst cos®0. 

Equation (6) gives results for Ar/r rather different from our own, which are 
obtained directly from the Ime-contours. In the following table we make a 
comparison of Arlr calculated from equation (6) and the line-contour method 
for a point focus when JR=95 mm., AX = 150 mm. and /tr=oo. 
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Comparison of Ar/r with 00 and point focus 


«n 

0 

22i 

45 

50 

60 

70 

80 

90 

Bradley and Jay 

1-635 

1-432 

1 042 

0 930 

0-670 

0-430 

0-225 

0-000 

Contour method 

1-635 

1-510 

1 185 

1 115 

0-910 

0-665 

0-370 

0-000 



Figure 3. Plots ot dafa against cos** b, 

(A) ~ ^ ^ ( — Jr cot 0 rp cos ^ cos® d), 

(B) ^ ^ ^(—/Ircot«), 

(C) ^ ^ ^ cos ^ COS'* ^), 

with AX«150-0 mm., i2«95-0 mm , r=^0-25 mm., Mr=2-0, cos^«0 and JbO-S mm 
PHY3. SOC. LVII, a T, 
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Although Bradley and Jay’s results diflFer appreciably from our own, they 
follow substantially the same course, and it is for this reason that their approxi¬ 
mation works. Their theory does not mclude the effects of a finite focal spot, 
which, as we have seen, has a major influence on the final positions of the peaks 
Our investigation has shown that m the real case of a finite focus, the extrapolations 
agamst oos^d actually plot straighter than those given by the origmal theory for 
all values of hO. 

(b) Other extrapolation possibilities—uniform foctis^ no eccentricity 

We have seen how over the limited range extending from 0 = 60 to 90°, the 
term \r 2R cot 6 of equation (5) was a near-linear function of cos^^ This 
leads us to examine the curves of Ar against 6 to see if we can express them as 
simple trigonometrical functions. 

Consider first of all curve (d) in fig. 2, which refers to a uniform focus. This 
IS a straight line, and its equation is of the form 

Ar=ife(^/2^0). .(8) 

Thus m the absence of eccentricity, equation (5) reduces to the very simple 
form 

^^-^i‘>r:2-d)cote. .(9) 

If, then the focal spot were uniform, as would most likely be the case in a gas 
tube, and if the camera were so accurately constructed that the specimen holder 
were at its geometrical centre, then the correct extrapolation procedure to use 
would be to plot a agamst the function (7r/2—0) cot 0. This would be a perfectly 
straight-line plot from 0 to 90°, and two reflexions, one m the region of 80° and 
one in the low orders, say 10 to 20°, would be quite sufficient to yield a high 
enough accuracy in the parameter determmation. This opens up entirely neiv 
possibilities in the accurate determination of the lattice parameters of non-cubic 
crystals when very few suitable reflexions are available. 


Exponential focus 

The exponential focus with an mtensity distribution of the form is 

probably the most prevalent type. The nature of the Ar curve given by such a 
focus is illustrated by (6) in figure 2. This curv^e can be matched exactly by the 
expression 

-.A(cos9+5£f). .(10) 


where k = 0*15 for the experimental conditions considered. 
In the absence of eccentricity we have 


da 

a 



cat 9 


k /cos*5 co^9\ 


(11) 
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In this particular case of exponential focus and no eccentricity, we obtain a 
perfectly linear extrapolation curve between 0 = 0 ° and 6= 90 ° if we plot a against 

1 ( COS^ & cos^ 

coirespondmg values of 7 ^ I «i- j—j This plot should be even more 

valuable than the previous example given in equation (9), since an exponential 
focus is much more likely to be encountered m practice. 


coi’i 


COT a 



Figure 4 Typical extrapolation cur\^es for exponential focus. 

Camera tadius J?=95 0 mm 
Specunen-focus distance AX =150 0 mm 
Specimen radius r=0 25 mm. , fir^2 0 
(fl) p cos ^5=0'50 mm. 

(6) No eccentricity, or p cos <$=0 mm. 

(c) cos —0-50 mm. 

When eccentricity is present, the error curve takes the form 

da k cos^0\ . , 

T “ ■ + ~r) +2/>cos^cos-0.(12) 

This departs quite appreciably from the curve of equation (11) if plotted against 

1 /cos*0 cos®fl\ , n ^ 

2 ( ^—gn J ^ shown m figure 4 (drawn for pcos^= ±U5 mm.). The 


lo-a 




134 


A. Taylor and H. Sinclair 


curvature is rather exaggerated ,by the crowding of the high-order reflexions into 
a region very close to the axis of ordmates. 

If we increase the horizontal scale until it is comparable with that for the 
cos^fl plot, we find that m the range 30 to 90° the curves are not very different 
from each other. The great advant^e to be gained by plotting a against 


1 /cos'ty COS'S\ 

2 \sinfl ^ d ) 


is that m the absence of eccentricity the curve becomes a 


perfectly straight line and the fullest use can be made of the lowest orders. 

It should not be difficult to make cameras free from eccentricity. Should 

eccentricity be present in an existing camera, it could be allowed for in the first 

stages of the 6 calculations by correcting all values of S by the amoimt 

—2p cos 6 sin 26. The magnitude 2p cos is a constant of the camera. 

It could be obtamed by direct measurement or by plotting extrapolation curves 

for a cubic crystal and finding by trial a value of 2 p cos <ft, which leads to a straight- 

, , , .1 /cos®fl cos®6\ 

line plot of a against ^ ^ + —j. 


Point focus 

This IS an idealized case. The Ar curve illustrated by {ctj in figure 2 can be 
matched over the range 60 to 90° by the expression 

Ar«*cose, .(13) 


Thus, m the absence of eccentricity, 

da 

a "" 


kcosB 


2R 
k 

ZR sind 


.cotfl 


(14) 


and a plot of parameter i^ainst -v" ^ is perfectly linear over the range 60 to 90°. 


Since sm 6 changes very slowly, from 0 8660 to 1-0000 over this range, there is only 
a slight curvature in a cos^d plot. This is, of course, the reason why Bradley 
and Jay’s extrapolation proves to be so good. 

An attempt was made to fit an expression of the form Ar=A 

to the Ar curve for the pomt focus. The calculated points shown by triangles 
in figure 2 are rather high m the low orders and low in the high orders, with coin¬ 
cidences at 0°, 45° and 90°. The agreement is sufficiently close, even in this case, 


f . sin2fl\ 
^cos0+-^j 


to justify an extrapolation of a against ^ 


cos^fl 

sin& 


cos^B\ 


§4 CONCLUSIONS 

With careful camera construction there should be no eccentricity of the 
specimen. In that event perfectly linear extrapolation-curves can be drawn 
covering the range 6=0° to 6=90° for the real cases of uniform and exponential 
foci. Which type of plot should be used can easily be ascertained by taking a 
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powder photograph of a cubic crystal, plotting extrapolation curves of a against 
(7r/2—0) cot^ and ^ 
plot over the whole measurable range. 

These straight-line extrapolation plots require fewer reflexions to obtain the 
same accuracy m spacmg as given by cos®0 curves, for the maximum use can 
be made of those low-order reflexions which lie in the region of 10°. Also, any 
“ scatter ’’ of the calculated parameters which personal errors introduce mto film 
measurement can easily be allowed for by usmg the method of least squares 
to derive the most probable straight-lme extrapolation curve. 

In the past it has proved very difficult to make accurate parameter measure¬ 
ments on non-cubic crystals owmg to the small number of reflexions with suitable 
indices. Instead, the complicated analytical method of M. U. Cohen (1935 
and 1936) had to be employed. The straight-line plots described above should 
remove these difficulties. 

It is felt that the new types of hnear extrapolation-curve will enable lattice 
parameters to be measured with a much higher degree of accuracy than the one 
part in 50,000 which has hitherto been possible. It is quite probable that m the 
near future a greater precision in the determination of the x-ray wave-lengths 
will be required if full use is to be made of the increased accuracy in spacing 
determination. It will also be more necessary than ever to keep the temperature 
of the specimen constant while the powder photograph is bemg taken. 


( sln^ + finding which gives a straight-line 
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ABSTRACT The mam theme of this paper is a description of the improvements 
introduced into our precision balance with the object of enhancing its already high 
sensitivity and thus ensure a correspondmg mcrease m accuracy m weighing. 

As a secondary objective we have mvestigated the claim made for highly pohshed 
rhodium-plated weights and have found that weights so protected are superior to all others 
we have critically esammed 


§1. INTRODUCTORY 

I N former papers’^ dealing with high-grade balances we have shown how 
certain of their inherent defects may be allowed for and a truer value obtained 
for any mass that is being weighed In this present paper is given an account 
of more recent refinements, the mtroduction of which have enabled us to attam 
a degree of accuracy for a long time elusive and but recently realized. It may 
be noted that since the positions of the riders are each read to 1/34 of a minor 
division of the beam, the smallest measurable difference in weight is (0 01/34 mg.). 
We now describe in detail (1) the several refinements mtroduced, and (2) how 
these enabled us to apply exacting tests as to the advantage foUowmg the use of 
rhodium-plated wdghts. 

§2. IMPROVEMENTS IN THE BALANCE 
Our most recent improvements are: 

(a) the substitution of a new scale for that engraved upon the beam; 

(j8) the use of pladuram wires for carrying the nders; 

(y) the employment of platinum wire gnds for ascertaining when the 
loaded pans possess a common temperature; 

(S) a screened bridge wire; and, finally, 

(e) a new cell for enclosing the pans. 

We describe the several changes in the order just given 
(a) Neto scale for the beam. For ensunng the highest order of accuracy in 
former researches it was necessary to calibrate the scale engraved upon the beam 
and apply corrections for various errors. To obviate this procedure, another 

• Phtlos. Tram. A, 210, 387-415 (1910) ; ibul. 212, 227-260 (1912) ; Proc Phys. Soc 39, 
pt. 5, 44 4 11 8 <1927) ; Proc Roy. Soe. A. 86, 591 (1912); " Balance”, m Thorpe’s Dirt, of 
Appbtd Chern,, new edition (1937), 
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scale free from measurable discrepancies was obtained as follows:—First a thin 
strip of aluminium having the appropriate width and length was prepared and 
three holes drilled in it; one of these was at the centre and one near each end; 
that at the centre just admitted the passage of a screw, whilst the other two were 
slightly elongated horizontally; this done, the required scale was engraved with 
the aid of a dividing engme adjustable to 0005 mm. and a lightly applied tool; 
the strip was then given a final polish and the scale calibrated with a travelling 
microscope. The result showed that within the limits of our measurements 
(0-005 mm.) the divisions were strictly equivalent. The scale was now secured 
to the beam by the central screw and the end screws driven so nearly home that 
although the strip made contact with the beam throughout, it was yet free to 
expand and contract consequent upon vanations in temperature. It will how¬ 
ever be granted that the slight difference m the expansions of aluminium and the 
phosphor-bronze composmg the beam is wholly negligible. 

(jS) The carnet wires far the riders. Hitherto the nders designated A and 5, 
the respective values of which are 10 and 1 mg., have been earned by platmum 
wires having a diameter of 0-1 mm. For these we have now substituted others 
of pladuram wire 007 mm. in diameter. It was found that the breaking load 
for this wire just exceeded 1 kg.; its tenacity was therefore 263, a value twice 
as great as that assigned to steel. The two wires were threaded through their 
respective riders, given the required, but not excessive, degree of tautness, and 
then, by means of nuts, permanently secured to the beam. 

(y) New pan arrestors. Before dealmg with our next innovation, we remark 
that for ensuring high precision m weighing, a close approach to equality in 
the temperature of any two masses under comparison must obtain. In general 
this demand is met by placing the balance in a room for which variations in 
temperature are both small and slow; but for precision of the highest order 
stnngent measures are imperative; and these must be such that we pass from 
assumption to certainty. The procedure was as follows. To begin with, the 
arrestors in use until now were in their entirety discarded for others constructed 
as shown in figure 1. Here the head h consists of a shallow brass cell having a 
copper cover c accurately fitting a recess. Two short quartz tubes, pass 
through apertures m the floor of the cell and are secured therein with Faraday 
cement. The head of the screw ^ is supported by the quartz tube to which it 
is cemented. Surrounding is a second tube also of quartz, the lower end 
of which was opened by grinding so as to admit the stem of the inverted and 
glass-hard steel stud gy the curved surface of which was polished and which, when 
in situ, rests upon its operative cam. The concentnc positions of q^, jg and g 
were rendered permanent by a tightly fitting ring of asbestos at a, and by the 
application of cement round and about as indicated by the dotted lines. The 
arrestors were now ready for the reception of the prepared grids, each consisting 
of a spiral of platinum wire wound upon a mica former/>. The diameter of the 
wire is 003 mm., and at 14® c. each grid has a resistance of 49 22 £1. The grids 
were united to then respective and equal silver wire leads by means of short 
intermediary pieces of gold wire, the several junctions being effected by fusion. 
Each grid was now msulated by insertmg it between two thin mica discs, then 
placed withm its cell and enclosed by means of the copper cover c. Next the 
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arrestors were given their normal positions beneath the balance pans with their 
contained grids forming two arms of a Carey Foster bridge. The auxiliary 
coils of the bridge are silk-covered constantan wires; these are wound bifilarly 
upon a shellac-covered aluminium rod 1 cm. in diameter and protected with 
silk. This done, the supporting alummmm rod was mounted upon ebonite 
and fixed centrally behind the pillar of the balance. Initial measurements 
were now made with the aid of a !Moll galvanometer, an instrument which was 
ultimately displaced by a ‘ short-period ** galvanometer supplied by the Cam¬ 
bridge Instrument Co. The sensitivity of the new instrument proved to be 
considerably greater than that of the i\Ioll, and on passing a current of 0002 a. 
into the bridge, differences in the balancmg point corresponding to 0 00002 Q 
were measurable with certainty. Novr a difference of 1° c m the temperature 



Figure 1. 

in the two grids produces a difference m the resistances = 019 £2; hence vanations 
of 1/10 000° c. can be detected 

(8) The encased slide vnre. This was designed to ensure uniformity in the 
temperature of the bridge wire and its slider. During preliminary tests it was 
found that even when the pans of the balance were contained within an aluminium 
cell common to both (otcfe infr<i)y they generally exhibited small differences in 
temperature. These were ultimately found to be due to differences in the 
temperature of the 1M. bridge- The difficulty was overcome by the use of a 
platinum-iridium wire 13 cm. long and 1-5 mm. m diameter, mounted and pro¬ 
tected as shown in figures 2 and 3. 

In the first figure, this wire is seen to be an air-line bent m the form of an 
arc, and the slider a radial arm ending in a platinum contact; the contact is mam- 
tained in action by a weak terminal spring. The binding screws connected 
with the leads, which pass through quarts tubes, are moimted upon ebonite fixed 
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to the alimunium base, whflst the base itself is secured to a vertical aluminium 
plate screwed to the lower surface of the galvanometer shelf. The completed 
apparatus is shown in figure 3. Here the enclosmg aluminium shield, havmg walls 
2 nun. thick, is seen to carry a circular scale some 5 cm. long and placed parallel 
to the wire within. The arm a is insulated by mica and ebonite, and across its 
circular window is fixed an atteniiated fiducial wire, just visible in the figure. 



Figure 



Figure 3 

(e) The cell enclosir^ the pans. The new aluminium cell, which encloses both 
pans, so that their temperatures are equal, is depicted m figure 4. Its upper 
edge AB makes continuous contact with the lower surface of the aluminium 
base-plate of the beam chamber- Within a slot cut in the fixed plate P is 
shown a pointer ty a side view of which is given in c. This supplementary 
pointer is a thin aluminium wire ending in a knife-edge; it is given rigidity by 
passmg It through a thin-walled and closely fitting capillary tube of quartz and 
finally attached horizontally to the normal pointer- Deflections are read by 
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means of a scale engraved as shown. Equilibrium of the loaded pans having 
been approximately established, the shutter ^ with its pivot at o is turned and the 
aperture closed, the relati^’e values of the two masses are then precisely deter¬ 
mined with the aid of a brightly illuminated scale and the vertical palladium 
mirror earned by the block of the central knife-edge. The pointer of hght is 
9 m. long and the sensitivity S of the balance equal to 461 mm. per 1 mg. The 
eye-piece of the telescope carries a micrometer with which deflections can be 
accurately read to 01 mm.; and if this be taken as the unit, #5 = 4610. Agam 
referring to figure 4, it will be seen that access to the pans is provided by the use 
of sliding shutters. One of these, x. is open, and the other y closed. Here it 



Figure 4 


may be added that all interior surfaces are coated with vegetable black attached 
with the aid of copal varnish and permanently fixed by heating. 

Lastly, immediately behind each pan suspension is a small weir, into which, 
from the posterior side, is delivered a slow stream of air purified by passing it 
successively through concentrated sulphuric acid, soda-lime and granulated cal¬ 
cium chlonde * One of these, to. is shown in figure 4. We conclude our descrip¬ 
tions of the most recent alterations in our balance by stating that the panels of the 
case, the top and also the base are completely enclosed with polished sheets of 
alummium, and as a further aid to the establishment and maintenance of uni¬ 
formity in temperature, the whole with the exception of the front sliding alu¬ 
minium shutter, is surrounded with a wooden case havmg walls 2 cm thick. 

§3 TESTS OF THE EFFECTIVENESS OF THE NEW 
IMPROVEMENT 

Experiments designed to test the efficacy of the several innovations were now 
carried out. We begin by describing one made to ascertain the time required 

* All new vulcanized rubber connections must be treated for the removal of volatile sulphur 
compounds. This is shown by the fact that by so doing 10 cm. of tubing havmg an 
d i a m eter of 7 mm . yielded, when heated with a solution of pure sodium hydrate and hydiogen 
pertsKide, 0*014 gm. of sulphur in die form of baxium sulphates* 






Recent improvements in a precision balance 141 

for a lOO-gm. chromium-plated weight to cool after having been slightly 
warmed. 

First, two similar 100-g. weights were placed m their respective pans and 
left overnight. On the following morning the ordinary air was displaced from 
the chamber (figure 4) enclosing the pans by streams of air purified as already 
described. Next, one of the two weights was held in the hand, and thus slightly 
warmed; it was then wiped with silk, replaced in its pan, the chamber closed 
and the streams of purified air maintamed, this done, further procedure was as 
follows. Using a 1-m. Carey Foster bndge, m which the pan grids are the resist¬ 
ances under comparison, the slider was placed at a point corresponding to 0® 7 c. 
in excess of that of the second or unwarmed weight; then, when the chosen 
initial temperature had been nearly reached, the circuit was kept closed and the 



Figure 5 Cooling cur\’e for 100-gm Cr-plated weight placed within chamber common to both 
pans Data obtained after all final precautions had been completed A second 100-gm 
Cr-plated w'eight not handled w^as m the other pan 

drift of the galvanometer deflection followed, and as this crossed zero the chrono¬ 
meter was started; then the slider was moved forward to*a first predetermined 
point and the time noted for a second zero reading. 

Proceeding thus some 26 zero pomts were obtained. From the data now 
acquired, the cooling-curve figure 5. was drawn. And here it may be noted 
(1) that the curve is almost perfectly smooth, and (2) that although after a period 
of 130 minutes, equilibrium of temperature had not been established, effects 
foUowmg the want of it are insignificant and are treated as non-existent. In this 
experiment the reassumption of a temperature common to both weights required 
a period approachmg a maximum. For other weights having more highly 
ra^tmg surfaces the time for cooling would be less. 

We now deal with changes in the sensitivity of the balance for various loads.* 

* Here it may not be inappropriate to emphasize agam the meats of a phosphor-bronze 
cantilever beam having its terminal knife-edges mtkm instead of beyond the outer struts. 
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Hitherto, in so far as we could discover, the sensitivity of the balance had 
been one and the same for all loads, but now that this had been largely increased, 
it was deemed necessary to retest the beam. Accordingly this was done, use being 
made of loads ranging m value from 0 to 200 g. The results are represented in 
figure 6, 

The changes, small in themselves, and varying within the limits of 6x10^ 
and 7 x lO^^mg. must nevertheless be taken into account when seeking to ensure 
the highest order of accuracy. We remark that the steep part of the curve indi¬ 
cates an initial and ver\' slight relative readjustment of one or more of the knife- 
edges, the probabilit}' being that the central one only was aifected. We conclude 
by drawing attention to some experiments made to test the relative merits of the 
two methods used for screemng the pans. 

In one method we attempted to establish a common and uniform temparature 
m and about the pans and their contents by protecting them not only with their 
individual brass cylmders, but also by enclosing the sides, the front sliding panel, 



Figure 6 Sensitivity of balance. 


and also the top of the case, with sheets of bright alummium In the other we 
relied upon a theoretical efficacy resulting from the use of a chamber (figure 4) 
common to both For each group of expenments the pans were unloaded, 
this to ensure quick response. 

The first senes of experiments was carried out on a bright and sunny day, 
the second during an overcast sky and the third on a day when calm and 
rainy weather prevailed. The results are shown graphically m figure 7 

It will be seen that the several maximum vanations m temperature of the 
two pans are respectively 0^075, 0^030 and 0®012 c. Now these variations m 
temperature would aflFect the apparent weight of a body having a volume of 
100 c.c, to the extent of ± 30 x 10~®, 12 x 10^ and 4 8 x 10“® respectively, and all 
these come within the range of the balance and can be measured with certainty. 
We now pass to a brief consideration of our final series of experiments made with 
the pans enclosed within one and the same chamber (figure 4), and for which we 
used the circular bridge wire (figures 2 and 3). 

Again, the pans being empty, several series of observations were carried out 
on succeeding sunny days. Within that time the temperature varied by som^ 
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6° c*; yet, notwithstanding this, the mean variations in the temperature of the 
two grids and, therefore, of the pans was ± 0^-0004 c only. This is l/30th of 
the minimum diflFerence noted during the corresponding experiments of the 
first series, and the effect is as will be seen, wholly negligible. A graphical 


"C 



representation of the data results, if put forth on the scale used in figure 7, in a 
nght horizontalJine. Having now achieved our first and main objective, we pass 
to the second and minor problem, namely, as to whether rhodium, used as a 
protective, surpasses chromium, hitherto found to excel all others. 

§4 THE EFFICACY OF RHODIUM-PLATING 

For this investigation there were available two sets of rhodium-plated weights, 
the one by Oertling and the other by Bunge. Each set consisted of weights 
ranging m value from 1 to 500 gm., and both were stored as described in a former 
paper.* Measurements were carried out with the heavier weights only, thi.Q j 
owing to their larger surfaces, offering a greater mass of the film to be determined. 
We were however, limited to the use of weights of 200 gm, the maximum load 
for which the balance had been built. Our inquiry was. however, somewhat 
enlarged by the examination of three 100-gm. weights. One of these was coated 
with rhodium and another with chromium; the third consisted of the alloy 
known as nichrome. All these weights were, as usual, first thoroughly wiped with 
silk which had been successively cleansed with dilute ammonia and distilled 
water, then dried and finally washed with highly purified benzene and again 
dried. The wiped weights were then brushed with newly cleansed camePs 
hair and placed within their respective cells. A period cf 18 months having 
been allowed for storage, the several weights were successively tested for any 
film that might have been acquired. As usual, two equal weights (say 200 and 
200), were lifted from their cells, lightly brushed with camePs hair and placed 
the one in the L-pan and the other in the R-pan of the balance; then, 
observing all known precautions, a number of comparisons were made dunng 
the two or three ensuing days. The several series of determmations before 
wiping having been completed, one of the two weights (say 200), was transferred 

* PhiL Mag. 19, 243 (1935). 
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to the silk duster and gently rubbed with the same; this done, the weight was 
again brushed with camel's hair to remove all loose particles, then replaced in 
the pan whence it had been taken, and a second and final series of weighings 
carried out. Knowing the temperature coefficient of the balance for the given 
load, it was now possible to reduce all the observations for a common temperature, 
and this was accordingly done, with the results set forth m the following table:— 


Weight 

Maker 

Coatmg 

Penod 

Area of 
weight 

Total 

film 

Film 
per lean! 




months 

cm? 

mg. 

mg. 

200 

Oertlmg 

Rhodium 

18 

53 

•00212 

•00004 

200 

9» 

99 

18 

53 

±0 

0 

200 

Bunge 

99 

18 

46 

±0 

0 

200 


99 

18 

46 

±0 

0 

•100 

Oertlmg 

» 

69 

34 

•01292 

•00038 

tlOO 

99 

Chromium 

19 

27 

•04773 

•00177 

JlOO 

99 

Nichiome 1 
weight I 1 

26 

30-3 

•00424 

•00014 


* The charcoal beneath the weight was not le-heated during storage, 
t Stored in a cell of A&ican blackwood m absence of charcoal. 

^ Stored over charcoal which was heated at intervals 


From the above tabulated results we note that of the four major weights 
tested, the first alone wras adversely affected, but even so, the observed loss 
approximated to 1 in 10 x 10^ parts only. 

Regardii^ the tests made with the three 100-gm. weights, we remark that 
these afforded an opportumty for ascertaming whether their values were affected 
under the several conditions imposed and. if so to what extent. In the first 
it will be seen that even when a weight is rhodium-plated it yet acquires a definite 
film unless the charcoal is periodically heated. In the present case the film was 
some three tunes greater than one that is normal 

The chromium-plated weight stored m African blackwood acquired a film 
some 90 times larger than that usually found. Here, then, we have an example 
illustrating the important r61e played by coconut charcoal. 

In conclusion, we remark that the film found upon the mchrome 100-gm. 
weight, after it had been stored for 26 weeks in charcoal, was strictly normal and. 
therefore, calls for no further comment. 
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REVIEWS OF BOOKS 

The Simple Calculation of Electrical Transients^ by G. W. Carter. Pp. viii +120. 
(Cambndge : University Press, 1944.) 8^. 6d. net. 

The sub-title, An Elementary Treatment of Transient Problems in Linear Electric Circuits 
by Heaziside*s Operational Methods, together with the restriction (stated in the intro- 
dution) to circuits with lumped ” parameters, sufficiently mdicates the scope of the 
book The impedance and admittance operators are rational algebraic fractions which 
can be decomposed mto partial fractions of a few standard types, so that rules for mter- 
pretation can be concisely and completely given. But a large number of interesting and 
important problems do he within this restncted field, and each advance of technique is 
illustrated by the solution of a problem of real practical significance. The freshness and 
practicality of the worked examples is one outstanamj^ merit of the book. 

There is no claim to “ make things easy *\ but any mterested student with a knowledge 
ot mathematics up to that of an average engineering graduate should be able easily to 
master the contents of this book. Indeed, it would seem to the present writer to be the 
most successful elementary treatment he has so far met Its value would, however, be 
very considerably enhanced by the provision, say at the end of each chapter, of a few 
exercises for the student to work for himself 

A useful series of appendices contams, besides a list of interpretations of the simpler 
operational forms, formulae in trigonometry, calculus, and theory of equations relevant 
to the subject—^the last mcluding Routh’s catena of stability. W- G. B. 

Fioe-figure Logarithm Tables. Pp. 1-73. i-xx, 30-119. (Published for the 
Ministiy of Supply by His Majesty's Stationeiy Oflfce, 1944.) Is. (id. net. 

This compilation is, as eacplamed m the preface, a war-time measure, and consists of 
reprmts of existing five-decimal tables of logarithms of numbers and trigonometric 
functions. 

The first portion (pp. 1-73) is a reprint, firom the stereos of Chappell’s table of 
loganthms, which gives five-decimal mantissae of the loganthms ot numbers from 10000 
to 40000 and from 4000 to 10000. Modal differences per line are given, and as these 
never exceed ten (m umts of the fifth decimal), mteipolation is linear, and might well be 
mental, although proportional parts are provided m the second portion of the table. 

The third portion is a photographic reprint of pp. 30-119 of Btemiker’s table of 
five-decimal logarithms of smes, tangents, cotangents and cosines for the range 
0®-00 (0°-01) 45®-00—i.e-, every hundredth of a degree ffom 0"* to 45®. It is taken firom 
the sixteenth, stereotyped, edition, dated 1925. First differences are given, and pro¬ 
portional parts for angles greater than 3®, 

The ** diflScult ” range (0®-5® for smes and tangents, and 85'’-90® for cosmes and 
cotan^nts) is covered by von Rohr’s addition, paged i-xx, to Bremiker, consisting of 
logarithms of smes and tangents forthe range 0® 000 (0®*001) S°-000—i.e., every thousandth 
of a degree from 0® to 5®. Dififerenoes are not given, but proportional parts appropriate 
to angles of upwards of 0®-5 ate. 

Explanatory matter has been oxmtted, on the justifiable groimd that potential users 
will be suffiaently expenenced not to need it. 

There is no pomt m cntidzing the tabular material. It is by no new, and the 

best available has been chosen. 

The fact of greatest significance is the use of degrees and decimals of a degree m the 
tngonometncal tables. This practice has advantages, and seems to be rapidly super- 
sedmg the use of mmutes and seconds m many quarters. The need by the optical industry 
for a fine-gramed ” table with such a subdivision of the degree seems to have been the 
primary mcentive to the production of this volume. It is surprising that, if the need were 
great, the production has been delayed until after five years of war Now that these 
tables are available, others also may find them useful. 
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It IS a very great pity, however, that Bremiker’s table of 5^ and T, for converting log A" 
into Jog sm -4% or log tan A', p 170 of the ongmal, and referred to m the P.P coliinm 
on p. 30, was not also reproduced. Linear interpolation ceases to be adequate in 
von Rohr’s table below about 0“*2, this table does not completely solve the interpolation 
problem, but the S and T tables do. If this one-page table were reproduced separately, 
say on thm card, it would enhance the usefulness of the book. A separate card would, 
indeed, be more convement m use than a page bound up with the volume. w. o. b. 


What is Life ?. by Erwin Schrodinger. Pp, vui+91. (Cambridge: Umver- 
sity Press, 1944.) 65. net. 

The middle section of this little book gives a clear and, to a physicist, convincing 
account of genetical principles and of the Delbruck model of a gene. Accordmg to this 
model, a gene is a very large single molecule, and a mutation, spontaneous or mduced by 
x-ray dosage, is a quantum transition of the molecule to a new isomeric form. From hi^ 
discussion of the Delbruck model, the author draws the general conclusion that living 
matter, while not eluding the ‘ laws of physics ’ as established up to date, is likely to 
mvolve ‘ other laws of physics ’ hitherto unknown, which, however, once they have l^en 
revealed, will form just as mtegral a part of this science as the former ” The final chapters 
are concerned with clanfymg this conclusion, which, we are told, provided the only motive 
for writmg the book. While these diapters and the opemng chapter enlarge, m an 
mteresting wray, on the statistical element in physical laws and on the “ statistical tendency 
of matter to go over mto disorder ” as contrasted wnth the orgamsm’s astomshing gift of 
concentratmg a * stream of order ’ on itself ”, they leave the main conclusion still rather 
obscure The inference from the Delbruck model is presumably that, when the prinaples 
of quantum theory are included among the laws of physics, the behaviour of hvmg organisms 
becomes explicable. WTiat place then remains for “ other laws of physics ” unless the 
title of “ laws of physics ” is conferred on the regulanties of biological beJiaviour which 
are explained ? 

The reconciliation of Determmism and Free Willis considered in a five-page Epilogue, 
in wluch the Upanishads, double personality, Schopenhauer, plurakty of souls, Kant and 
the tree in the quad, all have their reference—a fairly nch philosophical bolus. 

In the difficult field between physics and biology a clear-cut argument is not to be 
required, and although the reader, hke the reviewer, may find the author’s main point 
(quoted above) somewhat too subtle and not unconnected with an ambiguous use of the 
term “ physical law ”, he can hardly fail to find the book, as a whole, illuminating and 
stimukting. w. s. s» 


CORRIGENDUM 

In Proc, Phys. Soc. 57, part 1, the first line of p. 19 should follow the first Ime of p. 18 
and precede the line appearmg as the second of p. 18. 


RECENT REPORTS AND CATALOGUES 

Co-operaixoe Mectnad Research. Pp. 62. 1944. The British Electrical and Allied 
Industries Research Association, 15 Savoy Street, Loudon W.C.2. 


Report an the Needs of Research m Fundamented Science after the War. Pp. 61. Printed 
for private ciicuktion, January 1945 . The Royal Society, Buriington House, 
Piccadilly, London W.l. 
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ABSTRACT A discussion is given of the indentation of ductile materials bycylmdncal 
punches with conical heads On the experimental side, experiments have been made 
with work-hardened and with annealed copper, with penetrations up to mne times the 
diameter of the punch. It is found that the load rises towards a maximum value which 
IS not approached until the base of the cone has travelled four to five diameters mto the 
copper block Denoting this maximum load by where A is the area of the cross- 
section of the punch, it is found that po for a lubricated punch is about twice the hardness, 
or five times the yield stress, of the work-hardened material. A theoretical method is 
given for calculatmg po, as follows the pressures pc and pg required to enlarge a cylmdncal 
and a spherical hole m a material showmg any kind of steam hardening can be calculated. 
It is plausible to assume that po should be between pc and pg, and since pg is only shghtly 
greater than an approximate theoretical estimate of po is obtamed. This is m good 
agreement with experiment. In the hght of these results a qualitative discussion is given 
of hardness testing, and it is shown both on experimental and on theoretical grounds that 
with lubricated cones and work-hardened m'lterials the hardness, i.e. load/indentation area, 
will not depend much oh the angle of the cone unless this is less than 10**. 

§1. INTRODUCTION 

W HEN a punch, cone, or sphere or other indenting tool is forced into a 
ductile material, the load required to form a given indentation will 
depend on the following factors ; 

(a) The shape and size of the indenting tool, and of the specimen if not 
sufficiently large, 

(6) The coefficient of friction between the indenting tool and the material. 
(c) The yield point and stram-hardenmg properties of the material, which 
will depend on temperature and rate of loading. 

Up to the present it has proved impossible to develop the mathematical 
theory of plasticity to the point where it would be possible to calculate the load, 
and th-us any of the conventional hardness numbers, in terms of these factors. 
In this paper, howwer, we shall show that it is possible to calculate an approximate 
value for the load required to force a cylindrical punch deep mto a semi-infinite 
block of ductile matenal; by deep is meant a penetration equal to four or five 
times the diameter of the punch. We shall also describe some experiments on 
static punching into copper blocks designed to test the theory. In the light 
of these results a general discussion is given of hardness measurement. 
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§ 2 . EXPERIMENTS ON DEEP PUNCHING* 

For the material to be mdented. blocks of copper, 3 75 m. m diameter and 
) 4 in. long were used The copper was generally in the stram-hardened 
:ondition, though one set of measurements was made with annealed copper. 





Stress-strain curves for the copper in compression are shown m figures 1 and 2. f 
The punches used were 0-350 in. m diameter and had comcal heads with semi- 
angles of 20% 30® and 60°. The diameters of the parallel parts of the punch 

* These experiments vvere carried out at the Engmeermg Laboratory of the University of 
Cambridge under extra-mural contract to the Ministry of Supply, 
t For defimtion of natural strain, equation (1), p. 151. 
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were made 0 004 inch less than the head diameter; this prevented rubbing of 
the parallel portion of the punch against the sides of the hole and consequent 
increase of load due to friction. A diagram of the punch head is shown in 
figure 3. Punching was carried out at* a rate of 1*5 in. per hour approximately. 

In figure 3 we show, for the hardened copper, the measured load divided 
by the cross-sectional area of the punch (ttxO 175 xO 175 sq in.). This 
quantity has the dimensions of a pressure. Figure 4 shows the same quantity 



for annealed copper. It will be seen that as the penetration increases beyond 
three or four punch diameters, the load tends to a stationary value, which (for 
the hardened copper) is not markedly different for the three punches. There 
is some fall-off as the punch approaches the back of the specimen. It is this 
maximum load which we shall attempt to calculate in the next sections. It is 
less for annealed than for hardened copper. 

§3. EFFECTS OF FRICTION 

Vanous attempts to lubricate the surface, and thus to measure the coefficient 
of friction, were made; the most successful was by rotating the punch at a speed 
of 100 revolutions ar hour. The frictional force would then have acted approxi¬ 
mately at right angles to the direction of the punch. Curves showing load 
against penetration for rotated punches into hardened copper are shown in 
figure 5. That for the 20"^ punch shows the greatest tendency to approach a 
constant load; it was suspected that for the other punches the rotation became 
unstable and that the shank rubbed agamst the surface of the hole. The 
penetrations were continued until the punches fractured. 

The difference between the ultimate resistance to penetration with rotate^ 
and unrotated conical-headed punches of 20" semi-angle appears from the 
graphs to be about 45 tons/sq. inch. 

It IS reasonable to assume that for the high pressures concerned the frictional 
force s per umt area is independent of pressure, and of the order of the shear 
stress of the material. The shear stress is ^Y, where Y is the yield stress and 
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equal to 17 5 tons sq. in. for the hardened copper used in these experiments. 
For annealed material s, however, should be rather greater than JY, because 
the copper at the surface wdl be subject to very considerable cold work. 

The fnctional force due to the conical portion of a punch of semi-angle 6 
and cross-sectional area A will then be As cot 6. 

Writing 5 cot 200=45 tons,sq. inch, we find s= 16-5 tons/sq. inch. 

This value, if correct, leads to the followmg pressures for the other cones, 
obtained by subtracting s cot 6 from the values in figure 3 : 

^=20' : 130—J cot 20°=85 tons/sq. inch. 

0=30°: 119-fcot30° = 91-5 
0=60°: 131-scot 60° = 121 



The value for 0=60° is probably not significant' it is known that a blunt 
punch pushes in front of itself a plug which acts effectively as the indenting 
tool, so that the simple frictional correction described here is not vahd. The 
difference in pressure between the 20° and 30° cones is hardly outside the limits 
of experimental error. 

Smce the frictional force is large, the approximation used here of considenng 
it as without effect on the stress component perpendicular to the surface of 
contact may lead to some error, which, however, we are unable to estimate. 

§4. THEORETICAL ESTIMATE OF THE LIMITING LOAD 

In the last section we have seen how experiments show that the load on a 
lubricated punch appears to rise to a limitmg value, which, for hardened copper, 
is equal to about five times the yield stress multiplied by the area of the punch; 
also that this value is not approached until after a penetration of several diameters. 
In this section we attempt a theoretical estimate of this limitmg load. 

A full theoretical solution of the equations determining the strains round 
the head of the punch has not proved possible. Solutions of the following 
problems can, however, be found: 

(a) Starting with a small hollow sphere in the body of an infinit e block 
of ductile material capable of work-hardening, to determine the 
pressure p, which, when applied to the surface of the hole, will enlarge 
it indefinite^ by plastic flow of the material. 
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(p) Starting with a cylindrical hole of infinite length, to find the pressure 
Pc that will enlarge the hole indefinitely. 

Calculation shows that pf>pe, but that the difference between them is only 
about 15 per cent of either. The pressure on a lubricated punch deep in a 
material is likely to lie between pg and pd for a very sharp punch (small B) it 
should approach p^, while for a blunt punch the material is pushed away from 
the head of the punch in much the same wav as from the neighbourhood of an 
expanding sphere, so the pressure should be near to pg. Thus the fact that p, 
and Pc are nearly equal enables rather a close estimate of the limiting load to 
be made. 

We shall now calculate the pressures and p^. 

In both problems we assume that the material has a yield stress F; for 
stresses less than Y the material is assumed to be elastic, with Young’s modulus 
E and Poisson’s ratio i*. Above the yield stress we shall assume that in com¬ 
pression the true stress a is given by 

a=F+y(6), o>Y .(1) 

where e is the natural strain, given by 

{ final area of cross-section 
\initial area of cross-section 

At any stage m the expansion of the spherical and cylindrical hole we denote 
the radius of the hole by a, and the radius of the plastic region surrounding it 
by c. Within the plastic region we shall neglect all volume changes. 

We shall show below that 

i 

Spherical hole 

= { 2 ( 1 ^^} Cylindrical hole 

Thus as the hole expands the ratio of the radius of the plastic region to that of 
the hole remains constant. 

In order to progress further with our problem it is necessary to make some 
assumption about the stress-strain relation in the plastic region for a more 
general case than simple tension or compression. Following Nadai (1937), we 
shall assume that the octahedral stress is a definite function of the octahedral 
shear strain for all stram configurations; this is at any rate likely to be the case 
when, as here, the principal axes of stress and strain in a given element coincide 
and do not rotate during plastic flow. The octahedral stress is defined by 


the equation 

= WFi - O'*)® + Co's - .(3) 

and the octahedral natural shear strain y,i by the differential relation 

^yn = l{(^2-*8)* + (^ea-^ei)H(d€i-d*,)*]i, .(4) 


where Oj, ag, erg are the principal stresses and cg, €3 are the principal natural 
Strains. In a tensile or compression test 

T„=V'2<r/3, 


a-{(l-hv)F} 


( 2 ) 


r»=V'2e; 







( 5 ) 
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the universal relation between and then follows from ( 1 ) and is 



In our cylindrical problem, let a,, be the radial and tangential stresses. 
Following Nadai, we set for g^ in the plastic region 


This clearly follows from the assumptions of plane strain and no volume change. 
We thus obtain from (3) 

~ ^ ^r)* 

Also, Since the xr component of strain is zero and vanishes by our 

assumption of no volume change, 

y»==2-v/||6,!. 


It therefore follows from (5) that the stress-strain relation is 
2Y 


y3 + ^ 3 /’ 

In the boundary of the plastic region 

2Y 

This IS the usual IVIises condition for plasticity. 

If we integrate the condition of equihbrium, namely 

d(T, cfg-a, 

dr ~ r * 


2Y 


( 6 ) 

(7) 

( 8 ) 


throughout the plastic region from r=a to r = c, we obtain for the pressure 
on the boundary’ of the hollow’ cylinder (the value of (— cr,) at that point) 



To evaluate the integral we need an expression for €,. If an element at radius 
r in the plastic region when the hole is of radius a was former!}’ at radius ^ when 
the hole was of zero radius, then 


and 

6 , = - 69 = -log (r/r). 

Thus (9) becomes 



The evaluation of the integral will be carried out in the next section. 

We have next to find the value of cja ; to do this we equate the plastic and 
elastic displacements (denoted by li) on the plastic-elastic boundary. The 
assumption of no volume change in the plastic region gives, for the displacement 
on the boundary of the plastic region. 
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On the boundary of the elastic region the assumption that ff,=2Y/'v/3 
gives 

«=(l + v)Fc/V3^. 

Equating these gives 

2(l+v)y . 

A similar analysis applies to the expansion of a spherical hole; it is found 
t hat 

t^=V'2(o's-o,)/3, 

and, since «,.+ 2 ^ 9 = 0 , 

y,=2'v/2.I<^(r/s). 

It foUovrs that 

<^«-«-,= I"+/[21ogMJ. 

The condition at the plastic-elastic boundary is now 

o«-a,= F, 

and the equilibrium equation 

2(aa-g,) 

dr~ r • 

On int^rating the latter equation we obtain 

p,- f (1 +3 log 5 ) +2 £/ (2 .(12) 


where 


c® E 


§5. EVALUATION OF INTEGRALS 

The true-stress natural-strain curve for many materials becomes straight at 
large strains {cf. MacGregor and also figure 2). Figure 7 shows the tensile 
curve for mild steel (MacGregor, loc. cit.). For work-hardened materials the 
whole of the curve above the elastic limit is often approximately linear (cf, figure 1), 
and we can therefore write in this case 

We then have, for the second term in (10), which represents the contribution to 
the pressure from the cold work, 



This reduces to 

A r« 1 

3 L7«®^®”Ji 

and, if terms in are neglected m comparison with unity, to 

^7r*/18. 

In the general case where the strain-hardemng curve is not linear, we shall 
suppose that above some value eg strain 

f{e)=Y'+A€; e>e„. 
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A short calculation g3^ es for the second term in (10) 


At^ , F’.Vo 1 


18 


\3j 




where 


Vo= V^3eo-log -1). 

In a smular way we find for the spherical hole the contribution to from the 
strain hardenmg is 


where 


2An^ 2Y'yo 2 , f2, ] 2A, ev -\ ^ 

-^ 3 "sJ., 


27 


J'o=f «o-log(e®'"^-l)- 


§6. NUMERICAL VALUES 

We thus see that for a material for which true stress a and natural strain € 
are connected by the relation 

the pressure to enlarge a cylindrical hole is given by 



and for a spherical hole 



with 

Lj. 

a V(l + W • 

Numerical values are as follows : a typical stress-strain curve for mild steel 
IS shown in figure 7, For this material {cid) cyimder=22, (cld) sphere=8 In spite 
of this wide difference, and are nearly equal; in tons/sq. inch, 

/),= 100 , />^= 120 , 

the contributions from work-hardening being 29 and 30% m the two cases, 
y was taken to be 17 tons/sq, in. 

For the cold-worked copper used in the experiments described in sections 2 
and 3, similar results are valid, only here the contribution from cold-work is 
smaller. We took 

y=17-5, .4 = 6 5, £=8000, 

all in tons/sq, inch, v w as not measured, but was assumed to be 0 34. Calculation 
then gave 

pt, =71-3 (3-6 due to cold work), 

/>a=84-5 (4-8 due to cold work). 

It will be noticed again that the values do not differ much. The values of cja 
17 and 7 respectively. 
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For the annealed copper shown in figure 2, we found and p^^ 

52 tons/sq. in. 

§7 COMPARISON WITH STATIC PUNCHING 
As already emphasized, we expect the pressure on the head of a punch 
several diameters deep in the hardened copper to he betvreen p^y representing a 
very sharp punch, and some value below p^y representing a blunt one (provided 
friction is eliminated). As explained in section 3, we do not consider the allow¬ 
ance made for friction sufficiently certain to distinguish experimentally between 
sharp and blunt punches. For a lubricated 20° semi-angle cone our measured 
value was 85 tons/sq, in., which lies close to our calculated value of namely 
84 5. 

For annealed copper, our calculated pressure (between 43 and 52) comes 
out considerably less than that measured for an unlubricated punch (84 tons/ 
sq. mch). If we ascribe this to a frictional force ^ per umt area, and take 52 
to be the pressure for a lubricated punch, then 52x 1 -73 = 84, giving ^ = 18 5 
tons/sq. inch, which is about* the same as we found for hardened copper. 
Experiments with rotated punches in annexed materials would be of interest. 
It is perhaps to be expected that the frictional forces on annealed and hardened 
copper would be about equal to the shear stress of the latter, since the copper 
near the surface of contact must be highly cold-worked. 

§8. SURFACE EFFECTS IN PUNCHING 
As figures 3, 4 and 5 show, the load on a punch does not reach its maximum 
value as soon as the head is embedded in the material, but contmues to rise 
while the penetration increases by several diameters. The same is true of the 
effective mean pressure on the punch, defined as load divided by the momentary 
area of the hole on the front surface. The graphs of mean pressure against 
penetration for the rotated and unrotated 20° S A. cone are shown m figure 6. 
On a dimensional argument the pressure \vill be constant while the comcal head 
is going m. The experimental results do not give such a constant pressure, and 
the discrepancy is due to an error m the zero measurement of penetration—^an 
error which is proportionately less as the penetration increases. For this 
reason the straight-Hne part of the curve is an extrapolation from the results 
after the head is entirely in the copper.* 

It is sometimes stated that the increase in pressure after entry of the head 
is due only to the strain-hardening of the metal; this is certainly not true, and 
w’ould take place if the material did not work-harden at all. The region which 
is plastic round the head of a punch deep in a material must be very extensive, 
of width between 7 and 17 punch diameters in the case of copper according to 
the arguments of section 4. Near the surface, however, the constraint on the 
copper is less, and it can escape by forming a lip round the hole, which is very 
marked with lubricated punches. Less work per unit volume is therefore done 
m making the hole. Clearly the small contnbution to the maximum pressure 
by the cold work, calculated m section 6, by no means accounts for the rise in 
mean pressure from 45 to 85 tons/sq. m. for the rotated 20° punch. 

‘‘‘ This constant pressure for the rotated cone is in dose agreement with the value obtamed by 
lubncation and repeated loadmg. See section 9 and figure 8 . 
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Hardness contours taken over a cross-section of a block of annealed copper 
after punching are shown m figure 9. They imply a smaller diameter of plastic 
flow near the surface than in the body of the block, as is expected from the 



Figure 9 Hardness contours after punching into annealed copper. 

discussion given above. ^loreover, the actual extent of plastic flow when the 
punch 18 beginning to penetrate is still less, since some of the flow near the 
surface is caused during the later stages of the penetration. 

§9 INDENTATION HARDNESS TESTS 

Hardness tests with conical indenting tools are particularly suitable for 
theoretical discussion, because the ratio of load to surface impression area must, 
on dimensional grounds, be independent of load. Tests with lubncated punches 
are the simplest to interpret Such tests have been made by various authors 
{cf. Hankins, 1925 and 1926) In figure 8 we show some results obtained in 
the Cambridge Engineering Laboratory with lubncated and unlubricated conical 
punches m strain-hardened copper (with a stress-stram curve as in figure 1). 
The punches were solid steel cones and the lubncant (graphite grease) was 
applied repeatedly as the load was increased; at a given load, lubncation was 
continued until there was no further increase in the diameter of the indentation. 

It will be seen that for the lubricated punches, the mean pressure defined 
by load;(surface area of mdentation) increases slightly with decreasing cone 
angle, and is about 40 tons/sq. inch. (The opposite is the case when the head 
of the punch is far from the surface, the mean pressure decreasing with decreasing 
angle). We conclude that for this material the hardness measured with a lubri¬ 
cated conical punch depends little on the head shape and is about half the 
experimental ultimate pressure for deep pimching (85 tons/sq. m.). Whether 
this is so for annealed materials will be discussed below. 
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We consider, on theoretical grounds, that for a cone of sufficiently small 
angle, the resisting pressure must tend to some value near that for a cylindrical 
punch or, more exactly, to the theoretical value Pc for the enlargement of a long 
cylindncal hole. In figure 8, therefore, we have extrapolated the experimental 
cuive for lubncated cones to 71 tons sq. mch for zero semi-angle (the theoretical 
value of calculated in section 6). It is to be expected that only for cones of 
semi-angle less than 10' will these high values be reached. The explanation is 
to be found in the variation of pressure along the cone, increasing towards the 
tip, where the confinement is most severe. For example, even a 10° S.A. cone 
has a penetration of only between 3 and 4 times the impression diameter, whereas 
we know from deep punching that the maximum pressure is not attained until 
after 4 diameters penetration. Expenments with sharp cones in a matenal soft 
enough to insert them without breaking would be of interest. 

The variation in mean pressure with cone angle, small though it is, is an 
important consideration m the type of experiment where different cones are 
used to evaluate the coefficient of friction The calculation based on the experi¬ 
mental values usually involves the subtraction of nearly equal quantities, and so 
n^lect to allow for change of pressure with angle can give completely false 
results for the friction. 

For an indenter with a shape such that the ratio (impression diameter)/ 
(penetration) decreases with depth, the mean pressure steadily increases with 
penetration for the reasons discussed m section 8. This will be so, for example, 
in the Bnnell test with spheres (where by pressure is meant, as usual, load/ 
(impression area), not load,'(spherical area)). This is confirmed expenmentally 
by the empirical result usually referred to as Meyer’s law. This states that 
the load on a ball is proportional to d^, where d is the impression diameter 
and n is greater than 2. Accordmg to the ideas of this paper, n should be 
slightly greater than 2 even for a matenal which does not show work-hardening 

Empincally n is largest for armealed materials and least for severely strain- 
hardened materials. It is dear from general considerations that this should be 
so, as pointed out in various papers at a discussion held by the Institution ol 
Mechamcal Engineers For a shallow indentation by a sphere, or an indentatior 
by a very blunt cone, no part of the material will be highly stramed. For a deep 
penetration by a sphere, or penetration by a sharp cone, large strams will bt 
involved; work-hardening will thus take place. 

We therefore expect that for an annealed material the pressure on a lubricatec 
conical punch would rise more rapidly with decreasing cone angle than showr 
in figure 8. While (in terms of the yield stress) the value for the 90° cone would 
be unaffected, that for the 0° cone would be increased by work-hardening as 
calculated in formulae (12). Expenments with an annealed matenal would b« 
of interest. 

As regards the limitmg pressure for blunt cones (6 = 90°) shown in figure 8 
it is of interest to compare this with the theoretical value obtained by Henckj 
(1923) by a very approximate method, accordmg to which yield with a cyhndrica 
flat-headed punch should begm when p=2"8y’. Since Y was 17*5 tons/sq 
inch,^Hencky’s formula gives 49 against the observed value of 39 tons/sc|. inch. 
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Various empirical rules have been given from time to time in order to 
estunate the tensile yield stress from a hardness test. It is clear that no general 
conversion factor can be laid down, even for the same material, since the factor 
will depend largely on the amount of pre-workmg. But for severely cold-worked 
metals there seem to be good reasons for supposing a constant conversion factor 
to erist independent of the material tested, with the proviso that the impression 
diameter must be the same m every case. In this way it is possible to ehminate 
the effect of variation of mean pressure with penetration, since the variation wiU 
then be the same for all the materials tested. A second precaution is the elimin¬ 
ation of friction. The only vanables on which the conversion factor can now 
depend are the yield stress and elastic constants (for the same indenter). The 
elastic properties are probably of not more than minor importance since we 
know that in a cold-worked metal the material escapes from the indenter into 
the hp. 

In these circumstances the mean pressure wiU probably be between two and 
three times the yield stress of the worked metal, dependmg on the geometry of the 
indentation. For the cones indenting the hardened copper of yield strength 
17-5 tons/sq. mch the pressure was about 40 tons/sq. inch, giving a ratio of 
2-3. 
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ABSTRACT Measurements on x-ray photographs of cylmdncal specimens of different 
absorption and thickness taken m a camera without eccentricity show that the absorption 
error m the apparent unit-cell dimension a is proportional to 

ca&^B cos^B 


The plot of a against 


1 /cos*B ^ cos*^\ 

2 \smd ‘ 6 ) 


IS linear down to d=30® for all four specimens 


used. The extrapolated values for a are m good agreement, and this extrapolation function 
is accordingly recommended m the case of data from well constructed cameras. Other 
extrapolation functions are also considered, and the effect of various sources of error 


discussed. 


A table of 


1 /cos^B 

2 


cos* B\ 

i -j—j IS given. 


§1 INTRODUCTION 


N the determination of accurate umt-cell dimensions from powder photo¬ 
graphs, three sources of systematic error are usually considered, due to 

(fl) absorption of the x-ray beam in the specimen , 

(6) the displacement of the rotation axis of the specimen relative to the 
geometric centre of the cylmdrical film, usually called the eccentricity 
error y 


(c) inaccurate determination of the camera constants. 

It may be shown that errors due to these three causes vanish at 0=90°, which 
corresponds to extreme back-reflection along the path of the incident beam. 
The procedure usually adopted, therefore, is to derive apparent cell dimensions 
a from a number of lines on the photograph, to plot these values against some 
function of the Bragg angle 0, and to extrapolate to a value corresponding to 
0 = 90°. 

Some uncertainty exists as to the best function of 0 to use m order to obtain 
a linear extrapolation. Current practice is to plot a against cos^0 for high-angle 
lines only (i.e, those with clearly resolved a-doublets) and to extrapolate linearly 
to cos® 0 = 0. It appears that this function has been chosen because the eccen¬ 
tricity error is easily shown to be proportional to cos®0. The absorption 
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error ) , kowever, is not proportional to cos^0. Various workers, on theo- 

retical grounds, have derived different functions relating f — j ^and 0. Thus 
1 . ocS2^ Bradley and Jay (1932). 

\ a /abs ff 

3. [^J^occotSco^ff Buerger (1942). 

The use of a cos^ff plot assumes that, whatever the nature of the absorption error 
function, it can be approximately represented by cos^d at high angles. It is 
not always possible, however, to obtain a sufficient number of lines at angles 
high enough for this to be true, and we have earned out the work described here 
in order to obtain experimental evidence concerning the best extrapolation 
function for general use. 


§2. EXPERIMENTAL 

The camera used was the 19-cm. diameter high-temperature camera designed 
and described by Wilson (1941), the film being in two halves. The design 
minimizes the possibility of eccentricity, and after consultation with Mr. C, E. 
Chapman, who made the instrument, we satisfied ourselves that effectively no 
eccentricity could be present. The camera angle, 0j^, has been very carefully 
measured by Wilson and Lipson (1941), who discussed possible errors m thk 
connection. In effect, then, we have used an excellently constructed and cali¬ 
brated camera to investigate the absorption error^ eccentricity and cahbration 
errors bemg absent. The method of film measurement described by Lipson 
and Wilson (1941) avoids errors due to uniform film shrinkage, but requires an 
accurate value for the camera angle. We therefore thought it instructive to 
do some calculations using camera angles in error by a known amount. 

For simplicity, the substance photographed should be cubic and give a 
large number of reasonably strong and sharp lines over a wide range of 6 values. 
We chose the y-structure CugAl 4 , which, with Cu radiation, gives a well resolved 
and mtense a-doublet (A® + A®+P= 126) at 0^61=83^4 : &a, = 84°-8, together with 
a large number of lines going down to the lowest order Ime measurable 
(A®+-f = 6) with 0 = 12'^7. Table 1 gives a list of the lines measured, which 
will be seen to be distnbuted fairly evenly over the photograph. The Cu radiation 
was filtered to avoid the confusion inevitable with j8-lines in a pattern of this 
complexity. The specimens were accurately centred and rotated during the 
exposure. The temperature for each exposure was kept constant by circulating 
water through the coolmg jacket of the camera. Care was taken to ensure that 
the electron beam m the Metropolitan-Vickers x-ray tube was homogeneously 

^ Subsequently to our work. 



i 62 


y. B. Nelson and D. P. Riley 


Table 1 


X-iay reflections from Cu^ 4 ; CuKa radiation 
(Approximate d values from thick diluted speamen) 



9 

ip+fp+p 

9 


9 

6 

12-8 

660, 

46-2 

102a2 

63*8 

9 

15-7 

660, 

46*3 

lOSoi 

67*0 

12 

18-2 

72ai 

48°9 

lOSo, 

67-3 

14 

19-7 

720, 

49-0 

114ai 

71-0 

18 

224 

76ai 

50-7 

114aj 

714 

22 

24-8 

78ai 

51-6 

118a, 

74-1 

24 

26-0 

90ai 

57-3 

120a, 

75*9 

36ai 

32-3 

90 a. 

57-5 

120a, 

764 

48ai 

38-1 

98 Oi 

61-3 

122a, 

77-9 

54ai 

40-8 

98 a. 

61*6 

126ai 

126 a. 

834 

54a, 

40-9 

102ai 

63-5 

84*8 


distributed over the target, i.e. no “ hot-spots ” were present. The camera was 
adjusted so that its slit-system made a small angle with the face of the target, thus 
securing a “ foreshortened ” circular focal spot, and this arrangement was accurately 
reproduced for each exposure. 

§3. SPECIMENS USED ■ 

Filings of CujAl^ were aimealed at 650° for J hour and sieved through a 350 
B.S.S. mesh. This sample was used to prepare specimens (a) and (b) described 
below. Specimens (c) and (d) were prepared from the same filings annealed at a 
slightly higher temperature, 700°, for ^ hour. 

Four specimens were prepared : 

(а) A rod 0*59 mm. diameter made by rollmg with gum tragacanth. 

(б) As above, 1*46 mm. diameter. 

(c) A silica tube, bore 045 mm., uniform wall thickness 0025 mm., filled 

with CutAl 4 powder packed as densely as possible. 

(d) A Lindemann-glass tube, bore 1*35 mm., uniform wall thi c kne ss 0*016 
mm., filled as above. 

Tlie use of gum tragacanth may be unfamiliar and will be described. The 
specimens are made by mixing the specimen powder with gum tra gacanth powder, 
moistening, and rolling the resultmg dough into a uniform rod. When dry, this 
rod is quite r^d. Specimen (a) was the thinnest one it was convenient to rnakc 
with this technique, and was prepared with enough gum tragacanth roughly to 
satisfy the generally accepted condfition for ensunng good photographs, namely, 
that /4r=l, where linear absorption coefficient of the specimen mixture, 
r=radius of specimen, the gum tragacanth acting as a diluent. Spuedmen (6) 
was prepared from the same mixture but was deliberately made very thick; the 
condition /tr=l, of course, no longer applied. Specimens (c) and (</) approxi¬ 
mated in density and absorption to a wire specimen. Here again one ^ecimen 
was made as thin as possible and the other very thick. It should be pointed out 
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that each of our specimens was a homogeneous solid cylinder. The method of 
prepanng specimens by causing the powdered sample to adhere to the surface of 
a hair or a thin glass fibre gives a hollow cylinder. 

§4. EXTRAPOLATIONS 

The results for specimen (i) (the thick gum tragacanth specimen) were con¬ 
sidered in some detail. The apparent a values were plotted against the following 
functions of 6 : 

0®, cot0, cos®0, cot0.cos®0, cot0 
cos®0 cos®0 1 /cos®0 cos®0\ 

~T~’ 

These plots are shown in figure 1, and display several interesting features. 
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Figure 1 d. 
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Firsdy, the cos® B plot is nearly linear only over a very small range, and its mam 
advantage over the straightforward plot against B is the way in which it compresses 
the high angle values towards cos® 0 = 0 Secondly, it is clear that the plot must 
be against cot0, or agamst a very similar function, if Imearity over the whole 
range is to be achieved. The plot against cot0 itself shows a falhng off from 
linearity at high angles, while the use of cot0 cos®0 (Buerger’s absorption-error 
plot) gives the opposite deviation A plot against the arithmetic mean of these 

1 COS^ 0 

two functions, cot0 —g-, shows a marked improvement but still falls oflF 

cos^ 0 

at high angles. The plot against (or cot 6 cos B, the geometric mean) is 

COS^ 0 

apparently Imear, as is the plot agamst the very similar function —j—• A close 


exammation of the two extrapolations, however, shows that m the case of the 


cos®0 

sin0 



7060 50 40 30 20 15 0 


^ / COS* 0 1 cos^ $ \ 

2\sme'^ e 

Figure 2 a. 


i 
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cot d 

Figure 2 b. 

Figure 2. Medium thickness diluted specimen. 


plot the best straight line drawn through the high-angle pomts only has a shghtly 
smaller slope than the best straight line drawn through all the pomts, whereas 

the reverse is true for the plot. In conformity with these observations, 

a remarkably good linear plot is obtained against the arithmetic mean of these 
- . 1 /cos®0 cos®0\ _ 

tunctions, ^ I+ —g—J In this case the best overall extrapolation coin¬ 
cides exactly with the best high-angle extrapolation, as is shown more clearly 
in the larger scale drawing in figure 5 a (lower plot). 

The results for specimen (a), the gum tragacanth specimen of 
thickness, are not in agreement with these findmgs. The plot against 

1 /'cos®0 cos^8\ , _ 

2 \ smJ ~F~) “ (figure 2 a). The high-angle 

points fall closely on a straight Ime, but the slope of this line is markedly greater 
than that of the line drawn through the low-angle pomts. The latter extrapolation, 
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it is interesting to note, is almost horizontal. The plot against cot on the other 
hand, is hnear over the whole range (figure 2 b). 

The thick undiluted specimen {d) gives similar results to those obtained 

with specimen {b) Plotting against ^ gives a remarkably good 

straight line over the whole range (figure 3). 



Figure 3 Thick undiluted specimen. 


The undiluted specimen of medium thickness, specimen (c), behaves simi- 

1 /cOB^d C0B^6\ . 

larly to specimen (a)^ The plot agamst 7 } ( — ^ H-1 is not hnear over the 

whole range, although a good straight-lme extrapolation can be obtained with 
the high-angle points (figure 4 a). The linearity of the plot against cot 6 (figure 4 b) 
is not as good as with specimen («), as there is a slight downwards bend at high 
angles. A plot against the arithmetic mean of the two functions is nearly linear 
over the whole range, but is unsuitable for extrapolation. 



Figure 4 a 


Large scale plot of a agamst 


1 / cos® d ^ cos® 6 \ 
2\sm0'^ 6 ] 


for bnes with d>30®. 
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Figure 4. Medium thickness undiluted specimen. 


These results are summarized in the following table: 


Specimen 

Best overall plot 
for Imeanty 

Best high-angie 
plot for 
accuracy 

Low-angle 
hmit of 
linearity 
for high- 
angle plot 

(fl) 

(a) Medium thickness 
diluted 

cot 

1 / cos® 0 cos® 

2 \ sm ^ B J 

30“ 

(d) Very thick diluted 

1/cos^d cos*d\ 

2 \ sin ^ 0 J 


(13“)* 

(c) Medium thickness 
undiluted 

1 r a , ^ /coa^O coa^6\ 

2L“"+2(.«..+ . J 

] •• 

30“ 

(d) Very thick undi¬ 
luted 

l/cos*d cos® A 

2 V 8 m^ ‘ e J 

9)> 

(13“)* 


* For line 6, the lowest Ime measured The true limit may be lower than this. 


We interpret these results in the following way. Two factors are contributing 
to the errors in the apparent a values, (a) the absorption, and (J) systematic 
observational errors. 

(a) The absorption error 

/^\ ^ cos^^ cos‘0 

\ a/aba'* sm0 ^ 0 ‘ 

This is in agreement with the theoretical finHing of Taylor and Sinclair for the 
case of an “ exponential” focus, although we had established the relation experi¬ 
mentally before th^ had reached this conclusion. 

(i) Errors in a due to systematic observational errors in measuring 0 are pro¬ 
portional to cot 0. This is easily confirmed by differentiating the Bragg equation : 

tf = ^ cosec 0 (for a cubic crystal); 

therefore Sa= — ^'\/h®+A®+Pcosec0cot086 
Sa 

- = -cot0S@. 


and 


a 
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Systematic observational errors may arise in measuring the positions of lines 
on a film using the usual type of measuring instrument. An observer may 
systematically place the cross-hairs slightly to one side of the position of maximum 
line density, particularly if the background blackening has a marked slope. We 
have noticed that there is often a slight systematic discrepancy between readings 
made independently by the two of us. 

In the thick specimens, absorption is the over-riding source of error, while 
in the specimen of “ optimum ” absorption and medium thickness, the effect of 
absorption is very slight. Hence the thick specimens give a linear plot against 
the absorption error function. When, however, the effect of absorption is 
negligible, the plot is no longer linear against this function; the only remaining 
source of error is observational and the plot becomes instead linear against cotd. 
An intermediate case exist^ for the undiluted specimen of medium thickness. 
Here the plot is not strictly linear against either the absorption error function 
or against cot^. The effect of observational errors being comparable with 
the absorption error, the plot is nearly linear against a mean of cotd and 

1 /C08®d cos®6\ 

2 Van? ' 

Having considered the question of the overall linearity of the plots, it is 
necessary to investigate the consistency with which any given type of plot will 

lead to a single value for a. Large-scale plots of apparent a vs* ^ + 

for the high-angle lines (0>3O°) are shown in figures 5 a and 5 

In both cases, the extrapolations for the medium and thick specimens converge 
very nearly to a point in spite of the considerable difference in slope. The follow¬ 
ing table gives a list of the extrapolated a values obtained, the maximum extra¬ 
polation deviation in each case being ± 0.0001 kx. 


cos^g \ 


Specimen a from \ ) extrapolation Temp. 

2 \ sin u ° J 


(a) Medium diluted 
(5) Thick diluted 
(r) Medium imdiluted 
(d) Thick imdiluted 


8 6863 kx ■ 
8-6861 kx 
8-6866 kx. 
8-6864 kx 


difference—0-0002 kx. 

» >> >> 


IS-'S 

1S--4 

16‘*-2 

16‘-4 


Mean value for a=8‘6864±0'0003 kx. 

It will be noticed that the medium specimens in each case give a slightly 
larger value for a than the thick, and that the undiluted specunens give slightly 
higher values than the diluted. The slightly higher temperatures at which the 
undiluted specunens were photographed would tend to give slightly higher 
values for a. It is unlikely that the small difference of annealmg temperature 
would have any measurable effect. Even so, the maximum error in the mean 
value of a from the four results is only about one part in 30,000. It is of interest 
that the value of a derived from the medium diluted specimen of “optimum" 
absorption is very close to the mean value. 
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Figure 5 a Medium thickness diluted specimen (upper plot). 
Thick diluted specimen (lower plot). 



Figure 5 fc. Medium thickness undiluted specimen (upper plot). 

Thick undiluted specimen (lower plot). 


ViemS. L«i8e.scaleplotecrfaagam8ti(^ + 5^)forlme8wxthfl>30' 
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A similar large-scale plot was made for specimen {d) (diluted, medium 
thickness) against the function which gave the best overall linearity, namely, 
cot 6 , This is shown in figure 6. 



Figure 6 Medium thickness diluted specimen 
Large-scale plot of a agamst cot & for Imes with 6 >25®. 


The extrapolated value of a is 8*6867 kx., which is higher than that obtained 
above. It was noticed that the cot 6 plot tended to emphasize the effect of random 
errors m measurement, giving a slightly more “scattered’’ plot than the one 
f cos® 6 cos® 6 \ 


. 1 /cos®fl cos®0\ 

+ —j- 


The enclosure of specimens in thin-walled silica or Lmdemann-glass tubes 
does not appear to cause any new errors. 


§5 EFFECT OF WRONG CAMERA ANGLE 
The effect of an error in 0;^., the camera angle, is to cause a flexure in the plot 

of a vs, ~ angles. Figures 7 a and 7 b show this effect on data 

obtained from specimen (J). The a values used were calculated using in error 
by 01 % in a positive and negative sense. A positive error in causes an upward 
flexure, and vice versa. The symmetry of the two effects confirms the accuracy 
of determination of the camera angle (0 86° 693) by Wilson and Lipson (1941). 
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1 / cos^ 6 , cos^ 9 \ 

2 V sin d 9 / 

Figure 7 b, dj^m error by —0-1 % 

Figure 7, Effect of wrong camera angle, di, 

« . 1 /cos* 9 • cos* - , , ,, ^ 

Plots of a agamst = ( - 3 + — 3 — J for thick diluted specimen. 

z \ sin u “ J 

These authors also discussed the source of error and showed that errors in a due 
to this cause are proportional to dcot6. It is advisable to use a camera which 
can record lines with 6 approaching 85°, otherwise the flexure in the plot may 
be unobservable and an unsuspected source of error be present. 


§ 6 . METHOD OF CALIBRATING CAMERA 

The recommendation of Wilson and Lipson (1941) is to calibrate by direct 
measurement. Some cameras are so constructed, however, that this is impos¬ 
sible, and must then be derived from the high-angle hnes on a quartz photo¬ 
graph. The basis of the method as descnbed by Bradley and Jay (1933) is to 
derive values of dj,. from each high-order reflection and then to use an extrapolation 
technique. These authors showed that, 

if — occos*^, 

a 


, 89^ sin2fl 

Hence the true value of is found by plotting the apparent values against 
sin 2 d 

and extrapolating linearly to zero (corresponding to 6 = 90°). 

We have shown that with well-constructed cameras absorption is the main 
source of error, and that 

8a cos^6 cos® 6 


In this case it is easily proved that 
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Hence a plot of against should give a straight line, and extra¬ 

polation to zero value of this function (corresponding to 0 = 90°) should give the 
correct value of 6 ^ Table 2 gives the values of ^1 + for the angles 

of reflection for quartz recommended by Wilson and Lipson (1941). 

We have tried out this method of extrapolation on the results of Wilson and 
Lipson for films 873, 876, 877, which were all taken with the camera we used. 
The values derived for 0*. were 86® 687, 86®-694, 86° 704; mean flft=86°*695. 

Table 2 


Values of 

(. sin B\ 

I'+T-) 

for quartz. 

Cu radiation. 

oo 

o 

p 


cos d / 



COS 61 

\ J ^ 

e V 9 



e 

V ‘ , 

412ai 

4120* 

61-304 

61-567 

0-817 

0 806 

502aA 
225 dx ^ 

■ 71-632 


0-443 

305ai 

305 

63 631 
63-920 

0 723 
0-711 

502a2 1 
225a. > 
331 aJ 

72-065 


0-430 

116ai 

65 613 

0 647 





116aa 

65-931 

0-636 

331 aj; 

72-509 


0-417 

501 Oi] 
501a. 
404ai 
404a., 



420ai 

73-319 


0-392 

► very faint 


420a. 

73 803* 


0-378 



315ai 

75-092* 


0-341 

206a^ 
206a. 

68-217 

68-578 

0-555 

0-542 

315 a A 
421 aij 

- 75-606 


0-327 




421a. 

76 138 


0-312 

413 ai 

68 951 

0-530 

234ai 

76-772 


0 295 

413a. 

69-326 

0-517 

234a. 

77-394 


0-278 

330ai 

70-162 

0-490 

216ai 

78-552 


0-248 

330a. 

70-562 

0-477 

216a2 

79-280 


0 230 


* These angles are given erroneously m table 4 of Wilson and Lipson’s paper (1941), owing 
to a proof error. 

sin 20 

mean deviation=0°‘006. The above authors, using a obtained 

86°-688, 86°-697, 86°-709; mean 0j.=86°-698, mean deviation=0°-007. The 
camera angle derived by direct measurement is 86°-693, which is taken as the 

COS 0 f sixx 0\ 

correct value. It will therefore be seen that the f 1 + j plot gives a 
more accurate result for 6 ^ in th’s case. 

We should like to emphasize the recommendations of Wilson and Lipson 
that cameras should be calibrated by direct measurement wherever possible. 
When quartz has to be used, we would advise that at least three photographs 
be taken. 
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§7. RECOMMENDATIONS ON PROCEDURE 

It IS obvious that if a number of factors are contributing to the error, each 
of the factors having a different dependence on d, no satisfactory Imear plot of 
avs.f{6) can in general be obtained. The eccentricity error can, however, be 
almost entirely avoided by using a well-made camera, which should be a sine 
qua non in an investigation claiming the highest accuracy. The pnnapal remain¬ 
ing source of error is then due to absorption, and linear extrapolation over a 
wide range becomes possible. It may not always be easy to assess the importance 
of eccentricity m the camera being used. In such cases it is advisable to calibrate 
the camera for extrapolation, following a procedure similar to that described 
m this paper. That is to say, the extrapolation function best suited to the particular 
camera should be derived empirically. 

The first general recommendation, then, is to mimmize the possible sources 
of error by using a well-designed and accurately constructed camera. Secondly, 
whether the Bradl^-Jay or van Arkel arrangement is used, the method of film 
measurement using a camera angle described by Bradley and Jay (1932) and by 
Lipson and Wilson (1941) should be employed as it avoids uniform film-shrinkage 
errors. It is necessary, however, to know the camera angle accurately. We 
have shown in this paper that the effect of 01% error in the camera angle is 
easily noticed in an extrapolation, and Wilson and Lipson observed it with an 
error of only 0 06%. Hence the linearity of the plot at very high angles should 
provide another check on the accuracy of calibration of the camera. Thirdly, 
care should be taken to avoid “ hot spots ” on the target and to use an effectively 
circular focal spot. 

. Four conditions need to be considered in deciding on an extrapolation 
procedure ; 

(a) It should give a consistent value for a whatever the nature of the 
specimen. 

{b) The low-angle limit of hneanty of the plot should be as low as possible. 

(c) The compression of the high-angle points towards the extrapolation limit 
should be considerable. 


(d) The slope of the extrapolation should be as small as possible. 


It is dear from the above results that a thidt absorbing specimen gives an 
• 1 ^ cos^ 0 cos^ B\ 

accurate linear plot of a vs. 2 ( H-g—) down to the lowest recorded 'ralues 


of 6 . This advantage is somewhat outweighed by the greatly increased slope of 
the extrapolation. A thinner specimen of “optimum” absorption will, on the 
oth^ hand, give nse to a very small extrapolation slope. The plot in general 

• IX cos^ & cos^ 0 \ 

willnotbelmearoverthewholerange, butaplotof avs. ^ l ^ H-g—1 will be 


accuratdy linear down to an angle of about 30®. This is a very much lower 
limit than is possible with a plot against cos^d. Although a plot against cot^ 
for such a specimen may have a greater range of linearity, it has the disadvantage 
that the high-angle points are not brought very dose to the extrapolation limit. 
It also ten^ to accentuate the effect of random errors. Further, it has been 
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1 fcos^d ^ cos® 0 ' 


gives 


demonstrated for such a specimen that the plot against 2 ^q 

a value for a very close to the mean obtamed from a number of specimens. 

In order to obtain highest accuracy it is therefore recommended. 

(a) To make a thin specimen of “ optimum ” absorption. 

(J) To choose x radiation of the right wave-length to give high-angle Imes; 
in particular, to ensure that at least one Ime has 0>8O°. The closer this 
final Ime is to 8=90®, the greater the accuracy, no matter what extrapo¬ 
lation method is used. 

1 /cos* 6 cos* 8 \ 

(c) To plot apparent a against ^ ^ -I -^ 1 and to extrapolate hnearly 

to zero value of this function. Lmes widi 8 values as low as 30° can be 
included in the plot. This means that a far greater number of lines 
than usually considered can justifiably be used, giving the extrapolation 
greater certainty. 

In critical cases it may be advisable to make a number of specimens of 
different thickness and absorption and to take the mean value of the results. 

It must be emphasized that these recommendations have effect only when 
the eccentricity error is negligible, and we have urged that cameras be so designed 
and constructed that this is so. If, however, the effect of eccentricity is very 
much greater than that of absorption, a plot against cos* 8 would be more correct. 
It is our experience that this is rarely the case, i.e. that absorption is usually the 
more important source of error. 

If the problem is such that a reasonably accurate value of the cell dimension 

has to be derived from a few low-angle lines only, it would be preferable to make 

, . j • ^ t. I/cos® 8 cos* 8 \ , 

a thick absorbmg specimen and agam to use the H—^—j plot. The 

reason for this is that the extrapolation will have greater certainty than would be 
the case for the low-angle lmes of a thin specimen. At the same time, it should 
be borne in mind that a thick specimen causes a considerable diminution in 
intensity of low-angle lines. 

Our recommendations may be criticized on the grounds that they are based 
on the ^animation of one substance only, CUJAI 4 . There is, however, no reason 
for supposmg any umqueness of behaviour for this substance in the derivation 
of accurate unit-cell dimensions Also, the different types of specimens pre¬ 
pared were chosen so as to give a considerable variation m properties. 

s* 8 \ 

^—j calculated for every tenth of a degree is appended 

(table 3). The calculations in this paper were earned out on a Marchant electnc 
calculating machme with automatic division. 


1 / cos^ 6 cos^ 
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Table 


Table 3 

j. 1 fco&^d 

“ 2\sin0 


+ 


cos®5\ 

~) 


e 

0-0 

0-1 

0-2 

03 

0-4 

05 

06 

0-7 

0-8 

0-9 

o 

10 

5-572 

5-513 

5-456 

5-400 

5-345 

5-291 

5-237 

5-185 

5-134 

5-084 

11 

5 034 

4-986 

4-939 

4-892 

4-846 

4-800 

4-756 

4-712 

4-669 

4 627 

12 

4 585 

4-544 

4 504 

4-464 

4-425 

4-386 

4-348 

4 311 

4-274 

4-238 

13 

4 202 

4-167 

4*133 

4-098 

4-065 

4-032 

3-999 

3-967 

3-935 

3 903 

14 

3-872 

3-842 

3-812 

3*782 

3-753 

3 724 

3-695 

3-667 

3-639 

3-612 

15 

3-584 

3-558 

3-531 

3-505 

3 479 

3 454 

3-429 

3-404 

3-379 

3 355 

16 

3 331 

3-307 

3-284 

3-260 

3*237 

3-215 

3 192 

3*170 

3-148 

3*127 

17 

3-105 

3-084 

3-063 

3-042 

3-022 

3-001 

2 981 

2 962 

2 942 

2-922 

18 

2*903 

2-884 

2-865 

2-847 

2-828 

2 810 

2-792 

2 774 

2-756 

2*738 

19 

2-921 

2-704 

2-687 

2-670 

2-653 

2-636 

2 620 

2-604 

2 588 

2-572 

20 

2-556 

2-540 

2-525 

2-509 

2 494 

2*479 

2-464 

2*449 

2-434 

2*420 

21 

2-405 

2-391 

2-376 

2-362 

2-348 

2 335 

2 321 

2-307 

2-294 

2*280 

22 

2-267 

2-254 

2-241 

2-228 

2-215 

2 202 

2-189 

2-177 

2 164 

2-152 

23 

2-140 

2-128 

2-116 

2-104 

2-092 

2*080 

2-068 

2 056 

2-045 

2-034 

24 

2-022 

2-011 

2-000 

1-989 

1-978 

1-967 

1-956 

1-945 

1-934 

1-924 

25 

1-913 

1-903 

1-892 

1-882 

1-872 

1-861 

1-851 

1*841 

1 831 

1-821 

26 

1-812 

1-802 

1-792 

1-782 

1-773 

1*763 

1*754 

1*745 

1*735 

1*726 

27 

1-717 

1-708 

1-699 

1-690 

1-681 

1-672 

1*663 

1*654 

1 645 

1-637 

28 

1-628 

1-619 

1-611 

1-602 

1-594 

1-586 

1-577 

1-569 

1-561 

1-553 

29 

1-545 

1-537 

1-529 

1-521 

1-513 

1*505 

1-497 

1-489 

1-482 

1-474 

30 

1-466 

1-459 

1-451 

1-444 

1-436 

1*429 

1-421 

1-414 

1-407 

1*400 

31 

1-392 

1-385 

1-378 

1-371 

1-364 

1 357 

1-350 

1-343 

1-336 

1-329 

32 

1-323 

1-316 

1-309 

1-302 

1-296 

1 289 

1-282 

1-276 

1-269 

1-263 

33 

1 256 

1-250 

1-244 

1 237 

1-231 

1*225 

1-218 

1-212 

1-206 

1-200 

34 

1-194 

1-188 

1-182 

1-176 

1-170 

1-164 

1-158 

1-152 

1 146 

1-140 

35 

1-134 

1-128 

1-123 

1-117 

1-111 

1-106 

1-100 

1-094 

1-098 

1 083 

36 

1 078 

1 072 

1-067 

1 061 

1-056 

1-050 

1-045 

1-040 

1-034 

1 029 

37 

1-024 

1*019 

1 013 

1-008 

1 003 

0-998 

0-993 

0-988 

0-982 

0-977 

38 

0-972 

0-967 

0-962 

0-958 

0-953 

0-948 

0-943 

0-938 

0-933 

0-928 

39 

0 924 

0-919 

0-914 

0-909 

0 905 

0*900 

0-895 

0-891 

0-886 

0*881 

40 

0-877 

0*872 

0-868 

0-863 

0-859 

0-854 

0-850 

0-845 

0-841 

0*837 

41 

0-832 

0-828 

0-823 

0 819 

0-815 

0-810 

0-806 

0-802 

0-798 

0-794 

42 

0 789 

0-785 

0 781 

0-777 

0-773 

0-769 

0-765 

0-761 

0-757 

0-753 

43 

0-749 

0-745 

0-741 

0-737 

0-733 

0-729 

0-725 

0-721 

0-717 

0-713 

44 

0-709 

0-706 

0-702 

0-698 

0-694 

0-690 

0-687 

0-683 

0-679 

0-676 

45 

0 672 

0-668 

0 665 

0 661 

0-657 

0-654 

0-650 

0-647 

0*643 

0-640 

46 

0 636 

0-632 

0-629 

0 625 

0-622 

0-619 

0 615 

0-612 

0-608 

0-605 

47 

0-602 

0-598 

0-595 

0*591 

0-588 

0-585 

0 582 

0-578 

0-575 

0-572 

48 

0 569 

0-565 

0 562 

0-559 

0-556 

0*553 

0-549 

0-546 

0-543 

0*540 

49 

0-537 

0-534 

0-531 

0 528 

0-525 

0-522 

0-518 

0-515 

0-512 

0*509 

50 

0*506 

0-504 

0-501 

0-498 

0-495 

0-492 

0*489 

0 486 

0*483 

0-480 

51 

0-477 

0-474 

0-472 

0*469 

0-466 

0-463 

0-460 

0-458 

0-455 

0-452 

52 

0-449 

0-447 

0-444 

0-441 

0-439 

0-436 

0-433 

0-430 

0-428 

0-425 

53 

0-423 

0-420 

0-417 

0-415 

0-412 

0-410 

0 407 

0-404 

0-402 

0*399 

54 

0-397 

0-394 

0-392 

0-389 

0-387 

0-384 

0 382 

0 379 

0-377 

0*375 
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Table 3 {continued) 


& 

0-0 

0*1 

0*2 

0*3 

0*4 

0*5 

0*6 

07 

0*8 

0*9 

55 

0*372 

0-370 

0*367 

0*365 

0*363 

0*360 

0*358 

0*356 

0*353 

0*351 

56 

0*349 

0*346 

0*344 

0*342 

0-339 

0-337 

0 335 

0*333 

0*330 

0*328 

57 

0*326 

0*324 

0*322 

0*319 

0-317 

0*315 

0*313 

0*311 

0 309 

0*306 

58 

0*304 

0-302 

0*300 

0*298 

0 296 

0-294 

0 292 

0-290 

0-288 

0*286 

59 

0*284 

0*282 

0*280 

0-278 

0*276 

0-274 

0-272 

0*270 

0*268 

0 266 

60 

0-264 

0*262 

0*260 

0*258 

0*256 

0*254 

0 252 

0 250 

0*249 

0*247 

61 

0*245 

0-243 

0-241 

0-239 

0-237 

0*236 

0*234 

0 232 

0 230 

0*229 

62 

0*227 

0*225 

0*223 

0-221 

0-220 

0*218 

0*216 

0*215 

0*213 

0*211 

63 

0 209 

0 208 

0*206 

0*204 

0*203 

0*201 

0*199 

0*198 

0*196 

0*195 

64 

0*193 

0*191 

0*190 

0*188 

0*187 

0-185 

0-184 

0*182 

0*180 

0*179 

65 

0*177 

0*176 

-0*174 

0*173 

0*171 

0*170 

0*168 

0*167 

0*165 

0*164 

66 

0*162 

0*161 

0*160 

0*158 

0*157 

0*155 

0*154 

0*152 

0*151 

0*150 

67 

0*148 

0*147 

0*146 

0 144 

0143 

0*141 

0*140 

0 139 

0138 

0*136 

68 

0*135 

0*134 

0*132 

0-131 

0*130 

0-128 

0-127 

0*126 

0*125 

0*123 

69 

0*122 

0*121 

0-120 

0-119 

0*117 

0*116 

0*115 

0*114 

0*112 

0*111 

70 

0*110 

0*109 

0*108 

0-107 

0*106 

0*104 

0*103 

0*102 

0*101 

0*100 

71 

0*099 

0*098 

0 097 

0*096 

0*095 

0*094 

0*092 

0*091 

0*090 

0*089 

72 

0*088 

0 087 

0 086 

0*085 

0 084 

0 083 

0*082 

0*081 

0*080 

0*079 

73 

0*078 

0 077 

0*076 

0-075 

0*075 

0*074 

0*073 

0*072 

0*071 

0*070 

74 

0*069 

0*068 

0*067 

0*066 

0*065 

0 065 

0*064 

0*063 

0*062 

0*061 

75 

0*060 

0 059 

0*059 

0*058 

0*057 

0 056 

0*055 

0*055 

0 054 

0*053 

76 

0*052 

0*052 

0*051 

0*050 

0*049 

0*048 

0*048 

0*047 

0*046 

0*045 

77 

0*045 

0*044 

0*043 

0*043 

0*042 

0*041 

0*041 

0*040 

0*039 

0*039 

78 

0*038 

0*037 

0*037 

0*036 

0*035 

0 035 

0*034 

0*034 

0*033 

0*032 

79 

0*032 

0*031 

0*031 

0*030 

0*029 

0*029 

0*028 

0*028 

0*027 

0*027 

80 

0*026 

0*026 

0*025 

0*025 

0*024 

0*023 

0*023 

0*023 

0*022 

0*022 

81 

0*021 

0*021 

0*020 

0*020 

0*019 

0 019 

0*018 

0*018 

0*017 

0*017 

82 

0*017 

0*016 

0*016 

0*015 

0*015 

0*015 

0*014 

0*014 

0*013 

0*013 

83 

0*013 

0*012 

0*012 

0 012 

0 011 

0*011 

0*010 

0*010 

0 010 

0*010 

84 

0*009 

0*009 

0*009 

0*008 

0*008 

0*008 

0*007 

0*007 

0*007 

0*007 

85 

0*006 

0*006 

0*006 

0*006 

0*005 

0*005 

0*005 

0*005 

0*005 

0*004 

86 

0*004 

0*004 

0*004 

0*003 

0*003 

0*003 

0*003 

0*003 

0*003 

0*002 

87 

0*002 

0*002 

0*002 

0*002 

0*002 

0*002 

0*001 

0*001 

0*001 

0*001 

88 

0*001 

0*001 

0 001 

0*001 

0*001 

0*001 

0*001 

0*000 

0*000 

0*000 
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WALL- AND SALT-ABSORPTION CORRECTIONS 
IN RADIUM-CONTENT MEASUREMENTS 


By W. E. perry, B.Sc. 

Communication from the National Physical Laboratory 
MS. received 25 January 1945 

ABSTRACT. The measurement of radium content by the gamma-ray method mvolves 
corrections for the absorption of the radiation in the wall of the container and in the radio¬ 
active material itself Corrections for cylindrical contamers constructed of platinum- 
indium, gold, a gold-silver alloy and monel metal have been determined experimentally 
for wall thicknesses up to 2 mm. and external diameters up to 8 mm , usmg radium cells 
and absorbing tubes to simulate radium contamers. Measurements of the absorption in 
powdered materials are described and an empirical formula representing the absorption 
both for the powdered materials and the metal tubes is deduced. The results provide an 
experimental basis for the estimation of the absorption in radium salts, and examples of 
their application to practical cases are given. 

§1 INTRODUCTION 

T he determination of the radium content of a radium container mvolves 
an important correction for the absorption of the gamma rays in the 
wall of the container and, in the case of certain containers, a correction 
for the absorption in the radium salt itself. Owen and Naylor (1922) cal¬ 
culated the wall-absorption corrections for platinum, silver and glass containers 
respectively, using a formula which involves the absorption coefEcient of the 
gamma rays m the material of the container. The corrections for platinum 
and monel metal were determined experimentally at the National Physical 
Laboratory by ICaye, Aston and the writer in 1934, nests of absorbing tubes 
being used as a convenient means of simulating cylindrical radium containers. 
The measurements covered a range of wall thicknesses from 0-3 to 1*5 mm. 
and a range of external diameters from 1 5 to 8 mm. It later proved necessary 
to extend the measurements to wall thicknesses of 2 mm., and the opportunity 
was therefore taken to repeat the earlier measurements, particularly as radium 
cells and absorbing tubes became available which were more suitable in several 
respects than those used previously. These measurements are dealt with in 
the earlier part of this paper, while the later part deals with measurements 
undertaken to obtain data on which to base the estimation of the correction for 
the absorption in the radium salt itself. 

§2 ABSORPTION IN CYLINDRICAL METAL TUBES 

2.1. Radium sources and absorbing tubes.* The metals for which absorption 
measurements have been made are : (a) Platinum-indium (90% Pt, 10% Ir), 

■* We are indebted to Messrs Eldorado Gold Mines, Ltd., for the loan of tVift radium and to 
Messrs. Johnson, Matthey and Co , Ltd , for the construction and loan of the absorbing tubes used 
m the measurements. 
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which will be referred to as platinum; (ft) gold; (c) an alloy of gold (67%), silver 
(20 65%), copper (10-9%) and platinum (1 45%), which will be referred to as 
gold-silver alloy; (d) monel metal (67% Ni, 28% Cu, 5% Fe, Mn, etc.). 

Three radium cells were obtamed for the measurements. Each consisted 
of radium salt enclosed in a cylindrical monel-metal cell, the radium contents 
being approximately 8, 20 and 20 mg. radium element respectively. The wall 
thickness of each cell was 0 1 mm., the external length 25 mm. and the external 
diameters 0*8, 2 0 and 4 0 mm. The cells were closed by solid plugs of monel 
metal 5 mm. long, so that manipulation with forceps could be carried out without 
risk of damaging the thin walls. Contact photographs showed that the radium 
was distributed uniformly throughout the internal length of the cell. 

Each radium cell was provided with five closely-fitting platinum absorbing 
tubes of length 35 mm. and wall thicknesses approximately 0 3, 0 5, 1 0, 1 5 
and 2 mm. respectively, i.e. there were in all fifteen platinum tubes. The 
external diameters of the tubes ranged from 1 4 to 4 8 mm. for the small diameter 
cell, from 2 6 to 6 0 mm. for the medium diameter cell, and from 4-6 to 8*0 mm. 
for the largest diameter cell. Two gold tubes of wall thicknesses approximately 
1 and 2 mm. were available for each radium cell. In the case of monel metal 
and the gold-silver alloy, five tubes were made for use with the smallest diameter 
cell, the wall thicknesses ranging from 0*3 to 2 mm. 

2.2. Measurement of wall thicknesses of absorbing tubes The wall thick¬ 
nesses of the platinum and the gold-silver alloy tubes were determined (1) by 
measurmg the external and internal diameters at the ends with a precision micro¬ 
scope ; (2) by calculating the mternal diameters, using the known mass, density 
and external dimensions; (3) by measuring the external diameters with a micro¬ 
meter screw gauge and the mternal diameters by inserting cylinders of known 
diameters. Method (3) was omitted m the case of the gold and the monel- 
metal tubes. In general, method (1) gave the smallest values, the results indicating 
that the walls of the tubes were, on the average, 0*02 mm. thinner at the ends 
than elsewhere. The values obtamed by method (2) were generally intermediate 
between those by methods (1) and (3), and were accordingly adopted as being the 
best values of tie average Wl thicknesses. Incidentally, the density of the 
platinum-iridium was found by the Metrology Division of the Laboratory 
to be 21*53, that of the gold 19*21, gold-silver alloy 14*79, and monel metal 
8 *826, the estimated accuracy being ± 1 part m 1000. * 

2.3. Absorption measurements. The apparatus used for the absorption 
measurements consisted of the combmed ionization chamber and electroscope 
(Perry, 1936) used in radium-content tests at the National Physical Laboratory, 
^e thickness of the lead filter on the front of the chamber being 0*5 cm. The 
measurements consisted of comparing the ionization produced by a radium 
cell with the ionization I when the cell was enclosed in a metal absorbing tube, 
the radium being supported m a wooden stand parallel to the front face of the 
ionization chamber. The ‘‘measured*^^ percentage absorption correction c^^ is 

* The co-operation of the Metrology Division of the Laboratory is gratefully acknowledged m 
connection with these measurements. 
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then given by f„= 100 absorption corrections were, within the 

limits of experimental error, mdependent of,the distance between the radium 
and the chamber for distances normally used, viz., 30 to 120 cm The majority 
of the measurements were made at distances between 30 and 60 cm., as these 
gave convenient ionization currents. 

§3 RESULTS OF ABSORPTION MEASUREMENTS 

3 1. Wall-absorptton corrections The results of the measurements of the 
absorption in metal tubes are given in table 1, columns (1) and (2) of which give 
the external diameters and wall thicknesses, and column (3) the “ measured ” 
corrections As explained in the 1936 paper, owing to the presence of the wall 
of the radium cell, the measured correction is slightly less than it would be were 
the absorbing tube completely filled with radium, and an allowance for this 
has to be made. This allowance was made by multiplying the measured correc¬ 
tion c„ by the ratio eje^, where c^ and c^ are respectively the calculated corrections 
for the tube completely filled with radium and for the same tube when the cell 
wall IS interposed between the inside of the tube and the radium. An accurate 
value of the absorption coefficient of the gamma rays in the material of the tube 
is not necessary for this correction factor, and the values used in the calculations 
were approximate estimations based on prehminary measurements. The 
“true” corrections, i.e. the values in column 3 corrected for the presence of 
the cell wall, are given m? column 4. 

Table 2 contains the derived values of the corrections for tubes of normal 
dimensions. In the case of platinum, gold and monel metal, the majority of 
these values have been obtained by graphical interpolation of the results given 
m table 1. Graphical extrapolation was necessary to derive the corrections for 
the thinner-walled tubes of large diameter, but for such tubes the variation of 
the correction with the external diameter is small, and extrapolation introduces 
no appreciable uncertainty. In the case of gold-silver alloy, for which the 
measurements were limited to tubes having diameters between 1 -4 and 5 mm., 
Owen and Naylor’s formula (1922) was used as a means of extrapolating the 
results to obtain the corrections for tubes of larger diameter. 

3.2. Discussion of results. The values of the corrections given in table 2 
represent the percentage by which the observed radium content has to be 
increased in order to obtam the true content. They are considered to be 
reliable to within ± 0’3 for the thicker tubes and to within less than this figure 
for the thinner tubes. It should be noted that the values are only apphcable 
when the measuring apparatus is s imila r to that used at the National Physical 
Laboratory, and that modifications in the apparatus, e.g., a change in the lead 
filter or m the lining of the ionization chamber, introduce variations m the correc¬ 
tions. A shght increase m the corrections is necessary when the distance 
of the radium from the chamber is less than 30 cm. The increase m the 
percentage correction m the case of platinum and gold is about 0 1 per mm 
of wall thickness when the distance is 20 cm., and 0 05 per mm. of wall thir.knftgs 
when the distance is 25 cm. Incidentally, a change of OT in the absorption 
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Table 1. Expenmental wall-absorption corrections (Wall thickness of 
monel-metal radium cells 0-1 mm. ; lead filter 0 5 cm. thick.) 


External diameter 
of absorbmg tube 
(mm ) 

Wall thickness 
of absorbing tube 
(mm ) 

Percentage absorption correction 

As measured 

Corrected for 
presence of cell wall 

Platinum 




1*397 

0-27o 

3*0 

3*3 

l-77g 

0-46o 

5*5 

5-7 

2-80, 

0*98o 

12-2 

12*6 

3*787 

1*46, 

18-5 

18*9 

4-81 g 

l-95o 

25*0 

25-4 

2-65o 

0-29* 

3*8 

4*0 

3*015 

0-48o 

6*1 

6-3 

4-013 

0*97o 

12 7 

13*1 

s-oo* 

1-473 

19*4 

19-9 

6*01o 

l-96o 

26*1 

26-6 

4 65* 

0*29o 

3 6 

3*8 

4-98, 

0-46o 

6*2 

6-4 

5*977 

0-94s 

13 1 

13-5 

7 00t 

l-44s 

19 9 

20*4 

7*987 

1*95, 

27 3 

27*8 

Gold 




2 7% 

0*94, 

10*6 

10-9 

4*80o 

l*93o 

22*7 

23-1 

3 98, 

0*96o 

11*5 

11-9 

5*99, 

l-95o 

23-5 

23-9 

5 99, 

0*94o 

11*6 

11-9 

7*99, 

l*94o 

24-5 

24-9 

Gold^ilver alloy 




1*45, 

0*29, 

2*0 

2-1 

1*85t 

0-49, 

3*4 

3*6 

2*83, 

0*97, 

7*3 

7-5 

3*84, 

1-475 

11*2 

11*4 

4*90, 

2*00a 

15-4 

15-7 

Monel metal 




1*46, 

0*30o 

0-7 

0-7 

1*83, 

0 48o 

1-2 

1*2 

2 85, 

0*99, 

2*4 

2*5 

3*84, 

1*44, 

3 6 

3-7 

4*82, 

1*93, 

49 

5*0 

5-49# 

0*33, 

0 8 

0-8 

6-08* 

0*59, 

1 3 

1*3 

6*87* 

0*97, 

2-7 

2-9 

7-91* 

l*47i 

41 

4*3 


♦ Results obtained m a previous investigation (1936), using a glass radium cell of 0 35 mir 
wall thickness and 4*6 mm external diameter 
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Table 2. Percentage wall-absorption corrections applicable to the measured 
radium contents of uniformly filled cylindrical tubes. Lead filter 0*5 cm. 


External 
diameter 
of tube 


Wall thickness of tube (mm.) 


0 3 0-4 0-5 0-6 0 8 1 0 1-25 IS 1-75 2-0 


4*8 I 
5-0 
5-2 I 
5*3 
5 5 6 8 
5-5 6 9 
5-7 7d 
5*7 7-2 
5-8 7-2 


5- 8 

6- 2 19 0 

6 6 19-5 22 3 
1 20 2 23 3 26*3 
•5 20-8 24 0 27-0 
8 21 2 


mam 


20-4 


21-2 

24 0 

217 

24*7 

22-2 

25-2 


1-5 

1-6 2-1 2-6 

1-6 2*2 2-8 3-3 

1-6 2-2 2-9 3-4 

1*6 2-2 2-9 3-6 

1-6 2-3 3-0 3-7 
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correction results in a change of 1 part in 1000 in the derived radium-content 
value. 

The measurements in platinum confirm the earlier observations for wall 
thicknesses up to 0-8 mm., the differences being not greater than 0-3. For wall 
thicknesses of 1 mm. and upwards, the new values are slightly less than the 
earlier values, the differences being less marked the greater the diameter. This 
discrepancy arises mainly from a slight lack of uniformity of one of the absorbing 
tubes used in the earlier investigation, in which the wall thicknesses were 
determined at the ends of the tubes only, by a vernier microscope. These 
agreed in general with the average values, as calculated from the density, to 
within 0 02 mm. The wall thickness at the ends of the outer tube of the small 
diameter “ nest” was however 0 05 mm. less than the average thickness. When 
allowance is made for this, the earlier and present series of measurements agree 
within the limits of experimental error. 

The absorption coefficient of the gamma rays in platinum derived from the 
results is 1 14 cmr^, i.e. slightly lower than the earlier value, 1-16 cmr^. The 
coefficients for gold, gold-silver alloy, and monel metal are 1-05 cmr^, 0-70 cmr^ 
and 0*25 cmr^ respectively, and the corresponding mass-absorption coefficients 
are 0 053 for platinum, 0*055 for gold, 0 047 for gold-silver alloy and 0*028 for 
monel metal. For a lead filter 0*5 cm. thick, these values for platinum and 
gold are a little greater and that of monel metal a little less than those indicated 
by the curves which Oddie (1939) obtained from measurements with radium- 
measuring equipment of somewhat different design. 

Table 2 contains sufficient values for the interpolation of corrections for 
tubes having wall thicknesses between 0*3 and 2 mm. and external diameters 
between 1 5 and 8 mm. Also, plotting the absorption correction against the 
absorption coefficient for tubes of identical dimensions yields a senes of curves 
by means of which the corrections for tubes of any material of known absorption 
coefficient may be obtained. As is shown later, the value of the coefficient 
can be estimated to an accuracy sufficient for most purposes by the empirical 
formula (2) in §4.3. 

» 

§4. SALT-ABSORPTION CORRECTIONS 

Most of the radium containers used in medical practice contain only a few 
milligrammes of radioactive material, the absorption of the gamma rays in which 
!s negligible. When, however, the quantity of radioactive salt is 20 mg. or more, 
an appreciable absorption occurs and a “salt-absorption” correction is then 
necessary. The correction can be calculated (Thirring and Schweidler, 1912 ; 
Schweidler, 1912 ; Paterson et aLy 1917; Dufton, 1926; Holuba, 1937 ; 
Franz and Weiss, 1940), provided the absorption coefficient of the gamma rays 
in the salt is known, and a number of investigations of radioactive materials 
have been made to obtain the information required (Paterson et aL, 1917; Owen 
and Fage, 1921 ; Behounek, 1934; Franz and Weiss, 1935 ; Curtis, 1939). 
Owing to the cost of radium and the experimental difficulties involved, it has 
not been possible to measure directly the absorption in a radium salt. Attempts 
have been made at the National Physical Laboratory to measure the absorption 
by placing a radium container of small dimensions behind a larger one, but theso 
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attempts provided no reliable results because it was not possible to estimate 
accurately the appropriate wall-absorption correction. It has therefore been 
necessary to derive the required data indirectly from the results of measurements 
in which ordinary powdered materials were used as absorbers. 


4.1 Absorption measurements m powdered materials. The experimental part 
of the investigation consisted of measurements of the absorption of the 
gamma rays in powdered materials the constituents of which ranged from carbon 
(at. no. = 6) to uranium (at. no. = 92). Measurements were first undertaken in 
which the powdered material was enclosed in a vessel having plane walls, the 
radium cell being placed outside the vessel and in contact with the side of the 
vessel remote from the jonization chamber. These measurements served to 
indicate the dependence of the absorption on the density and composition of the 
absorbing specimen, but in order to obtain conditions more nearly similar to 
those of radium-content determinations, further measurements were made in 
which the radium cell was surrounded by the absorbing matenal. Preliminary 
measurements with vessels having plane walls showed that the absorption 
under these conditions is slightly less than when the radium is outside the 
specimen. To approximate more closely to the required conditions it was 
decided to use cylindrical vessels to contain the powder, and to support the 
radium cell axially inside the cylinders. Two ebonite cylinders of different 
diameters were constructed for these measurements. They were of external 
length 25 5 mm., internal length 20 mm., external diameters 13*4 and 23 mm. 
and internal diameters 1T3 and 20*4 mm. respectively. The 2-mm. diameter 
radium cell referred to in § 2 1 was used, and with this cell in position the internal 
volumes of the cylinders were 1 91 and 6*56 c c., the absorbing thicknesses of 
powder when the cylinders were full being 4*65 mm. and 9 20 mm. Each 
material was finely powdered in an agate mortar before being transferred to the 
cylinder, and its apparent density was determined from the weight of the powder 
required to fill the cylinder. 

The absorption in a powder was measured by comparing the ionization 
/fl when the radium cell was enclosed in the otherwise empty cylinder with the 
ionization I when the cylinder was full. In deriving the absorption coefficient 
II of the gamma rays in the powder from the ratio ///q, account was taken of the 
curvature of the walls of the radium cell and the cylinder and of the presence 
of the wall of the radium cell. Assuming a‘parallel beam of gamma rays, it can 
be shown that 


7 4 /•«/2 

~ - C0S2<6 

Iq Jo ^ 


( 1 ) 


where Oi and a are the internal and external radii of the radium source and b is 
the internal radius of the cylinder containing the powder. Graphs were drawn 
for each cylinder showing the variation of ///(, with for values of up to 0*3 cm7\ 
and these graphs were used to obtain the values of [jl corresponding to the 
experimental values of ///q. 


4.2 Experimental results. The mean results of the measurements are given 
in table 3, column 1 of which gives the composition of the material, column 2 
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the apparent density (g./c.c.), and columns 3 and 4 the measured linear and mass- 
absorption coefBcients jtt(cmr^) and jn/p (cm? gr^) respectively. The figures 
in column 5 are referred to later. The accuracy of the values of i^jp in column 4 
IS about ±5%, and within these limits fijp was the same for each cylinder, 
indicating that the absorption coefiicient is practically independent of the radial 
thickness of the absorbing specimen for thicknesses between 0-5 and 1 cm. 
and of the mtemal diameter of the containing vessel for diameters between 
1 and 2 cm. It is seen that materials containing only elements of low atomic 
number, Le. less than that of barium (at. no. =56), have approximately the 
same mass absorption coefficient, the mean value for these materials being 0-031. 


Table 3. Absorption in powdered materials. Radium source on axis of 
cylindrical vessel contaimng absorbmg powder. Lead filter 0 5 cm. thick. 


Absorbing material 

Density of 
absorbing 
material 

MeasTired linear and 
mass-absorption 
coefficient 

fi/p based on 
empirical formula 
fie=l-04xl0-« 
-1-2-5 Xl0-»»Z» 


f*/p 


(g./c.c.) 

(cm~^) 

(cm^^g-'^) 

(cm?g-^) 

U,Og 

3 95 

0-255 

0-065 

0 065 

Th(SO«),. 9HjO 

137 

0-064 

0-047 

0-047 

612(804)3 

1 70 

0 075 

0-044 

0-048 

PbO 

3-92 

0-220 

0-056 

0 056 

BaSOi 

3-05 

0-100 

0-033 

0-034 

ZnS 

2-42 

0 072 

0-030 

0 031 

S 

1-31 

0 040 

0-031 

0 032 

MgO 

0-473 

0-015 

0-032 

0-031 

C 

0-91 

0-029 

0-032 

0 031 

Metal tubes 





Au 

19-21 

1-05 

0-055 

0 055 

Pt/Ir 

21 53 

1-14 


0 054 

Gold-silver alloy 

14-79 

0-70 

0-047 

0-048 

Monel metal 

8-825 

0 25 

0-028 

0 031 


There is, however, a wide range of mass absorption coefficients in the case of 
those materials containmg elements of high atomic number. We have mcluded 
in table 3 the results of the measurements of the absorption m cylindncal metal 
tubes referred to in §3.2. It will be noted that the mass-absorption coefficient 
of monel metal, which is representative of elements of low atomic number, is 
only shghtly less than that of the corresponding powdered matenals, while the 
mass-absorption coefficients of the other metals are intermediate between those 
of powdered matenals containing elements of high atomic number. 


4.3. Derivation of the absorption coefficients of radium salts. In order to 
denve the absorption coefficients of radium salts corresponding to the results 
given m table 3, it was found convenient to deal m terms of the absorption 


coefficient per electron of each element, p.g = 


A u, 


where A and Z are the 
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atomic weight and atomic number and JVis Avogadro’s number (6 '06 x 10**). The 
absorption was considered to consist of two parts, one due to scattering and 
the other to photo-electnc and other processes It is known that the absorption 
in ligh t elements is due almost entirely to scattenng, the absorption per electron 
bemg practically mdependent of the atomic number. The results in table 3 
are m agreement with this, the values of for these matenals bemg from 
0-99 X 10~*® to 1-06 X 10~*® The contnbution of the elements of high atomic 
number to the total absorption m a material was obtained by first deriving the 

weightj, 


absorption per molecule 


(M ^ 
\N p’ 


where M is the molecular 


and 


subtracting from this the absorption due to the elements of low atomic number, 
taking jLOg for the latter to be 1-04 x Xhe values of for the elements of 

high atomic number so obtained were plotted against the atomic number, and 
it was found that both for powdered materials and metal tubes the points lay 
close to the curve* represented by 


= 1 -04 X 10-26 + 2 S X 10-51^3 .(2) 


The mass-absorption coefficients of the matenals used in the measurements 
based on this expression are given in the final column of table 3, and the corre¬ 
sponding mass-absorption coefficients of the most commonly used radium salts 
are given in table 4. 


Table 4. Mass-absorption coefficients of radium salts. Lead filter 0*5 cm. 
thick. Empirical basis *04x -f 2*5 x 


Radium salt 

Mass 

absorption coeffiaent 
/t/p (cm'g.-^^) 

RaS04 

0*055 

RaBra 

0 051 

RaCl* 

0*057 

RaCOa 

. 0*058 


§5. THEORETICAL SALT-ABSORPTION CORRECTIONS 

5-1. Completely filled container. When a cylindrical container full of 
radium salt is situated symmetrically on the axis of the ionization chamber, the 
axis of the container being perpendicular to that of the chamber, then, assuming 
a parallel beam of gamma rays, the ratio of the measured ionization I to the 
ionization had there been no absorption in the radium salt is given by 

where d is the internal diameter of the container and fjt, is the absorption coefficient 
of the gamma rays in the radium salt (Paterson et al,y 1917). 

The values of the percentage absorption correction 100 calculated 

* See Rutherford et al , 1930 ; Kohlrausch, 1928, and Gray, 1931, 
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by means of (3) for values of fw/ up to 0-20 are given in table 5. It is seen that 
the percentage correction is approximately equal to A-S/xd. 


Table 5. Theoretical salt-absorption corrections (%). 


fid 

001 

0-02 

0*04 

0*06 

0-08 

0-10 

0-12 

0-14 

016 

0 18 

0-20 

Percentage 

absorption 

correction 

0-4 

0-9 

1*7 

2-6 

1 

I 

5-2 

6-0 

69 

78 

8-7 


5.2. Partially filled container. Franz and Weiss (1940) have shown that 
when a cylindrical container is only partially filled with radioactive material the 
absorption in the material is given by 

(4)' 

in which the values of a and b depend on the ratio kjd, h being the depth of the 
radium salt when the axis of the contamer is horizontal. The ratio of the cor¬ 
rection for a partially filled container to that for a completely filled contamer is 
nearly independent of fid for values of /uf up to 0 2. Values of the ratio for different 
values of hjd are given m table 6. It is seen that the correction for a container 
less than half full is smaller than that for a full container, while the correction for 
a contamer more than half but not completely full slightly exceeds that for a full 
container. The formula (4) is based on the assumption that radon remains 
occluded in the radioactive material, which is true in the case of a number of 
radium salts, e.g. radium sulphate, crystalline radium chloride and radium 
bromide. 

Table 6. Ratio of salt-absorption corrections for full and partially full 

containers 


hid 

0-15 

0-25 

Q 



1-0 

“ Partially filled ** correction 
“ Completely filled ” correction 

0-64 

08 

1-0 

1-03 

1-04 

1-0 


§6 PRACTICAL SALT-ABSORPTION CORRECTIONS 

6.1. Concentrated radium salts. Tables 4, 5 and 6 contain the necessary data 
for the estimation of salt-absorption corrections when the type and density of 
the salt and the internal diameter of the contamer are known. Consider, for 
example, a cylindrical tube of mternal length 8 mm. and internal diameter 4 mm. 
containmg 200 mg. Ra element in the form of radium sulphate which completely 
fills the tube. The weight of the salt is 285 mg., the density (p) is 2*84 g./c.c., 
the mass-absorption coefficient (ji/p) 0*055 and the linear absoiption codBScient 
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ju. is 0 156 cm“^. The value of pd =4 mm.) is thus 0*0624 and the salt-absorp¬ 
tion correction interpolated from table 5 is 2 7 %. When the corrections are 
of this order of magmtude, a 5°'o change in the value of p changes the correction 
by 0 1 and the radium-content value by 1 part in 1000. Table 7 gives the cor¬ 
rections applicable to full tubes of radium sulphate for packmg densities of 
2,2*5 and 3 g./c.c. The corresponding corrections for tubes of radium bromide 
are a little less and those for radium chloride and radium carbonate a little greater 
than the corrections given in table 7. 

Table 7. Percentage salt-absorption corrections for full tubes of radium 
sulphate. Lead filter 0 5 cm. thick. 


Internal diameter 
of tube 
(mm.) 

Percentage correction 

/i=2g./c.c. 

P=2-5 g./c.c. 

P=3 g./c c. 

1-0 

0-5 

0-6 

0-7 

3-0 

1-4 

1-8 

2 1 

6-0 

2-8 

3 6 

4-2 

8-0 

3-8 

4-7 

5 7 


6.2. Radioactive luminous compounds. Radioactive luminous compound 
consists of a mixture of zinc sulphide with radium or with radium and meso- 
thorium, the radioactive matenal being present in concentrations of the order 
of a hundred microgrammes of radium element or its equivalent per gramme 
of compound. Paterson, Walsh and Higgins (1917) determined the absorption in 
zmc sulphide from the results of gamma-ray measurements before and after 
mixing a known quantity of radium salt with zmc sulphide and also by sur¬ 
rounding a sealed tube of radium salt with a known thickness of zinc sulphide. 
By the former method the absorption coefficient was found to be 0 3 cmr^ and 
by the latter 0 0925 cmr^. It was later (1921) suggested by Owen and Page 
that the higher value could have been due to the imperfect sealing of the tube 
contaimng the mixture of radium salt and zinc sulphide. These authors found 
the absorption coefficient to be 0 101 cmrS the value being the same, within 
the limits of experimental error, for zinc sulphide mixed with radium as for zinc 
sulphide alone. The mass-kbsorption coefficient corresponding to the results 
of Owen and Page is 0*050, i.e. greater than the present author’s value, 0 030. 
It seems that different scattering conditions* may account at least in part for the 
divergent values. A contributory cause may be 'alterations in the materials 
and disposition of the measunng apparatus which have been introduced since 
the earlier measurements were made. 

The corrections for full tubes of luimnous compound 3 cm. or less in diameter, 

* A value approaching 0 050 was obtained by the author when the cross-section of the absoibing 
specimen (zmc sulphide enclosed m a fiat-walled vessel) was only just sufficient to screen the 
ionization chamber from the radium cell, the latter being in the “ end-on ” position with lespect 
to the chamber* Correspondmgly high values were also obtamed m die case of other powdered 
materials. This arrangement of source and absorber decreases the amount of radiation scattered 
into the ionization chamber by the absorbmg specimen, partly on account of the reduced scattering 
area and partly on account of the partial separation of the source and the specimen (Tarrant. 
1931/32.) 
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based on the mass-absoiption coefficient 0*03 for zinc sulphide, are given suffi¬ 
ciently accurately by Cg = l-Spd, where Cg is the percentage correction, p is the 
density of the compound in g./c.c. and d is the internal diameter of the tube in 
cm. The addition^ correction for the absorption m the walls of the glass tube 
in which such compound is usually enclosed for measurement purposes is 
0-8% per mm. of wall thickness for thicknesses up to 2 mm The same cor¬ 
rections apply when mesothorium is present in addition to radium, since the 
absorption of the gamma rays from mesothonum and its decay products is only 
slightly different from that of the* gamma rays from radium. 

6.3. Radium concentrates. “Radium concentrates” is the term generally 
applied to radium-beanng products of refining operations. Such products 
usually contain several milligrammes of radium element per kilogramme of 
material, the latter compnsing a high proportion of barium and frequently 
some lead, the remaining constituents being elements of low atomic number. 
A convenient sample for radium-content tests is one hundred grammes accom¬ 
modated in a sealed glass cylinder about 5 cm. in diameter and 10 cm. long. 
The mass-absorption coefficient of the material depends on its composition, 
and is denved by usmg the values given in table 3, or by usmg the empirical 
formula (2) for the various constituents of the matenal. A number of such 
samples sent recently to the Laboratory for radium-content tests contained 
35% to 45% banum oxide (BaO) and 5% to 15% lead oxide (PbO), the remainder 
consisting of elements of low atomic number. The mass-absorption coefficients 
of the samples derived by usmg (2) rangerl from 0 034 to 0-038 and the salt- 
absorption corrections from 6% to 8%. 

6.4. Radium-beryllium neutron sources. Radium-beryllium neutron sources 
consist of an intimate mixture of radium salt with beryllium powder in th e pro¬ 
portion of about 100 mg of radium element to several hundred mg. of beryllium. 
The mass-absorption coefficient of beryllium may be assumed to be the same as 
that for the elements of low atomic number in table 3, i e. 0-032. Curtis (1939) 
has determined experimentally the total wall- and salt-absorption correction for a 
neutron source consisting of 1237 mg. of beryllium and 139 7 mg. of radium 
element (in the form of radium sulphate) enclosed m a brass cylinder of internal 
diameter 8 mm., internal length 24 5 mm. and wall thickness 1 ram. Assuming 
the brass to be of density 8-55, the wall-absorption correction, based on the 
results given in this paper, is 3-0%. The salt-absorption correction is 1 4%, 
the total correction being thus 4*4%. Curtis obtamed the value 5 1 % by radium- 
content measurements before and after mixing the radium salt and the beryllium. 
The difference between these two -ralues is probably due in part to differences in 
the measuring equipment in the two cases. 
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THEORETICAL SHAPE OF THE COMPTON 
PROFILE FOR ATOMS FROM H TO Ne 

By W. E. DUNCANSON and C. A. COULSON, 
University College, London, and University College, Dundee 

MS received 20 December 1944 

ABSTRACT. Closed analytical expiessions are obtained for the shapes of the modified 
Compton lines scattered from the elements H to Ne, in atomic form. The widths of the 
Compton hnes are calculated for these atoms, and conditions of resolution from the 
unmodified lines are obtained. Certain eirors in other woik on this subject are noted 
and corrected The width of the Compton line, as determined expeiimentally, for diatomic 
molecules is about 15 to 25 % greater than for isolated monatomic atoms. 

§1. INTRODUCTION 

I T is well known that a study of x-ray scattering enables us to determine 
the spatial distribution of electrons within an atom: in this way the wave- 
mechamcal predictions have been fully confirmed. It is, however, also 
possible to determine the velocity distribution, and again this may be compared 
with the theoretical predictions. This is achieved by a study of the shape of 
the Compton modified line. For if a homogeneous beam of x rays falls on an 
atom in which all the electrons are at rest, the Compton line should have a single 
modified !frequency. But if the electrons are moving there is a Doppler effect, 
related to the velocities of the electrons; this causes the modified line to spread 
out and become a band, whose profile determines the velocity distribution. 
This is the photon theory of Jauncey and DuMond (DuMond, 1933), which has 
been shown by Burkhardt (1936) and Schnaidt (1934) to give effectively the same 
results as the complete wave-mechanical theory due to Wentzel and Waller. 
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Recent improvements in x-ray technique (Kappeler, 1936) enable an accurate 
determmation of the Compton profile to be made. We therefore present in 
this paper the theoretical profiles to be expected for the atoms H to Ne. The 
general appearance of these curves has, indeed, already been calculated by 
Kirkpatnck, Ross and Ritland (1936, referred to hereafter as K.R.R.). These 
calculations, however, are not satisfactory; there are three reasons for this. 
In the first place relatively inaccurate wave-functions were used, in which there 
was not sufficient flexibihty; in the second place it was assumed that the individual 
atomic orbitals were mutually orthogonal, when m fact (see later) they are not; 
and finally there appear to be discrepancies m the actual calculated values, whose 
origin we have not been able to discover. Thus Hicks (1937) has calculated the 
Compton profile for He using various approximate wave-functions. We have 
performed some of his calculations mdependently, and agree with him; but 
we disagree with the values of K.R.R., which are quoted by Hughes and Mann 
(1938). An even more serious disagreement occurs for atomic H, where the 
values (quoted by Hughes and Starr, 1938, who were equally puzzled by the 
discrepancy) given by Hicks are reproduced m our own work; they differ from 
the K.R.R. values by as much as 25% in the important part of the curve. We 
find a siimlar disagreement with the carbon curves, though we are unable to 
explain why the K.R.R. values are incorrect. In view of these differences we 
have thought it worth while to recalculate the shape of the Compton profile for 
all the atoms H to Ne, taking advantage of the fact that more accurate wave- 
functions are now available (Duncanson and Coulson, 1944). 

These calculations have another importance, for Hughes and Mann (1938) 
have shown that the distribution of inelastically scattered electrons has the same 
form as the function descnbing the Compton profile. Indeed, one reason for 
the present calculations is that accurate experiments of this kmd have been 
made for H 2 and He, and their conclusions agree very precisely with those 
predicted theoretically. 

§2. METHOD OF CALCULATION 

Our method of calculation follows closely that which has been used in an 
earlier senes of papers by the present authors (for a complete list of references 
see Duncanson, 1943). Thus let p be the momentum of an electron in the atom, 
and I{p) the mean radial distribution function. This means that I{p)dp is the 
probabffily that p has a magnitude between p and 4^. Obviously 


. (?) 

I{p) may be calculated at once if we know the momentum wave-function x(p)- 
Thus, if there is only one electron, 

jxfp)x*(pW‘^> .( 2 ) 


where is an element <rf solid angle for p. The extension required for more 
than one electron is obvious. Now the momentum wave-functions x(p) are 
not known directly, but may be obtained from the space wave-functions p(r) 
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by the Dirac transformation theory. Thus, for one electron, using atomic 
units, 

r^r)dr. .(3) 

Agam, as in (2), the extension to more electrons is straightforward. 

The actual shape of the Compton profile depends on the incident wave-length 
\ and the angle of scattering 0. But all angles and wave-lengths are included 
m one smgle formula m the following way. Let be the peak of the modified 
line, so that the familiar relation holds: 


\=A, -1- 2y sin® 0/2, .(4) 

where 

y=A/»noC== 00243 A. 

Then choose a new wave-length A* defined by 

2A* = {\,®-t-A,®-2\A cos0ji. (5) 

In most cases effectively 

A*=AfSin0/2. (6) 

Next let J be the intensity of the Compton band at a displacement I from A^, and 
let us introduce the variable 

q=^clj2K*, (7) 

where c is the velocity of light (value 137 in atomic units). Then J is a function 
merely of q, with its peak at ^=0, symmetrical about the peak, and defined by 

.(») 

Previous workers have always used an arbitrary constant k mstead of | in this 
formula, but we can show that ^ is necessary if we want the total area below the 
J{q) curve to be unity. In that case we can speak of a normalized profile. For 
using (8) the area under the J(q) curve is 

=fmdp 

J 0 

= 1, from (1). 

Equation (8) enables us to calculate the Compton profile, since (2) and (3) 
have already provided us with a knowledge of I(p). 


§3. WAVE-FUNCTIONS USED 

The best avadable wave-functions for the series of atoms concerned are those 
recently described by Duncanson and Coulson (1944). They are formed by 
suitable linear sums of determinants compounded of the separate orbitals: 

^Is) 

=V(y®/’»')»’CO8 0e-^, 

= V(y'*/2w) r sin 0 


( 9 ) 
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Values of the parameters y(=/ic), /t, A and N are given for each 

separate atom. The states of the atoms with which we are concerned are 

H (l5)».S, He (Uy^S, Li (ls)a(2s)®^, 

Be (lsf(2sf^S, B (ls)\2s)»(2p)»P, C (lj)*(2s)®(2/»)a 

N {Uf{2sf(2pf*S, O (lf)®(2s)2(2p)« »P, F (lr)2(2s)a(2p)8 ap, 

Ne {lsfi2sy(2py^S. 

Other states, and particularly solid or crystal states, would require different 
wave-functions, and the Compton profiles would not be given by our present 
calculations. But for atomic states mvolving the same numbers of s and p 
orbits, differently arranged, it appears that the profiles would be almost unaffected. 
Previous to the availability of (9) it had been common to use Slater wave-functions 
(1930), and we have therefore carried through some of our calculations for both 
types for comparison. Slater’s wave-functions are particular cases of (9) with 
A = b = 0, [i^y, N—1, and with different values of the exponents a and /*. 


§4 FORMULAE 


If all the Ir, 2s, 2p orbitals are mutually orthogonal, it is not hard to show 
(Duncanson and Coulson, 1941) that I{p) is simply the sum of a suitable number 
of separate functions I^fp), I^), I^piP), and consequently, from (8), that J{q) 
IS Itself the sum of a corresponding number of functions 
This illustrates a contention of Hicks (1940) that the over-aU line shape for lie 
whole atom is the sum of the component line shapes of each type of electron. 

We omit the details of the calculations of the mtegrals, but it follows from 
(2), (3), (8) and (9) that 

IJp)= 32a8p8/,KP*+«y. 

r 32iaV r 3fi»-p» _ ZA jS 

W)- 2Nit l(p*+#t*)* /* (P*+JS*)*J ’ 

/^(p)=512yW«(P*+y‘)“, 

JJ,q)= 8a»/37K«®+a*)*, 
j 16/t8r55*-20g»/x»+23#t* 


3PA 


[2(5ft«+i8*)log 




+ 


(2*+P»)* 


y 3V 5g«+y« 

•'SpW- (j8 + y»)6* 



3/ia+j8> 


+ 




( 10 ) 


In this way a closed analytical expression is obtained for the shape of the Compton 
line. 

If the component orbitals are not orthogonal, as occurs with the Slater wave- 
functions, neither I(p) nor J(q) is of the simple form represented by sums of 
contributions from each electron, and new terms appear, which we do not need 
to describe here, due to the non-orthogonality of ^Ir) and ^2s). In this case 
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the calculations may be much simplified by defining a new 2s orbital of the form 
tli(2&)+mjf{ls), and choosing ?n so that this is orthogonal to ^(Ir). We may 
describe this as orthogonalizmg the Slater wave-functions (Slater, 1932; Wilson, 
1933). 

It may perhaps be mentioned here that the wave-functions used by K.R.R 
were hydrogen-like. That is to say, the 2s and 2p orbitals, like the Ir orbital, 
were those to be expected for a single electron moving round an arbitrary central 
charge, whose value was found by using the rules (but not the wave functions) 
developed by Slater. These orbitals are only orthogonal if the same effective 
nuclear charge is used for all electrons, except that if their I and vi quantum 
numbers differ, they are orthogonal by symmetry. With the values used by 
K.R.R. and, later, by Burkhardt(1936), a different effective charge is used for the 
K and L shell electrons. One possible, though, as we believe, small, source of 
error arises in this respect. 

§5. RESULTS AND DISCUSSION 

We showin figure 1 the normalized J(q) curves for H, He, Li, C and Ne, 
and in figure 2 the curves for Li to Ne adjusted so that the peak value is unity 
in each case. This enables a better comparison to be made. Only half the profile 
is shown since, to our present approximation, the complete profile is symmetrical. 
The corrections to be made for relativity and binding are small, and Burkhardt 



(1936) has shown that they exert only a small effect upon the symmetry of the 
profile. The general features of these curves are similar to those described by 
K.R.R.: that is to say, s electrons give sharp profiles aadp electrons wider ones, 
and as we proceed along a row of the periodic table, the profile becomes steadily 
broader, narrowing again for the alkali metal that starts the new ' 
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The shapes of the curves are conveniently summarized by the total width 
at half-maximum. The correspondmg g^-values, written Aj, are given in the 
first row of table 1. The width may be expressed on a wave-length scale by 
recalling (equations (6) and (7)) that g=c//2At sin 0/2, and that the width at 
half-maximum is A/, where A/==2(At/4r) sm0/2 Ay In the bottom row of the 



Figure 2. 


table we give the corresponding values of M for 0 = 180° and A,=707 6 x.u. 
(MoisTa radiation.) The gradual increase of Af as we go along the periodic 
table from Li to Ne is clearly shown. WoUan’s contention (1934) that all 
atoms from Z=3 to Z=13 should have A/=22x.u. is evidently not correct, 
even though allowance be made for possible inadequacies m our theoretical 
wave-functions. 

Table 1. Half-widths of Compton profiles 



H 

He 

Li 

Be 

B 

C 

N 

O 

F 

Ne 

A® 

1*02 

1-74 

0 57 

0-77 

MS 

1-57 

1-98 

2-40 

2-84 

3-27 

A/ (x u.) Mo Ka 

a-180® 

11 

18 

5 9 

8'0 

12 

16 

20 

25 

29 

34 


Let us consider what expenments are available with which to check the A/ 
and Ag values of table 1. In the first place the calculated values are for monatomic 
s]rstems, this limits a strict comparison to He and Ne. For neon (Burkhardt. 
1936; Kappeler, 1936) the expenmental value is M—32 x.u., so that Ag=31, 
in excellent j^eement with theory. For He, DuMond and Kirkpatnck (1937) 
obtain an experimental value A/= 16 x.u., givmg Ag= 1-5. This, indeed, was 
the value deduced theoretically by Hicks (1937) using much more involved 
wave-functions. As there are only two electrons m He, it is possible to refine the 
wave-functions considerably by explicit inclusion of the distance between the 
electrons. Hicks shows that this reduces Ag from about 17 to 15. As the mutual 
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electron repulsion is lelatively more important in He than in the other atoms 
concerned, we may reasonably expect a smaller correction term m the rest of the 
table. It may be mentioned here also that Hughes and hlann (1938), in electron- 
scattering e^eriments, obtain effectively the same Aj for He as DuMond and 
Kirkpatrick m their x-ray experiments. 

It thus appears that our curves fit satisfactorily with experiment for He and 
Ne. There appear to be no other experiments directly suitable for comparison 
The pioneer work of Woo (1926) does indeed give shapes for these atoms, and in 
general terms they agree with figure 2. But as K.R.R. say. Woo “ sacnficed 
resolvmg power in favour of intensity ”, and as a result “ all details of the shape 
were missed ”. There is a further difficulty in that Woo necessarily used solid 
scatterers, whereas our formulae relate to free atoms. In a solid, as the experi¬ 
ments of DuMond with graphite show quite clearly (DuMond, 1933, figure 33), 
the velocities of the electrons are greater than m the free atom, and the Compton 
profile IS correspondingly broadened. 

It is however possible to compare our table of Ag values with the results of 
experiments on diatomic molecules. The effect of molecular binding is to 
increase the mean momentum of the electrons, and hence to broaden the Compton 
profile. Thus Duncanson and Coulson (1941) and Coulson and Duncanson 
(1942) have shown that the CH^ profile is about 5 % wider than that corresponding 
to C-I-4H; and Duncanson (1^3) shows that much the same occurs for N 2 and 
Lij, the increase still being of this order. Experimentally, Kappeler (1936) gives 
Ag=2*7 for O 2 and Ag=25 for N 2 , where we should have expected 24 and 
2-0 respectively for free atoms. The enhanced value of Ag is clearly shown, 
though its size is rather more than we should have anticipated. The increase 
is, however, actually as large as claimed, for Hughes and Starr (1939) get just 
the same value for Nj with electron scattering. In the case of H 2 , Hic^ (1937) 
computes Ag=l‘17, about 14% greater than the atomic value, and Hughes and 
Starr (1938) get an experimental value about 11 % wider than this. It would be 
very valuable to have accurate x-ray values for H 2 . At present it appears that 
by forming a diatomic molecule, the width of the Compton profile is increased 
by about 15 to 25 %. 

The only other reasonably valid experimental result which we can utilize 
is Kappeler’s value (1936) for acetylene carbon black. This gives Ag=2*0, again 
about 25% greater than the atomic value. This t]rpe of carbon is probably 
more nearly molecular than crystalline, so that the value is about what might 
have been expected. 

If we consider pure crystals, the width is much greater than for free atoms. 
Thus with graphite there is about 75% excess, and with Be 140% excess above 
the atomic values. It is evidently unreasonable to attempt any comparison; 
the profile needs to be calculated entirely differently, as was done for C and 
Be by Bloch (1934). The situation is even worse with metallic Li (Kappeler, 
1936). 

With longer incident waves the Compton profile broadens and finally merges 
into the unmodified line. The curves in figure 2 may be used to indicate the 
conditions under which the two hnes may be resolved. It is well known (WoUan, 
1933) that for light elements the modified Ime is stronger than the unmodified, 
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and that for heavy elements the unmodified line is the stronger. No completely 
rigorous discussion of resolving the two can be given without taking this variation 
into account, but a rough criterion can be made by supposing that if at the point 
midway between the maxima of the two bands the intensity of the Compton 
band is less than one-half of its maximum value, then resolution is possible. 
This convention, which is almost certainly too severe, probably by a factor of 
nearly two, will at least indicate the order of wave-length necessary for resolution, 
and show how it varies with the atom concerned. 

Now the position of the unmodified line (A=At) is given on the y-scale by 


c(A^-At) cy sin e /2 ,,,, 

- — .("> 

So at the mid-pomt q= criterion requires that for this value 


of 5 , This gives upper limits for —which are shown (in a.) 

sin u/^ 

in table 2. It appears that large angles of scattering are less favourable for this 
resolution, but the effect is not great unless 6 is small, and then all the displacements 
are so small as to decrease the accuracy of measurement on account of scatter. 
This table also shows how the resolution decreases for heavier atoms along each 
row of the periodic table. 


Table 2. 


Maximum values (in a.) of 


sm 0/2 
unmodified lines 


for resolution of modified and 


H He Li Be B C NO F Ne 
3-3 1 9 5-9 4*2 2-9 2-1 1-7 1-4 1-2 1-0 


In conclusion, we may refer briefly to two other related matters. In the 
first place, as figures 1 and 2 show, the shape of the Compton profile vanes from 
atom to atom. This variation is not only in width, but also particularly in the 
relative importance of the “ leg ” at the base. This means that the approximate 

shape y^aj^ + assumed by Hoyt (1932), and employed subsequently by 

other workers, is only a fair representation over the greater part of the band for 
atoms where the effect of the s electrons m sharpening the profile is counter¬ 
balanced by a larger number of p electrons broadening it. In the cases of Li 
and Be in particular, and presumably also for other elements in the same columns 
of the periodic table, the presence of the tail will complicate the separation of the 
contributions to the full profile that arise from satellite lines, as, e.g., K<x,i and 
jKbca doublet, if Hoyt's formula is used. The method used by DuMond (1933, 
p. 31) appears more suitable. 

Our final comment concerns the use of orthogonal orbitals, which we referred 
to at the end of § 4. Since the 2p orbital is by symmetry orthogonal to 
the 1 ^ and 2s orbitals, we are here only concerned with the lack of orthogonality 
between the Is and 2^ wave-functions. We have made detailed calculations of 
this effect for one or two atoms. For convenience we used the somewhat simpler 
wave-functions of Slater rather than the more elaborate ones used in the earher 
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part of this work. This should not, however, greatly affect the error due to 
neglect of non-orthogonality. It appears from our work that an alteration not 
exceeding 5% is made in any one value of J , the result of neglecting non-ortho¬ 
gonality is to widen the theoretical profile very slightly. Table 3 shows for the 
atoms Li and C the widths at half-maximum value when {d) the non-ortho- 
gonality is neglected and (6) when the 2s orbital is suitably orthogonalized. The 
effect on the width is surprisingly small, and suggests that it should be possible 
to calculate sufficiently accurate profiles for other elements in the same simple 
way, without recourse to the labour of orthogonalization. 

Table 3. Effect of non-orthogonahty 

Ag, neglecting Ag, allowing for 

non-orthogonahty non-orthogonahty 

0-571 0-567 

1-574 1-562 
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ABSTRACT. A vanant of the Schmidt-Cassegram optical system is described in which 
the smgle asphenc plate is replaced by two plates, of different glasses and opposite 
asphencities, whose colour-errors compensate each other. The use of two plates makes 
It possible to obtain not only apochromatism but also flat-fielded anastigmatism with 
both mirrors spherical. Design data are given for such tivo-sphere two-plate anastigmats 
and their distortion is shown to be small Neirt, the effect of relaxing the strict anastig¬ 
matism condition is considered and it is shown that the admission of a small amount of 
Seidel astigmatism leads to a large extension of the range of available systems Finally 
two aplanat types are selected which seem well suited to astronomical application. 

§1 INTRODUCTION 

T he colour-error in a Schmidt-Cassegrain camera, chiefly chromatic 
variation of spherical aberration, is small enough to be tolerated in 
systems of moderate size. For example, in an F/2 system of focal length 
13 inches, constructed with a borosilicate crown plate, the diameters of the red 
and blue confusion circles on axis are each about 0*0015 inch when the plate is 
figured in green mercury light, while in an F/2'5 system of the same focal length 
their size is only half this amount. 

In larger systems, the question of colour correction becomes important at 
apertures above F/3. Evidently two plates, of different glasses, are needed to 
achieve it; these plates must be of opposite asphericities and (if they are both 
to lie in the parallel incoming beams) of strengths inversely proportional to 
their dispersions. J. G. Baker (1940), in his paper “A family of flat-fielded 
cameras equivalent in performance to the Schmidt camera*’, proposed to use 
two such plates in contact, and A. Warmisham (1941,1943) has described systems 
in which each of two spherical mirrors is corrected by a plate placed at its (actual 
or imaged) centre of curvature.* From the point of view of the general theory 
of plate-mirror systems, the condition that the plates should be in contact, or 
that they should each anastigmatize one spherical mirror, appears a somewhat 
arbitrary limitation, and it is natural to ask whether improved types of two-plate 
Schmidt-Cassegrain systems may not become available when it is removed. 
The main object of the present paper is the discussion of this question. 

In §2 we show how, by the use of two spherical mirrors and two aspherical 
plates, a two-parameter family of flat-fielded anastigmats can be constructed, 
apochromatic and satisfying the exact sine condition. These systems seem to 
offer some advantages in ease of construction over the achromatized Baker 
cameras ; they involve only two aspherical surfaces, as compared with three in 

* Wamushjim does not mention colour correction in the first of these patents, but his examples 
allow It by a suitable choice of glasses. 
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the Baker systems (or four in Baker’s type D) Further, the aspherized surfaces 
are both pseudo-flats, which are easier to figure than more sharply curved 
surfaces. 

In §3 we consider the effect of allowmg small departures from stnct Seidel 
anastigmatism, such as are required to balance the higher errors over a finite 
field, and show that the range of practical anastigmats is considerably wider than 
is suggested by the Seidel theory alone. 

§2 ANASTIGMATS 

The system to be discussed consists of two aspheric, nearly plane-parallel 
plates, in general of different glasses, and two spherical or figured mirrors, namely 
a large concave primary and a small convex secondary. The arrangement is 
shown in figure 1. The l:^ht from the object-surface, supposed infinitely 
distant, passes through the two plates P, P', and is reflected from the surface 
of the concave primary on to the convex secondary Mg. There it is again 



P P' M, 


Figure 1. 


reflected and comes to a focus near or just behind the primary, which is pierced 
with a central hole in the latter case to allow the rays to pass. In short, the 
system is an extension of the Schmidt-Cassegram type* in which the single 
aspheric plate of the ordinary Schmidt-Cassegrain is replaced by two plates, 
at different distances in front of the p'rimary. We shall refer to it as a two-plate 
Schmidt-Cassegrain system. 

The Seidel errors of such a system can be most conveniently investigated 
by the method of plate-diagram analysis. Let 

-Bf r, P' be the figuring depths on Mj, Mg, P, P' respectively, expressed 
in terms of parabolic correction of as unit; 

a, o' the distances of P, P' in front of Mi, expressed in terms of the paraxial 
focal length/i of Mi as unit; 

^ the ratio /g/Zi of the paraxial focal length (taken positively) of M, to that 
of Mi; 

8=d/Zi the separation between the mirrors, expressed in terms of/i as unit; 

y=l — 8 the “minimum obstruction ratio” for the on-axis pencil. 

Then, assuming for the present that the aperture-stop is on the primary, 
the system possesses the plate-diagram shown in figure 2. From this the 
aplanatism conditions can be read off m the form 

* See Mon. Not. R Astr Soc 104, 48—64 (1944) A knowledge of the contents of 
paper is assumed in what follows. 
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(Spherical aberration) ^ + B + r + r'+ ^ — 1=0. .(1) 

(Coma) - ^ g + gF + gT^ + ~ '''^ ■ "^^ -2=0. .(2) 

and the astigmatism of the systom is measured by the quantity * 


X = 


9 U^XUAiilSIXl 


* - -4]. 


thin lens value 

In these systems, the image is formed at a distance 

behind the pole of the primary, and the focal length 

The Petzval curvature of the system 

and its distortion coefficient A is given by the equation t 

.(7) 

when the astigmatism is zero, the value of A is not changed by moving the 
aperture stop. 


.(3) 

.(4) 

.(5) 

.( 6 ) 


Two-Sphere two-plate systems 

Of special practical importance are the systems in which both mirrors are 
spherical and the colour-error is reduced to a negligible amount. We shall refei 
to these as the two-sphere two-plate systems. To obtain the aplanatism con¬ 
ditions for such a system, we set -4=5=0 in equations (1), (2). We agree tc 
choose the notation so that P denotes the stronger plate and P' the weaker, and 
we define 

ft=-r7r; • 

* The physical meaning of x is as follows • at an angle B off axis in a system of focal length, 
the astigmatic difference is x^V 

t Mon, Not. R. Astr. Soc. 104, 54 (1944), equa!tion (13), 
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thus 0<*<1 and k measures the ratios of the dispersions of the glasses required 
to give apochromatism. (1), (2), (3) then take the form 

. ( 8 ) 

. ( 9 ) 

.( 10 ) 


where * 


(i-*)r=p, 

{a-ka')T = Q, 

p_, 

g«(2^-g)(2^+l-g) 

j 

The aplanatism conditions (8), (9) are together equivalent to the equations 


.( 11 ) 


(l-^)g 


O' 


( 12 ) 


'’-ra- —p 

and on substituting from (12) we obtain (10) in the form 

4(^-5) L 1-k ^ 


Since this can only vanish if fe>0, it follows that the plate-strengths must be of 
opposite sign in an anastigmat (or near-anastigmat). Equating the astigmatism 
to zero gives ^ 

. 

It follows that all the two-sphere two-plate aplanats are given by (12) and all 
the two-sphere two-plate anastigmats by (12) together with (14). From (12) 
we have 

.as) 

Thus to each choice of the three parameters y, A, subject to the inequalities 


0<9<1, 0<*^1, 2|-l-j>0, .(16) 

* Pf Q and R are seen to be the sign-reversed contributions from the two power-surfaces 
(cxcludmg figurmgs) to the sphencal aberration II the coma SA^cr^ and the astigmatism 
H A^o^ of the system* * » 
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correspond just two anastigmatic systems, namely, those given by 


Q'±k-^^2i-l-qWI^ 


P 

1-k' 

P 


where both the upper signs or both the lower signs are to be taken.* 

The two anastigmats (17) have the same plate strengths and the same plate 
separation, but the order of the plates is reversed on passing from one to the 
other. The overall length is less when the lower signs are taken; as starting 
point for an astrographic camera design, therefore, this second system is to be 
preferred. 

Flat-fielded anastigmats 

The necessary and sufficient condition that an anastigmat should be flat- 
fielded in Seidel approximation is that its Petzval curvature should be zero. 
Thus the flat-fielded anastigmats are the solutions of (12), (14) with 1. In 
this case the inequalities (16) reduce to 

0 <j<l, 0 <ife<l, 
and the second solution (17) to 

Q-Ax/i»g(l-g) _P_ 

<r- p , 

„ - p , r - YZifk . 

where now 

P=l-f(2-qf, Q = 2-q^{2-q){3-q) .(19) 

Thus we have obtained a two-parameter family of flat-fielded anastigmats, 
apochromatic and with both mirrors spherical, which can in addition be made 
to satisfy the exact sine condition.f 


Distortion in the fiat-iielded ancistigniats 

Setting 5 = 0, ^=1 in (7), we obtam for the distortion coefficient A in the 
systems (18) the equation 

-8A=<;sr+a'*r'- 

z —9 

where i? stands for the quantity 4 —g ®(3 — 9 )*, 

\Q-Wk)q{l-q)f [Q-(l/Vk)g(l-g )]8 

P%\-k) ^ P\l-\lk) 2-q^ 

= ;^[! 2 ®- 3 ! 39^1 -qYHVk+HVkmi - 9 )*]- 

oVi _^\8 

i.e. A=-^-^P^(v'*4-1/-v/*-J?). .(20) 

* If 2i — 1 — 5 = 0 , le if the mirrors are concentnc, the two solutions run together into the 
single solution 

r= -^r'lk==PI(l 

a monocentnc Schmidt-Cassegrain wath achromatized plate 

t By essentially the same procedure as that outlined (foi the case of a Baker B system) in 
Proc. Phys Soc 55, 494 (1943) 
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. 3 - 6 - _ (S—X - _il ■ 

\?(1"-?)/ 2-ql\q(l-q)J J 


.(21) 


Equation (20) has been derived on tlie assumption that the aperture-stop of 
the system is on the surface of the primary mirror Since A is invariant 

under stop-shifting in a flat-fielded anastigmat, (20) remains valid when this 
restriction is removed. 

Calculation shows that H is negative for 0*3 ^0*7. Thus all the 

anastigmats in this j-range suiFer from barrel distortion. Its amount decreases 
with increasing k ; table 1 shows, for selected values of the values A^, A2 of A 
in the two cases ^ = J, A = 1; the corresponding values Ab in a Baker B system 
are included for comparison. 


9 

H 

Table 1 


4b 

0-4 

-35-62 

-0-187 

-0*186 

-0*205 

0-45 

-22-55 

-0-177 

-0*176 

-0*198 

0*5 

-14-25 

-0-167 

-0*166 

-0*191 

0-6 

- 5-13 

-0-145 

-0*142 

-0*174 

0-7 

- 0-94 

-0-120 

-0*115 

-0*152 


We conclude that, in the region 0*4<5<0-7, the distortion is 

nearly independent of A, is slightly less than that of a Baker B system, and is given 
to within 10% accuracy by the approximate formula 

A——O-OSj. 

At 3° oflP axis this corresponds in the case (f = 0*4 to a fractional distortion of 
less than 0*05%. 

The Warmsham systems 

As a special case we may suppose that k — q^{2 — q)^. Then (18) simplifies to 

a=2, r = l; a' = |E|. r=-fi2-qf .(22) 

and we obtain a one-parameter family of flat-fielded anastigmats in which the 
outer plate is simply the Schmidt plate of ]Mi in its normal position, and the 
inner is the image in of the Schmidt plate of JVLj.* Each plate thus anastig- 
raatizes one mirroi. The restiiction k=q\2—q)\ uhile unnecessary from our 
present pomt of view, is not a ' ery serious Inmtation m practice. For example, 
to obtain k = \ and so allou on-axis colo»ii correction with glasses chosen from 
an ordinary crown-flint pair, we need to choose g’=l-y'(l-'\/A) = 0 459. 
This brings the image to a very convenient position O-31/i behind the front 

* The Gauss unage m of the centre of curvature ot Mj is at a distance 


in front of M,. 
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surface of the primary. The focal length/ is then 1 *85/i and the plate separation 
o-or' is 0*35A=i/.* 

When the chosen value of q is not close to 0-46, the general two-sphere 
anastigmats provide alternatives which offer some advantages over the corre¬ 
sponding Warmisham systems. When q is larger than 0 46 they offer the 
possibility of reducing the plate-strengths by giving to ^ a smaller value 
than = —while preserving full achromatism on axis. This 

reduction in plate-strength is obtained at the cost of a small increase m the 
overall length of the system. When q is smaller than 0-4, on the other hand, 
they allow on-axis achromatism to be maintained with conveniently available 
glass-types by giving to k 2 . value greater than kyj(q). This involves an increase 
in the plate strengths. A survey of the situation is provided by table 2, in which 
the constants or, P, P' of anastigmats with \ are compared, for selected 
values of q^ with those cr^, <7;^, P^, PJ^ of the corresponding Warmisham systems. 


Table 2 


Q 

or 

a' 

r 



t 

<*w 

r 


^9) 


0-3 

1-944 

1*743 

1-480 

-0-740 

2 

1-588 

1 

-0*260 

•2601 

14286 

0-4 

1-973 

1*685 

1-181 

-0-590 

2 

1-625 

1 

-0-410 

•4096 

1-6667 

0-5 

2-025 

1*620 

0-875 

-0-438 

2 

1.667 

1 

-0-563 

•5625 

2-0000 

0-6 

2-108 

1-532 

0-589 

-0*294 

2 

1-714 

1 

-0-706 

-7056 

2-5000 

0-7 

2-248 

1-384 

0-344 

-0-172 

2 

1-769 

1 

-0-828 

-8281 

3-3333 


§3 THE TWO-SPHERE TWO-PLATE APLANATS 

The conditions (1) spherical aberration = 0, (2) coma=0, (3) astigmatism = 0, 
(4) Petzval curvature = 0 of the Seidel approximation are to be replaced in 
practice by the conditions that these quantities should be small. This relaxation 
has only a small effect on the range of available systems so far as conditions (1), 
(2) and (4) are concerned, and we can therefore obtain a satisfactory survey of 
the useful systems by keeping the spherical aberration, coma and Petzval curva¬ 
ture strictly zero. With condition (3) the case is diflFerent; the admission of a 
small amount of astigmatism widens the range of possible systems considerably. 
It follows that, in making a survey of the useful two-sphere two-plate systems, 
it is necessary to consider not merely the Seidel anastigmats but the larger class 
of Seidel aplanats with zero Petzval curvature, f When this is done, an 
interesting result appears- Fixing q and A, let us consider the changes in the 
system as a varies. To each value of a corresponds a unique aplanat; for two 
values of cr the astigmatism vanishes and we recover the two anastigmats of §2. 
In between these two values of a the astigmatism is negative and small. Thus 
we obtain not two, but a whole range of useful systems. At the a-point where 
the negative astigmatism reaches its worst value, the plates cross over, and 
when cr is greater than this value the weaker <r'-plate is the farther from the 
pnmary. At the cross-over value of o, the system is equivalent to a two-sphere 
one-plate aplanat with achromatized plate. 

* Of cxjurse it would be simpler, if our object were merely to denve the Warmisham systc 
to begm by combimng a positive and a negative Schmidt system of equal mirror-curvatures. On 
imaging the plate of the negative system through mto object-space we at once obtam ( 22 ). 

t Not with flat “ best field ” in the Seidel sense, for reasons similar to those obtaining in the 
case of a two-sphere one-plate aplanat (Mow, Not, R, Astr Soc, 104, 61-62 (1944)). 
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To prove these statements, we set ^=1 in (12) and obtain the equations of 
the systems to be discussed in the form 



.(23) 


.(2+) 

where P, Q are given by (19) Equation (13) now becomes 


.(25) 

From (24) we have, as before. 


.(26) 


For given q, k the values of F and F' = — AF are fixed by (23), while a' is given 
in terms of q, k and a by (24). Thus the system is completely detemuned by 
choice of the parameter a, which measures the distance of the stronger plate 
from the primary. Variation of <r is an operation which is very easily carried 
out experimentally; it consists merely in moving the plates P and P along the 
axis of the system, the new position of P' being determined by (24). In this 
way the Seidel astigmatism of the system can be varied more or less at will. 
Of course the higher aberrations are also disturbed to some extent. 

If, starting from the anastigmat (18), we increase a by moving the plate 
away from the primary, it follows that from (26) the plate P' moves out also 
and decreases its distance from P, overtaking and passing it when u’=QjP. 
From (25) we see that the ratio x =astigmatism/(thin lens value), which is negative 
when a lies between the two anastigmat values [^±'v/(^)?(l ~?)]/-P> attains 
its greatest negative value —2*(1 —q)f^P when a^QjP, that is, when the plates 
are in the act of crossing over. Now for this value of <7 the system is simply a 
two-sphere one-plate aplanat with achromatized plate The astigmatism of 
such a system is so small when that it is for all practical purposes 

anastigmatic, as will be seen from table 3. 

Table 3 


a 


0-3 

-0*0213 

0-35 

-0-0299 

0-4 

-0-0407 

0-45 

-0-0542 

0-5 

-0-0714 


It follows that throughout the a-range between the two anastigmat values of a, 
and for a short distance outside this range at either end, the two-sphere two-plate 
aplanats possess less astigmatism than a Schmidt-Cassegrain aplanat with the same 
value of q, and hence are for allpracticalpurposes anastigmatic. We have supposed 
g^O'5; this covers the astrographically valuable types. 
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DistorHon 


The value of the distortion coefficient now depends on the position of the 
aperture-stop. Let Aj denote its value when the stop is at a distance C/i in 
front of the primary. When £=0, Aj reduces to the coefficient A of equation (7). 
In the generjd case we have* 


Here S#c=0, since the Petzval curvature is zero, while 

by (3) and (5). Thus \ , 

A{=A-|x£. 


(27) 


(28) 


In practice, the value of 5 -will usually be near to 1. For, assuming the 
system to be intended for ordinary astrographic use, it is very desirable to obtain 
as even an illummation of the field as possible, with the least possible sacrifice 



of aperture. This can be done by constructing the two plates and the large 
mirror all of the same diameter and inserting an aperture-stop, of shghtly smaller 
diameter, half-way between the outer plate and the primary, f The diameter 
of this stop is chosen so that, at the edge of the designed field of 6° or 8° diameter, 
the outer edge of the effective aperture is not affected by vignetting. J 

In systems intended for astronomical search-photography, for example the 
detection of novae, it is better not to sacrifice light-gathering power by introducmg 
an aperture-stop, but to allow the outer plate and the primary mirror to vignette 

* Mon. Not. R. Astr. Soe 104 , 62 (1944), equation (28). 

f It IS tempting to pick out a class of “ distortion-JEree ” systems by the critenon that 
when But such a dassification would have little practical value, because the empirical 

changes m the Petzval sum whidi are needed, at aperture near F/2, to flatten the field to the best 
advantage cause changes m d; too great to be corrected by a small shift of the aperture-stop. 

$ Since cos' 3°=1 —1/400 nearly, the illumination over a 6° diameter field will then fall by 
from the centre to the edge of die fielcL 
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against each other. This applies with the greater force because the parts of the 
aperture which have to be sacrificed when uniform lighting is insisted upon are 
valuable regions of small error slope”, which contribute towards the central 
nucleus of the images near the edge of the field. These r^ons are shaded in 
figure 3, which shows the general appearance of the effective aperture.* 

Two main types of system can now be selected as especially promising for 
astronomical apphcation: 

Type A. Systems in zoMch a is a little helov) the cross-over value QIP. In 
these S5rstemsi the plates are near together but not m contact. Their separation 
makes it possible to satisfy the exact sine condition, and so eliminate ihe most 
important error (higher coma) of a two-sphere one-plate aplanat with achromatized 
plate, at a n^ligible cost in off-axis colour due to the shearing of the plates. 
Table 4 gives the Seidel data of six examples of this type; the fourth and fifth 
are illustrated in figure 4. 


Table 4 


g 

k 

a 

a* 

r 

JT 


A 

fifi 

0*3 

0-5 

1-9 

1-6553 

1-4798 

-0-7399 

+0-0104 

+0*1331 

1*4286 

0-35 

0-5 

2-0 

1-8029 

1-3330 

-0-6665 

- 0-0100 

-0 0046 

1*5385 

0-4 

0-5 

20 

1-7398 

1-1808 

-0-5904 

-0-0074 

-0*0922 

1*6667 

0*4 

0*6 

2-1 

1-9932 

1-4760 

-0-8856 

-0-0301 

+0*0430 

1*6667 

045 

0-5 

2-0 

1-6638 

1-0270 

-0 5135 

-0-0015 

-0*1647 

1*8182 

045 

0-6 

24 

1-9425 

1-2837 

-0-7702 

-0-0325 

-0*0720 

1*8182 


Type B. Systems of short overall length. To obtain these we have to 
dioose o as small as possible. The practical lower limit to or is detennined by 



(a) 

1 
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Figure 4. 

(а) IVp® a, A=0"6, (d) Baker B system, ^=0 45, for comparison ; in 

(б) Type B, 0*4, ks=0‘6, a»»l*67. tins system fJie primary mirror is aspliencal. 

(c) Type A, ^=0*45, k=0*5, <r=«2*0. 


the astigmatism, which increases fairly rapidly when or is decreased below its 
smaller anastigmat value. For a thin lens of twelve inches aperture the riigm^t-Ar 

* The case aiSnally illustrated is diat of a system, of nominal aperture-ratio //2 5, m which 
0 =2, g=0 4 and the diameter of the secondary minor is half that of the primary, at 3“ off ass. 
The ^Eecdve qierture^atk) is//3. 
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of the astigmatic confiision-circle 3' off axis is 0 015 inch at best focus. If we 
adopt one tenth of this value as the upper limit to the admissible Seidel 
astigmatism, we are led to impose the condition 

1x1 < o-i. 

which then determines the least permissible value of or. Table 5 gives the 
Seidel data of five examples of type B systems; the third example is illustrated 
in figure 4. 

Table 5 


a 

k 


a' 

r 

r 

X 

A 

fifi 

0-3 

05 

1 6657 

M 866 

1-4798 

- 0-7399 

0-1000 

0*2821 

1-4286 

0-4 

0-5 

1-7255 

1-1908 

M 80 S 

-0 5904 

0-1000 

0-0663 

1-6667 

0-4 

0 6 

1-6745 

1-2840 

1-4760 

-0 8856 

0*1000 

0*2431 

1-6667 

0-45 

05 

1-7614 

1*1866 

1-0270 

- 0*5135 

0 1000 

- 0*0276 

1-8182 

0-45 

0-6 

1-7065 

1*2868 

1-2837 

-0 7702 

0 1000 

0*1160 

1*8182 
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ON GRUNEISEN’S EQUATION FOR THERMAL 

EXPANSION 

By william HUME-ROTHERY, F.R.S., 

Oxford 

MS. receded 15 January 1945 

ABSTRACT. The practical use oi Gruneisen’s relations as a means of calculating changes 
in volume from changes in thermal energy is discussed. The relation is often misquoted 
in an inaccurate and approximate fonn, and the correct form is desenbed. The methods 
used for deducing the constants involved are discussed critically, and a simple and accurate 
method is described. For the cubic metals silver, copper and aluminium there is a very 
good agreement between the observed and calculated changes m volume between the 
absolute zero and a temperature of the order 2/3 of the meltmg point on the absolute 
scale, whilst for iron there is good agreement up to the temperature at which the magnetic 
transformation begms. For the hexagonal metals magnesium and zinc, the equation 
fails at very low temperatures if the substance has a negative coefficient of expansion m 
one direction (e.g. zinc), but is otherwise fairly satisfactory for the calculation of changes 
m volume up to a temperature of the order 2/3 of the absolute melting point. 

1. INTRODUCTORY 

I N some recent work by the author, it was necessary to calculate the lattice 
spacings of metals in ranges of temperature for which the coefficient of 
expansion was unknown. This led naturally to the use of Griineisen^s 
equation connecting changes in volume with changes in thermal energy. 
Examination showed that confusion existed both as to the exact nature of 
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Gruneisen’s relation and as to the accuracy which might be expected from its 
use In this paper we examine these two points, and we present calculations 
for some metis for which both the coefficients of expansion and the specific 
hpgte are known accurately. We are concerned throughout with the practical 
use of Gruneisen’s relation as a means for calculatmg changes in volume, and we 
do not attempt to discuss the theoretical implications. 


§2. GRUNEISEN'S RELATION 

GrQneisen’s relation is commonly described by saying that when the tem¬ 
perature of a body is altered, the change in volume is proportional to the change 
m thermal energy, provided that the substance is one for which the specific 
heat can be expressed m terms of a single Debye characteristic temperature, 0. 
This definition lacks precision, and has been responsible for much confusion. 
It has, for example, led some authors to conclude that Gruneisen’s relation 
implies a constant value for the ratio C^/a, where a. is the coefficient of expansion 
and is the atomic heat at constant pressure ; as we show later, this is a qiute 
unjustifiable approximation of what Gruneisen’s work really mvolves. Of the 
more precise definitions of Gruneisen’s relation, we shall adopt the modification 
used by Simon and Vohsen. This may be expressed in the form 


En 


Fo -Qo-kET* . 

where F^and F^are the volumes at the absolute zero and at 2 *’k. respectively, 

and J C^T. Qoi& & constant whose derivation is discussed below, and 
^ is a constant which is equal to (y+2/3), wh^re 





dp’ 


An alternative form of the equation replaces the constant ^ by an expression 
involvmg the coefficients m and » of a hypothetical law of force in wUch the 
attraction and repulsion are proportional to terms of the type 1/r™ and l/r“ 
respectively. 

The magnitudes involved m equation (1) are such that for most metals 
is of the order 10* to 10® cal., whilst A is a small number of the order 1 to 3. 
Ej, is of the order 1000 at room temperature, and mcreases by roughly 600 for 
each 100® nse of temperature. At low temperatures, the results depend essen¬ 
tially on Ej, and Qq, but at high temperatures the terms kE^ becomes increasingly 
important. 

The question of the validity of equation (1) has involved a great deal of 
confusion, and some of the main causes of difficulty may be summarized as 
follows : 


(a) The term Qo be determined by several methods which are referred 
to in §5 below. Some of these are at the best only approximations, whilst 
others involve physical constants which may only be known approximately. 
This means that errors of the order 5 to 20% may be mtroduced at the outset, 
diroug^ an incorrect choice of 
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(6) The fact that the theoretical basis of Griineisen’s relation involves the 
assumption of a single Debye characteristic temperature has led to a general 
tendency to calculate by means of Debye functions This has led to confusion 
m two ways. In the first place, specific heats do not always follow Debye functions 
accurately, and in some cases there is a tendency to choose the value of 0 so that 
it gives the correct specific heat at the low temperatures, where the variation in 
Cv is most interesting. For the calculation of changes of volume,< however, it is 
much more important for the specific heat to be correct at high temperatures, 
because at low temperatures both C« and a are small, and relatively large errors 
may occur without much effect on the change in volume. In the second place, 
the uncertainty in the value of is not always realized. A procedure sometimes 
adopted is to deduce by one of the approximate relations given below, and to 
obtain a value which is in error by a few per cent. When the value of Qq is com¬ 
bined with the correct* value of ©, the calculated changes in volume are naturally 
wrong by an amount corresponding with the error in Qq. Instead of this being 
recognized, a fictitious characteristic temperature 0' is then introduced, and is 
used to calculate a fictitious value of which gives a better agreement with the 
volume changes. In fact it is hardly unfair to say that an incorrect value of Qq 
is made an excuse for mtroducing a fictitious 0', and then the combination of 
the two is claimed as a proof of the correctness of Griineisen^s relation. It 
is clear that, logically, this is very unsatisfactory, whilst for the purposes of 
the practical use of Gruneisen*s relation it is of course valueless, since the 
fictitious 0' can be deduced only when the changes in volume are known. It 
is this which makes the otherwise interesting work of Nix and MacNair (1941) 
useless for the present purpose. These authors show convincmgly that for 
some metals the coefficients of expansion agree with equation (1), provided that 
Qq is chosen arbitrarily, and that is calculated from the Debye function with 
a suitably chosen value of 0. It was, however, sometimes necessary to make 
slight adjustments to the values of 0 obtained from specific-heat data, and 
consequently, although the conclusions were of considerable interest, they did 
not constitute a proof of the relation between changes of volume, and the real 


value of E^ 



{c) Apart from the above points, there has been a tendency to confuse the 
issue by considering not the actual changes in volume, but the calculated and 
observed mean coefficients of expansion over relatively wide ranges of tem¬ 
perature. It may, for example, at first appear satisfactory to state that the 
calculated and observed mean coefficients of linear expansion are 2-Ox 10“® 
and 2'2x 10~® respectively, but the difference is equivalent to a 10% error in 
changes of length and a 30% error in changes of volume. 


If we ignore the theoretical implications of Gruneisen’s relation, and consider 
it solely from the practical point of view, it will be seen that there are two 
questions to be decided. It is necessary to examme first of all whether changes 
in volume are related to E^ by a relation of the type of equation (1), provided 
that Qq and k are chosen suitably, and secondly, to see how Qq and k are to be 
* We are here assuming that the substance is one to which a Debye function applies accurately. 
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determined, the correct choice of being the real essential. In §§ 4 and 5 
we shall examine these two pomts. 

§3. ACCURACY OF EXPERIMENTAL DATA 

For critical examination of equation (1) it is necessary to consider the accuracy 
of the experimental work on thermal expansion, and it is convenient to consider 
first the work on isotropic (cubic) structures. Measurements of the coefficients 
of expansion of massive metal at high temperatures are often unreliable owing 
to the effects of gas or other impurities in the metal. Thus, variations in the 
thermal expansion of copper have been ascribed to dissolved hydrogen acting 
on traces of oxide with the liberation of steam, which, on blowing out of the 
metal, may produce an abnormal expansion. These difficulties are overcome 
by the use of high-temperature x-ray technique, which enables the true lattice 
spacings to be measured, irrespective of the presence of blowholes. Lattice¬ 
spacing measurements at room temperatures should be consistent to 1 part in 
50,000, but the high-temperature work involves many possible errors (e.g. 
calibration of thermo-couples, differences in temperature during exposure, 
etc.), and the accuracy is tmdoubtedly lower. Thus Wilson (1942), in repeating 
very careful work on the lattice spacings of aluminium, found differences of the 
order 1 part in 14,000 It seems probable, therefore, that even in good quality 
work on simple substances, giving satisfactory high angle x-ray reflections, the 
lattice-spacing measurements may sometimes contain errors increasing from 
1 part in 20,000 at moderate temperatures to 1 part in 10,000 or 1 part in 5000 
at high temperatures. 

With non-cubic substances, the coefficient of expansion generally varies 
with the direction relative to the crystal axes Measurements on massive poly¬ 
crystalline rods are often valueless, because of preferred orientation of the 
crystals.* This difficulty can be overcome by measuring the expansion of 
a cube in three directions, but such measurements are uncommon. Measure¬ 
ments on massive single crystals should be satisfactory, but some of the 
early work m this connexion is very inaccurate, presumably owing to 
accidental strain of the crystals. It is also necessary to distinguish carefully 
between investigations designed expressly to measure coefficients of expansion 
and those in which data on expansion were obtained as a by-product of 
other work (e.g. of compressibility). In the latter type of work the e^eri- 
mental arrangements may be unsuitable for accurate measurements of expansion. 
The x-ray method is again satisfactory, but since it involves the determination of 
two parameters, the error is at least twice as great as for cubic substances, 
unless the structure is such that a high-angle line of the form (A, 0, 0) enables 
one parameter to be obtamed independently of the choice of axial ratio. 

For temperatures below 0® c. there does not yet seem to be an x-ray camera 
designed for detailed work over a range of temperatures, but fortunately there is 
accurate work on polycrystalline specimens of the cubic metals referred to below, 
and on single crystals of the non-cubic metals. 

We shall not discuss in detail the accuracy of specific-heat data For some 

* Bars of drawn and annealed metal nearly always show marked preferred orientation, whilst 
gast bars may show some preferred orientation. 
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of the metals dealt with below, the specific heats at room temperatures are probably 
reliable to 1 part m 300, but for many metals the data are uncertain by at least 1% 
At low temperatures the accuracy is less, but as the specific heats are smaller, 
the effect is not serious for the calculation of changes in volume. At high tem¬ 
peratures there is a serious falling off in the accuracy with which specific heats 
are known, and it is seldom that results are reliable above 500° or 600° c. 


§4. THE ACCURACY OF GRUNEISEN’S EQUATION (1) 


In order to examine the accuracy of equation (1) it is necessary to calculate 
E,jt, For the present purpose it seemed better to discard Debye functions 
entirely, since their use serves only to introduce the additional complication of 
the correct choice of 0, The policy adopted has been to use the actual 

experimental values of C^, and to determine the value of CudTby graphical 

integration. The accuracy of the integration is fully as great as is justified by 
the errors in C^. The value of can be obtained from die relation 

(see W, Nernst and F. A. Lindemann, 1911) 


Cp-C«=C/r^, 

where T is the absolute temperature, and the constant A is given by the relation 




(3a)" ^ 


a being the linear coefficient of expansion, V the atomic volume, and % the com¬ 
pressibility. To a first approximation A can be assumed to be independent of 
temperature, and smce at the lower temperatures (C^ — C®) is small, errors in 
A are important only at the higher temperatures. The assumption of a constant 
value of A at the higher temperatures may legitimately be criticized, but on the 
one hand it does not seem justifiable to examine this point further until the 
specific heats are known to a higher degree of accuracy, and, on the other, the 
method used has the advantage of simplicity, and gives the values oi E^m ^ 
straightforward way from the data. 

The values of A in equation (1) have been taken from the Handbuch d. Physik^ 
vol. 10, and as the term kE^ is relatively small at low temperatures, errors in the 
assumed values of k affect the results only at the higher temperatures. 

It is convenient to separate the results for cubic and non-cubic metals. 
Examination suggested that the data were known accurately for the metals 
detailed below. References to the original sources are given in the Appendix, 
where the accuracy of some of the results is also discussed. 

Cubic metals. Tables 1, 2, 3, 4 show the results obtained for silver, copper 
aluminium and iron. In these, and later tables, the quantity calculated is the 
volume, £i, per atom in (crystal angstroms)®. Q is thus equal to one-quarter 
the volume of the unit cell of the face-centred cubic structure, and one-half the 
volume of the unit cell of the body-centred cube. In all cases the observed 
value of the lattice spacing at room temperature is taken as the starting point, 
and from this the value of fl at room temperature is deduced, and is used to 
calculate Qq ^ equation (1). The values of Q at different temperatures are then 
calculated, and are compared with the observed values. At low temperatures, 
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these “observed values” are based on the coefficients of expansion of massive 
and at high temperatures the results of accurate measurements of lattice 
spacings are used. In the case of iron, however, there is no accurate high- 
temperature x-ray work, and the “ observed ” values of Q have been calculated 
from the coefiicients of expansion, which are fortunately known accurately for 
this metal. 

The figures m table 1 show that for silver the observed and calculated values 
of Q are in excellent agreement over the whole range 20 to 973° K. Between 
20 and 90° E. the calculated increase in £2 is 0*031 A® as compared with the 

Table 1 Silver 


Temperature 

Ck) 


Volume per atom (a®) 
calculated observed 


973 

17-725 

17-718 

773 

17 469 

17-468 

572 

17-237 

17-241 

273 

16 929 value assumed 16-929 

171 

16*837 

16-838 

90 

16*773 

16-773 

20 

16.742 

16-739 


0=108,010. A=3*07. 


Table 2. Copper 

Temperature 

Volume per atom (a?) 

Ck.) 

calculated 

observed 

1044 

12 260 

12*257 

944 

12-179 

12*183 

773 

12-053 

12*054 

573 

11-903 

11*909 

273 

11-726 assumed 

11*726 

172-5 

11 670 

11*672 

- 87-5 

11-632 

11*635 

20 

11-621 

11*623 


0=117,000. A=2*63. 


observed value of 0*034 a? The difference is equivalent to an error of roughly 
10% in A£2, and hence of about 3% m the coefficient of haear expansion, and this 
IS probably within-the experimental accuracy at these low temperatures, where 
the changes in volume are very small. The results of table 1 suggest that 
Griineisen’s equation (1) is quantitatively exact over a range of 1000° K. to 
within the limits ot accuracy now available. 

Table 2 shows the data for copper, but for the present purpose this metal is 
not so satisfactory as silver, because the thermal expansion of massive metal in 
the range Oto 500° c. does not agree exactly with the expansion of the lattice as 
jneasured by x-ray methods. As will be seen from table 2, Gruneisen’s equation 
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IS in fairly satisfactory agreement with the data over the range 20 to 1044° K. 
There are slight differences on opposite sides of 273° K. which cannot be allowed 
for by changing the value of Q^, and these are the result of the above-mentioned 
discrepancy between the results of the two methods of measuring the thermal 
expansion. If the expansion above 0° c had been calculated from the data for 
massive bars of copper (see Appendix) a slightly different value of Qq would 


Table 3. Aluminium 


Temperature 

(“K.) 

Volume per atom (a?) 
calculated observed 

773 

17*149 

17*163 

673 

16 997 

17*000 

573 

16*854 

16*852 

473 

16*719 

16*714 

373 

16*592 

16*590 

273 

16*4744 assumed 

16-4744 

193 

16 391 

16*391 

83 

16 306 

16*305 

20 

16-293 

0=84,110. *=2-84. 

16*290 



Table 4. Iron 


Temperature 

Volume per atom (a®) 

rx.) 

calculated 

observed 

958 

12*098 

12 066 

876 

12*033 

12*019 

774 

11*963 

11*958 

678 

11*903 

11*902 

577*5 

11*845 

11*845 

478 

11*793 

11*792 

376 

11*745 

11*744 

293 

11*709 assumed 

11*709 

225 

11*682(3) 

11*682(5) 

131 

11*652 

11*653 

91*5 

11*643 

11*643 

73 

11 640 

11*640 

20 

11*638 

11*638 


0=171,000. A=2 27. 


have given a better agreement over the range 0to5S3°K., at the expense of a 
worse agreement at higher temperatures. It does not, however, seem justi¬ 
fiable to discuss the figure in further detail until the causes of the differences 
between lattice expansion and bulk expansion are understood. 

The figures m table 3 show that, for alummium, equation (1^ is confirmed 
fairly satisfactorily from 20 to 673° K,, but at 773° K. the observed expansion 
is greater than the calculated value by an amount which should exceed the 
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expermiental error^ and it seems probable that genuine deviations from equation 
(1) set in at from two-thirds to three-quarters of the temperature of the melting 
pomt on the absolute scale. At 473° K. there is a difference oi 0 005 A? between 
the calculated and observed values of This is equivalent to 1 part in 10,000 
in the measurement of the lattice spacing, and this is probably somewhat greater 
than the experimental error, since the work of Wilson (1942) (see Appendix) was 
carried out in great detail in this range. The specific heats are, however, only 
known to two significant figures over most of the temperature range, and it can 
hardly be said that the above difference is outside the experimental error. As in 
the case of silver, the assumed value of gives slightly too small a change in 
volume between the two lowest temperatures. A small difference in the assumed 
value of would give a better agreement in the range 0 to 273° K., at the expense 
of a slightly worse agreement at higher temperatures, but it does not seem profitable 
to discuss this until the coeflScients of expansion at low temperatures, and the 
specific heats at all temperatures, are known more accurately. 

Table 4 shows the results for iron, and this metal is of particular interest, 
because its specific heat cannot be explained in terms of a single Debye charac¬ 
teristic temperature. It will be seen that, m spite of this, there is an extremely 
good agreement’*’ between the calculated and observed values of £i in the range 
20 to 774° K. This suggests that equation (1) does not depend on the assump¬ 
tion of a single Debye characteristic temperature, and that the failure of equation 
(1) for other metals at high temperatures is the result of an effect other than a 
divergence of the specific heat from a simple Debye function. In the case of 
iron It will be seen that at temperatures above 774° K. the calculated values of 
Q are larger than those observed, and although the difference is not very great f 
at 958° K., It suggests that the destruction of the ferro-magnetism involves 
energy changes which are not related to changes m volume by means of 
equation (!)• 

Non-ciibtc metals. Table 5 shows the calculated and observed values of D 
for magnesium, which crystallizes in the close-packed hexagonal structure with 
an axial ratio (c/a = 1-62354) not very different from that for close-packed spheres 
(c/a=1-6330). The agreement between the calculated and observed values is 
clearly not so good as for the cubic metals. From 20 to 473° k. the differences 
are within the experimental error, J and the difference only becomes really pro¬ 
nounced above 773° K., where the observed expansion is clearly greater ; the 
behaviour here resembles that for aluminium. In the range of temperature 
below 673° K, there is a suggestion of a systematic departure from equation (1) 
which could not be corrected by adjusting the value of but the differences are 
of the same order as the experimental accuracy, and more reliable values for the 
coefficients of expansion of single crystals at low temperatures and of the 
specific heats are clearly desirable before discussing the matter further. 

* It IS to be emphasized that the mterest here is that equation (1) holds not merely where a 
fictitious characteristic temperature is used to calculate a fictitious but also when the real value 
of Ex is mserted 

t Reference should be made to the Appendix for difficulties m estimatmg the specific heats 
of iron. 

t The coefficient of expansion of magnesium is so high that m the range 273 to 373® k an error 
of 1® changes Q by approximately 0 002. An error of 0 01 m O is equivalent to one part m 2300 
m the \olume, or one part m 7000 m the lattice spacmgs. Smce two parameters have to be 
determined, this is hardly outside the ei^enmental error. 
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Table 6 shows the results for zinc, which is of interest as a highly anisotropic 
metal,* which at very low temperatures shows a negative coefficient of expansion 
perpendicular to the hexagonal axis. In this case equation (1) fails at the lowest 
temperatures. There is a fair agreement with equation (1) over the range 
133 to 573® K., but a critical test is, unfortunately, not possible. The data 
for high temperatures are from the lattice-spacing measurements of Owen and 


Table 5. Magnesium 


Temperature 

Volume per atom (a®) 

Ck.) 

calculated 

observed 

873 

24*349 

24-379 

773 

24*099 

24*094 

673 

23*864 

23*847 

573 

23*643 

23*630 

473 

23 434 

23*437 

373 

23*238 

23*246 

273 

23 0561 assumed 

23*0561 

193 

22*923 

22*924 

90 

22-787 

22*790 

20 

22-754 

22-753 


0=77,660. A=2-18. 



Table 6. Zinc 


Temperature 

Volume per atom (a,®) 

Ck.) 

calculated 

observed 


623 

15*602 

/15-580 

\l5*586 

573 

15*519 

/l5*502 

\15*508 

473 

15*365 

/15-358 

\15*364 

373 

15*221 

/15*217 

\15*223 

273 

15*0861 assumed 

15*0861 

173 

14*959 

14*954 

133 

14*914 

14*905 

93 

14*875 

14*860 

20 

14*833 

14*813 


Oo=70,750. 


Yates (1934) (see Appendix), whose value for is 15*080 as compared with 
what seems to be the more accurate value of 15*0861 of Jette and Foote (1935). 
If the difference between the two values is due to a constant factor such as the 
calibration of a camera, then the values of Owen and Yates require correction 
by 0-006 to make them comparable with the value assumed (15*0861) for calcu¬ 
lation m table 6. If, on the other hand, the difference is due to an error in one 

* The structure is close-packed hexagonal mth axial ratio c/n=l 8563 (Jette and Foote, 1935) 
at2S®c. 
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individual experiment of Owen and Yates, the remaining figures of these investi¬ 
gators should be left unaltered. It is for this reason that two values are given 
at each temperature above 273° k. in table 6, and it is clearly unjustifiable to 
fiigriiBs the results m greater detail until the data are more certain. 

From tables 1 to 6 we may conclude that, except for the magnetic transfor¬ 
mation in iron, the data for the cubic metals are in very good agreement with 
equation (1) up to a temperature of the order f to f of the melting point on the 
absolute scale. For the non-cubic metals, the equation fails at very low tem¬ 
peratures if the substance has a negative coefficient of expansion in one direction, 
but is otherwise fairly satisfactory until a temperature of the order | of the abso¬ 
lute melting point is reached, although the accuracy of the data is not yet sufficient 
for a critical test. 


§5. THE CHOICE OF THE CONSTANT 

From the preceding sections it will be appreciated that the correct choice 
of j3o is all-important if Griineisen’s equation is to give accurate results. The 
usual relation given in this connexion is 

1^0 


00 = 


yxo 


•( 2 ) 


dv 


where y is the constant referred to in §1, and equals This 

method is extremely unsatisfactory because it makes inversely proportional 
to y, and the values of y are often very uncertain. Apart from this, the value 
of xo> compressibihty at the absolute zero, is usually uncertain by several 
per cent, and it is not surprising that the values of obtaiaed ia this way require 
a fictitious characteristic temperature before they are in agreement with the 
changes in volume. 

An alternative method, given by Simon and Vohsen (1928), is to write 


0o=§+'2^j.. 


.(3) 


where Cp and a are the values of the specific heat and coefficient of expansion 
at room temperature. This relation is obtained, as an approximation only, 
by vrating equation (1) in differential form. In principle, the method is much 
more satisfactory than that involving equation (2), since the term 2kE]< (where 
^=y+f) is now only a relatively small correction to the value of Cj,/3oc, and 
the uncertainty in the value of Qq is much less serious. Unfortunately, ^though 
justified for the purpose of Simon and Vohsen, the approximation is unjustified 
for high accuracy at room temperature, and it can readily be shown that the 
values of ^0 obtained from equation (3) depend on the purely arbitrary valub of 
the temperature (20° c.) at which C^, a. and are taken, even though the sub¬ 
stance is one which obeys equation (1). 

It will be seen that both of the relations (2) and (3)* require a knowledge of 
a at some temperature Consideration vnll show that if a value of a is known, 
we can determine Qg directly from equation (1) without any approximation. 
This can be done either by vmting equation (1) in differential form, and solving 

* y involves a through the term dVjdT. 
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the equation for go, or alternatively by simple methods of trial and error. We 
have found the latter procedure more convenient, as it provides the constants 
required for later calculations, and it is convenient for computation. If, for 
example, the value of a is known at 273° k., we may assume a reasonable value 
of go, and use this to calculate ^293 then adjust go until the expansion 

between 253° k. and 293° K. agrees with the known coefficient of expansion at 
273° K. 

This method is simple and straightforward, and in cases where the expansion 
obeys equation (1), the method gives correct values of go, subject only to the 
errors in the assumed values of a. This uncertainty must not be minimized, 
because there are many substances for which the coefficients of expansion are 
uncertain by a few per cent. The direct method of obtaining go is, however, 
much more satisfactory than those based on equations (2) or (3), because these 
involve not only the uncertainty in a, but also other approximations or quantities 
which are liable to considerable error. 

If the substance dealt with is one to which equation (1) applies only approxi¬ 
mately over a restricted range of temperatures, then the value of go obtained 
by the direct method will be the best possible value for use m the ranges of tem¬ 
perature adjacent to that at which a is known, and will thus be the best value for 
extending the value of a to new temperatures. We suggest, therefore, that this 
direct method of obtaining go is the correct procedure to use. Having obtained 
the value of go which gives the correct value of a at the known temperature, 
It is, of course, of great theoretical interest to see whether this value agrees with 
equation (2), but the use of equation (2) to obtain go appears undesirable. 

§6. ANOMALOUS THERMAL EFFECTS 

The principal danger m using Griineisen^s relation for calculating changes 
in volume is that anomalous thermal eifects may occur which are not related to 
volume changes by means of equation (1). In some cases (e.g. ammonium 
chloride, germanium) defimte peaks appear on the temperature/specific heat 
curves, and these can readily be detected. If, however, the effect is less pro- 
noimced, the specific-heat curve may appear normal, and the abnormality can 
only be detected when the expansion is studied. At present the experimental 
evidence on this point is confusing. In the case of lithium, the work of Simon 
and Bergmann (1930) suggests that the expansion and specific heats in the range 
95 to 273° K. do not obey equation (1), although the expansion data would 
satisfy this equation if a fictitious characteristic temperature were assumed. 
The differences mvolved are not very great, and would be covered by errors of 
the order 5% in the mean coefficients of linear expansion. Further work 
appears desirable, since the method used was one in which a rod of metal 30 cm. 
long was stood vertically in a copper tube. At temperatures above 0° c. the 
metal was so soft as to undergo deformation, and it is not certain whether the 
observed coefficients of expansion refer to partly strained material. It is also 
to be noted that the data of Simon and Bergmann for lithium were accompanied 
by results for copper which it was suggested showed the same effect, although 
this was not confirmed by the work of Adensstedt (1936), whilst the detailed 
work described above suggests strongly that in the range —253 to 0° c. the 
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thennal expansion and specific heat agree excellently with Gruneisen s equation. 
It appears, therefore, that much further work is required before these suggested 
small anomalies can be regarded as established.* 
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APPENDIX 

Notes on the experimental data 

Silver. The lattice spacings above 273® K. were taken by Imear interpolation 
between the two adjacent values given by Hume-Rothery and Reynolds (1938), 
whose work extended over the range 18 to 943® c. These values agree with 
measurements of other workers on massive silver. The coefficients of expan¬ 
sion at low temperatures are taken from Landolt’s Tables (Erganzungsband II), 
and are based on the work of Keesom and Jansen (1927). 1 he specific heats 
are from Landolt’s Tables (Erganzungsband III), which give speaaUy selected 
values of Cp and Ce. 

Copper. The lattice spacings above 273° K. are from the work of Hume- 
Rothery and Andrews (1942). At temperatures from 87-5 to 273® K., the 
most accurate expansion data appear to be those of Nix and MacNair (1941), 
whose results are in excellent agreement with those given m Landolt’s Tables 
(Erganzungsband 11). Nix and MacNair also give data for massive copper at 
high temperatures, and these are not in exact agreement with the lattice-spacing 
data of Hume-Rothery and Andrews. The difference is particularly marked 
at 573° K., where the measured lattice spacing is 3 "6259(5) A., whilst that cal¬ 
culated from Nix and MacNair’s data would be 3-6254. If Nix and MacNair’s 
data were used throughout, a shghtly different value of Qq would give a better 
agreement with Giiineisen’s relation over the range 0 to 573° K., at the expense 
of a slightly worse agreement at higher temperatures, but at present it seems that 
the expansion of massive copper at high temperatures vanes from one sample to 
another, and we have thought it best to use the lattice-spacmg data. The 
thermal expansion m the range—253 to —185° c. is taken from the data in 
Landolt’s Tables (Erganzungsband II). The different volumes of Landolt’s 
Tables give specific-heat data from many sources, whilst Dockerty (1937) gives 
detailed tables of and Co from 28 to 194° k. There is good agreement between 

* It must be emphasized that no real conclusion can be drawn from the mere factthat a specific 
heat/tempeiature curve can be represented as the sum of a Debye curve, and a correction term 
which reaches a maximum at some temperature. All Debye curves give a zero specific heat at 
T=aO, and the same specific heat at very high temperatures. It follows, therefore, that a tiue 
Debye curve can always be represented as the sum of a curve for an appropriate value of 0 and a 
correction term which reaches a maximum m some range. The correction term must be of the 
correct magmtude before its existence can be used as an mdication of an anomalous effect, and it 
is seldom that the specific heats are known with sufficient accuracy. As pomted out by Simon 
and Bergmann, further work down to the temperature of hquid hydrogen is required before the 
phenomenon is fully imderstood 
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the results of different investigators below room temperature. At high tempera¬ 
tures the data of Jaeger, Rosenbohm, and Bottema (1933) have been confirmed 
by Carpenter and Bryant (1939). 

Aluminium. The coefficients of expansion at low temperatures are from 
the work of Ebert (1928), and the lattice spacings at high temperatures are due 
to Wilson (1942) As in the case of copper, the expansion of the lattice and of 
massive metal are not in exact agreement at high temperatures. The specific 
heats are taken from different volumes of Landolt’s Tables. 

Iron. Nix and MacNair (1941) investigated the expansion of massive metal 
in great detail over the range —181-5 to +700® c., whilst Ebert’s work extends 
to —253® c. The specific heats at low temperatures were measured by Simon 
and Swain (1935) Above room temperature the position is very obscure. 
Several mvestigators have claimed that the specific heat ofiron shows fluctuations, 
and G. Naeser (1935) gives a specific heat/temperature curve with a senes of small 
peaks and valleys, although these were not found by H Klinkhardt(1927); both 
investigators used very pure metals. For the present purpose we have used a 
smooth curve Based on the results of Klinkhardt and Baerlecken. If a toothed 
curve really exists, it will not greatly affect the calculations, because some parts 
will lie above and some below the smooth curve, and on integration the positive 
and negative areas will tend to cancel. 

Magnesium. The lattice spacings at high temperatures are from the work of 
Hume-Rothery and Raynor (1939), whose data for the range 0 to 200® c. are m 
good agreement with the work of Goens and Schmid (1936), who measured the 
coefficients of expansion of large single crystals. The work of the latter 
mvestigators extended down to —253® c., and their results have been accepted 
below 0® c. For the specific heats the data of Seekamp (1931) and of Williams, 
Eastman and Young (1924) are m good agreement. 

Zinc. The lattice spacings at high temperatures are from the work of Owen 
and-Yates (1934), whilst the thermal expansion of single crystals at low tempera¬ 
tures was investigated by Gnineisen and Goens (1924). The two investigators 
overlap in the region 0 to 100® c., and are not in exact agreement. For the 
specific heats, the results of different mvestigators as given m the different volumes 
of Landolt’s Tables enable a satisfactory curve to be drawn up to 100® c., but 
there is a difference of opinion as to whether abnormal effects exist between 100 
and 200® c. and between 330 and 340° c. Jaeger and Poppema (1936) give the 
mean values of between 0® c and higher temperatures, and we have based 
our calculations above 100° c. on their figures, which include any anomalous 
specific-heat effects. 
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ILLUMINANTS FOR COLORIMETRY AND THE 
COLOURS OF TOTAL RADIATORS 

By H. G. W. HARDING 

Commimication from the National Physical Laboratory 

Lecture given to the Colour Group, 28 September 1944; MS. received 23 February 1945 

ABSTRACT. The colours of total radiators are discussed and methods of estimatmg 
the colour-temperature to be assigned to a colour not on the locus of the colours of total 
radiators are outlined. The filter method of calibrating tungsten lamps at the National 
Physical Laboratory is given, with an indication of the probable accuracy of the calibration. 

The history and properties are given for the three standard illuminants A, B and C 
recommended for colorimetry by the Commission Internationale de I’Eclairage in 1931 
Other illuminants, such as the equal-energy illummant £, are mentioned, and the colours 
of them are compared with those of daylight. 


§1. INTRODUCTION 

T his lecture deals first with the colours of total radiators and the estimation 
of the colour-temperature that is to be given to a colour that is not exactly 
on the locus of the colours of total radiators. Then we consider the 
standard illuminants A, B and C that are used for colorimetry, what they are, 
how they are established, and how permanent they are likely to be. After this, 
an account of other illuminants that have been proposed will be given, together 
with indications as to how their colours compare with those of daylight. 

To begin, definitions of the terms that will be used frequently might be 
helpful. 

Firstly, what is the spectral distribution of energy from a total radiator? 
A theoretical investigation shows that this spectral distnbution of energy of a 
total radiatgr is given by Planck’s formula, 

E^dX =CiA-« [exp (C^IXe) - IJ-i dX, 
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where E^dKis the enei^ between the wave-lengths A ± dXjl for a radiator at 0°K. 
and Cl and Cg are constants. It is generally agreed that experimental results 
are in accordance with those given by this fomruila (Brown, 1941; Committee 
on Colorimetry, 1944). 

The value recently given for Cg (Birge, 1941), the only constant that concerns 
us here, is 1-43848 ±0 OOO 34 cm. deg. The values suggested for Cg have vaned 
considerably. 1*4320 was accepted for the international temperature scale in 
1927 {Travatae et M4moires, 1927), 1*4360 was considered for this scale in 1939 
(Comit 6 International des Poids et Mesures, 1939), 1 4350 has been used 
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Figure 1 Spectral distnbution of energy, B.S. Lamp No. 1717 and Planckian radiator 

at 2820” and 2850° K 

[Reprinted by permission from Set Pc^. Nat Bttr Stand., Wash.l 

extensively for colonmetry since 1931 (Smith and Guild, 1931-2), and no doubt 
a value higher than 1 4360 will be accepted internationally in the future. . 

Secondly, what is the spectral distribution of energy from a tungsten-filament 
lamp over the visible range of the spectrum ? Measurements by Coblentz and 
calculations by Pnest show that it is very similar to the distribution 
from Planck’s formula if colour-temperature is substituted for temperature 
A graph from Priest’s paper (Priest, 1922) is reproduced as figure 1. 

Throughout this paper the relative spectral distnbutions of energy of total 
radiators and tungsten-filament lamps, for visible radiation, are derived from 
Planck’s formula, and Cg has the value 1 4350 which was suggested by the Com¬ 
mission Internationale de I’Eclairage, 1931 (Smith and Guild, 1931-2) for the 
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calculation of the spectral distribution of energy of the C.I.E. standard 
illuminant A 

Thirdly, what is the colour-temperature of a tungsten- fil a m ent lamp ? By 
this we mean the temperature of the total radiator which is estimated to have 
the same colour as the lamp. The international temperature scale {Travaux 
et Mimoires, 1927), which has been used since 1927, is based on the melting 
point of gold (1336® K.) and Wien’s radiation law with a value 1-432 cm. degrees 
for Cg. 

§2. THE COLOURS OF TOTAL RADIATORS 

With these defimtions in mmd, the colours of total radiators will first be 
considered. We have found at the National Physical Laboratory that the 
trichromatic coefiScients of the colours of total radiators are often wanted to 
five-figure accuracy over a large colour-temperature range. Since it takes three 
or four hours to calculate the colour of a radiator directly from Planck’s formula, 
it was considered worth while to produce tables of the tnchromatic coefiicients 
of the colours on the C.I.E. system, so that the colour of any radiator, at any 
temperature between 1500 and 9000° K., could be obtained by Imear interpolation 
in a few seconds. In addition, if the tables were smooth to six figures, they 
could be the basis for other tables that would be required if the value for Cg 
were altered or if the colours were to be expressed agamst the micro-reciprocal 
degree scale (Priest, 1933), which will be explained later. 

Tables were prepared in 1940-1 with a value 1-4350 for Cg. The energies 
were calculated from Planck’s formula at approximately 500° k. intervals for 
the temperature range 1500-11 000° K,, then the colours were calculated from 
these energy values using the Condensed Tables for Colour Computation (Smith, 
1934). The trichromatic coefiicients so obtained were interpolated for the 
range 1500-10-9000° K. The use of Smith’s tables about halved the work 
involved, since the full tables for colour calculations as recommended 
by the C.I.E. have entries at seventy-nine wave-lengths and Smith’s tables 
entnes at only forty wave-lengths. If only half the entnes of the C I.E. tables, 
that is at 0-38-0 01-0*77 /i,, had been used to calculate the colours from the 
spectral-energy distributions, errors of 0-0001 to 0-0002 in the tnchromatic 
coefficients would have been expected, whilst with the condensed tables the 
errors should not exceed 0 00001. 

When in 1941 Birge suggested a value 1-4384s fo*' C'a, the tables were revised 
to refer to this value by readmg from the 1 4350tables the trichromatic coefficients 
for the temperatures x 1 4350 x (l-43848)~^ over the range 1500-100- 

9000° K., then mterpolating these values to tenths. These tables have been 
published (Harding, 1944 a). The validity of this procedure can be seen if 
the value Cg/0 of Planck’s formula is considered. If the value of Cg is changed, 
the locus of the colours of total radiators will not be altered on the colour chart, 
but the temperature corresponding to a particular colour on the locus will alter. 
For example, if C 2 = 1-43848 and 0=2000° K., then Cg/0 = 1-43848/2000. If 
Cg had been taken as 1 4350, the temperature given to the radiator having the 
same colour would be 2000 x (1-4350) x(l-43848)~^=1995 2 °k., because 
Cg/S^ 1-43848/2000= 1 4350/2000 x (1-4350) x (l-43848)-i. 

The locus of the colours of the radiators is shown in figure 2, where it is 
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interesting to note that the locus can be represented very clogely by a parabola. 
A better parabola than the one indicated can probably be found, but since the 
actual temperatures cannot be located on the curve, the only value that the 
formula has is to serve as a guide to the shape of the curve on the colour chart. 
The “ mired ” or micro-reciprocal-degree scale is marked on the locus, and it 
can be seen that the mired scale is more evenly spaced than the colour-temperature 



Figuie 2 Equation to colour locus of total radiators is approximately 
(a?— 0 496)®= —0*358 (y—0 415), indicated by x 

Spectrum colour locus —©-0— 

Total radiator colour locus —i—i—i— 

scale over the range of temperatures from about 2000° K. to infinite temperature. 
A mired is a million divided by the colour-temperature in °k., and serves a 
useful purpose m colour-temperature calculations since the use of it generally 
avoids calculating reciprocals Tables giving the trichromatic coefficients for 
total radiators for the mired range 0-1-660 mireds — l 43848) have been 
prepared at the Laboratory also. 

§3. COLOURS NOT ON LOCUS FOR TOTAL RADIATORS 

The next problem is that of the colour-temperature to be given to a colour 
which is not on the locus of the colours of total radiators, and an example will 
explain why this is so important. 

Suppose that a filter is being used for colour-temperature measurements, 
and that this filter is placed in front of a standard lamp in order to colour-match 
it with another lamp at a different colour-temperature. It may not be possible 
to get the photometer fields to be exactly the same colour by altering the lamp 
voltages because, owing to the properties of the filter, one photometer field is 
always slightly, but perceptibly, greener than the other. When different 
observers make colour-matches under these conditions, it is most likely that their 
settings will not agree, and that one observer would be quite sure, on looking 
at the photometer fields, that he would never make the settmg that another 
observer would make. When this sort of thing happens, the general procedure 
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is to take the mean reading of a number of observers, but since a few preliminary 
measurements will most likely explain the disagreement and avoid observer 
differences m the final result, they are well worth some consideration. 

The mechanism of colour-matching may be illustrated by figure 3. If two 
lamps Li and Lg are colour-matched at a temperature 6 represented by the 
pomt P on the locus of the colours of total radiators RS, then a very pale green 
filter is put in front of L 2 , so that the colour of is represented by P and that 
of L 2 by C, an observer will see the colours represented by P and C. To try 
to restore the colour-match the colour-temperature of may be altered to 
correspond to the point B (L^, on the locus RS, The observer can then 



Figure 3. Colour-temperature estimation for colours not on the locus of 
the colours of total radiators. 

be said to estimate colours off the locus with those on the locus along the line 
CB. If CD is drawn through C parallel to the Y-axis to meet a line through B 
parallel to the X-axis at D, and to meet the locus at T, the angle DCB can be 
convemently defined by giving the value of BD if CD = 0 001. 

The greenness of the off-locus colour C with respect to the locus RS can be 
expressed by the value of CT, which is subsequently called Ay. Ay is the 
difference between the Y-coeflScient of the colour represented by C and the 
Y-coefficient of the colour of the total radiator which has the same X-coefficient 
If Ay = 0 001 and the two colours are viewed with a Lummer-Brodhun photometer 
having a ten-degree field, there will be an observable colour difference between 
the two parts of the field, one field always appeanng slightly greener than the 
other however carefully the colour-temperatures of the lamps are adjusted to 
try to get a colour-match. 



llluminants for colorimetry and the colours of total radiators 227 

About 1930, when the R, G and B system of expressing colours was used at 
the National Physical Laboratory, the method used to fix the line CB was to 
divide the red coefficient of the off-locus colour by the blue coefficient, then to 
find the colour of the total radiator which had the same red to blue ratio. The 
reason for adoptmg this method was that experiments by Guild and Young 
indicated that it gave the correct answer provided that a predeternuned method 
of colour-matching was used, 

A second method by Judd (Judd, 1936 a), which was based on the Uniform 
Chromaticity Chart, is much sounder and will be mentioned later. 

This problem of the slope of the hne CB arose at the National Physical 
Laboratory when we were measuring the colour-temperatures of lamps with a 
blue liquid and a yellow glass filter. The results of the colour-temperature 
measurements using the alternative filters differed by the easily measurable 
amount of 10 ° k., and it seemed that the most probable explanation of the 
disagreement was that the colour-temperatures assigned to off-locus colours 
were incorrect. 

Donaldson, of the National Physical Laboratory, determined the way in 
which several observers estimated the nearest colour-temperature which corre¬ 
sponded to a given off-locus colour. He first colour-matched two lamps at a 
given colour-temperature using a Lummer-Brodhun photometer with a ten- 
degree field, then inserted a pale green filter (Aj equal to approximately 0 001) 
m front of one of the lamps and altered the colour-temperature of the other 
lamp until the best colour-match setting that could be obtained was found. 
The slope of CB was then found from a knowledge of the colour of the fiilter, 
which had been determmed spectrophotometrically, and the calibration of the 
colour-temperatures of the lamps against their voltages. The results of these 
measurements are shown m figure 4, where the results obtained by the red to 
blue (or X to Z of the more recent C.I.E. system) ratio method used by Guild 
and the Judd method are included for comparison purposes- The letters near 
to each curve identify the observer. 

It is seen from this diagram that if Ajj^=0-001, a value which gives a just-percep- 
tible green colour difference, two observers may differ in their settings by about 
12^ K. at 2500° K., and a larger difference than this is likely to be expected for 
most single-component filters which are available for colour-temperature measure¬ 
ments, If, however, the filters have been carefully prepared, Ay need not 
exceed 0 00004 (Harding, 1944b), so that observer differences, due to colour 
differences alone, should not exceed 0 S°k. 

Owing to the large variations of mdividual observers in their estimations of 
the nearest colour-temperature that corresponds to an off-locus colour, we have 
made it a practice to use the observer’s own estimation of the slope of BC, as 
given m figure 4, whenever the value of Ay is large enough to cause errors 
exceedmg a degree. 

To sum up, there are two factors governing the problem of the colour- 
temperature that shall be given to a colour. Firstly, if the colour is on the locus 
of the colours of total radiators, then it is only the value which is given to Cg in 
Planck’s formula to calculate the colours of the total radiators that matters; that 
IS, lUummant Amay be expressed as 2848"" k. (C2=14350), or 2842° k. (C 2 = 1-4320), 
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because Cj/fl = 1-4350 2848 = 1-4320/2842 Secondly, if the colour is not on the 
locus of the colours of total radiators, but is near to it, say Ay not greater than 
0-010, there is the additional complication that the value of the colour-temperature 
estimated by various observers will be different and the characteristics of 
individual observers will have to be considered. 




Figure 4. Colour-temperature estimatioxi for colours not on the locus of 
the colours of total radiators. 


When estimations of this kind are made subsequently, it will be asanmeH 
that = 14350 and that angle DCB is defined by the measurements made by 
a particular observer at the laboratory. 

§4. THE STANDARD ILLUMINANTS 

We can now go on to the consideration of the first lUuminant for colorimetry, 
standard lUuminant A, which is defined by the C.I.E. as “ A gas-filled lamp 
operated at a colour-temperature of 2848® K.” “ The spectral distribution of 
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energy from this source may be taken for all colonmetnc purposes to be that 
of a black-body at a temperature of 2848° k. The value assumed for Planck’s 
constant C2 is 14350 micron degrees ’* (Smith and Guild, 1931-2), 

The value 2848° K. for the colour-temperature of the lamp comes from the 
Umted States of America and originated thus: as long ago as 1917, Coblentz 
of the Bureau of Standards measured the spectral distribution of energy of a 
five-hundred-watt gas-filled tungsten lamp designated as B.S. Lamp No 1717, 
operated at 118 0 volts (Priest, 1922). Pnest calculated the colour-temperature 
of this lamp from the spectral distribution of energy in the following way. The 
values of the products of the visibility function and the spectral distribution of 
energy of the lamp, and also the products of the visibility function and the spectral 
distributions of energy of various Planckian radiators, were plotted as ordinates 
and wave-lengths as abscissae. A value was calculated for each of these 
curves, A^ being the wave-length coordinate of the centre of gravity of a thin 
template of uniform density bounded by the wave-length axis and the curve. 

Priest found that for the lamp was the same as that for a Planckian (total) 
radiator at 2848° K., with an uncertainty of less than 5 °k. 

A five-hundred-watt lamp was then cahbrated against the lamp B.S.1717, 
and this was sent to the Nela Laboratory. Its colour-temperature, determined 
by colour-matching with a total radiator, was given by Forsythe in a letter to 
Priest as *2848° K. (Priest, 1922). 

Priest concluded from the good agreement obtained between the colour- 
temperature denved from Coblentz’s isothermal measurements and that 
measured at the Nela Laboratory by colour-matching with a total radiator, that 
instead of referring to a particular lamp as a reference standard, a satisfactory 
standard source would be one closely approximatmg to the Planckian spectrd 
distribution m the visible spectrum and havmg a colour-temperature of 2848° K. 

This same history for standard illuminant A is also outlined by Wensel, 
Judd and Roeser (1934), who say that the exactness of the agreement of Priest’s 
and Forsythe’s results was apparently accidental and has created the impression 
that this 2848° K. point on the colour-temperature scale was determined with 
far more accuracy than was actually the case. 

There are two points worth mentioning here. PriesFs calculations were 
made about 1921, which was before the 1924 C.I E. values for the visibility 
function and the 1931 C.I.E. trichromatic data were available It is unlikely 
that the visibility function that we now use would have affected his results, but 
it certainly would be interesting to calculate the colour of the lamp from Coblentz’s 
spectral-energy values, using the C.I.E. trichromatic data, to see if the same 
colour-temperature value of 2848° K. would be obtained. 

The cahbration of a lamp at 2848° K. is the next problem. By definition a 
lamp will be operating at 2848° K. if it colour-matches a total radiator which is 
at a temperature of 2848° K. At the National Physical Laboratory we do not 
maintain a total radiator in continuous use for routine colour-temperature 
measurements, but rely on sets of six, sixty-watt, hundred-volt, tungsten vacuum 
lamps which have been calibrated against a total radiator at several temperatures 
and for which voltage values have been interpolated at 10° k. mtervals over the 
range 1800-2400° K. 


i6-a 
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By direct colour-matching, using a ten-degree field Lummer-Brodhun 
photometer with contrast strips, and taking the mean of eight readings obtained 
by making two observations for each of the four possible positions of the photo¬ 
meter head, lamps are calibrated from 1800-2400 ‘^k. By means of a blue liquid 
filter (Guild, 1925-6) which is placed in front of the lamp operating at the 
lower colour-temperature, or a yellow glass filter (Harding, 1944b) in front of 
the lamp at the higher colour-temperature, the range of the vacuum lamps can 
be extended to 3000° K., which is about the maximum colour-temperature at 
which lamps are operated for long penods as standards. To reach the highest 
colour-temperatures attainable with tungsten-filament lamps, 3644° K. (Priest, 
1922), gas-filled projector lamps are calibrated by the filter method against the 
vacuum standards, then these projector lamps are again used with the filter.* 

A filter required for these measurements has to be carefully designed. There 
IS only sufficient time here to mention that it must be permanent, very little 
affected by temperature change, and must give good colour and energy matches 
between tungsten lamps for the whole range over which standardized lamps 
might be required. For some purposes a yellow filter is to be preferred, and for 
others a blue one. Since the best energy and colour matching that we have so 


Table 1 


Lamp voltage 
(volts) 

Colour temperature 

K.) 

N.B.S. 

NJ>L. 

Difference 

34'S 

2046 

2039 

7 

443 

2239 

2234 

5 

5M 

2360 

2351 

9 

75 2 

2727 

2715 

12 


far been able to get has been with a yellow filter, and since it is an advantage to 
put the filter in front of the brighter lamp, we often prefer to use a yellow filter. 

Before leaving the problems of colour-temperature measurement, it might 
be worth mentioning what has probably been obvious almost from the beginning 
of this paper, that is, that a colour-temperature can only be given to a lamp if 
it exactly colour-matches a total radiator. If the lamp bulbs are slightly coloured, 
or if the energy from the lamp is not approximately Planckian, then difficulties 
arise. The colour-temperature scale, however, serves a very useful purpose in 
defining the operating properties of lamps, and our experience with the filter 
that we use and the lamps that we have calibrated has been that colour-matches 
have generally been so good that the observer has not been prepared to say that 
they are not perfect. 

The accuracy of the value of the colour-temperature that is given to a lamp 
can now be considered. A comparison of measurements made both by the 
National Bureau of Standards and the National Physical Laboratory in 1934 
on a projector lamp are given in table 1. 

The colour-temperature of a lamp measured with or without a filter can 
generally be repeated to one or two degrees. Calibrations made with a blue 
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liquid filter and a yellow glass filter over the range 1950-2848° K. gave results 
m agreement to 2° k. (Harding, 1944 b). 

Next comes the permanency of the calibrations of lamps which are probably 
similar to those that we use in this country, namely, projector lamps for standard 
illuminant A and vacuum lamps for colour-temperature standards. The 

Table 2 


Lamp type 

Colour-temperature 

("K.) 

dO 

^CK./hr.) 

Projection 

3140 

-0-6 ±01 


2850 

-0 06 ±0-01 


2360 

-0-006±0-005 

Commercial vacuum 

2360 

-0*01 ±0*08 

Standard vacuum 

2360 

-0-05 ±0-04 



Colours of sunlight and dayhght. 

Figure 5 Colour temperature of unseasoned lamps as a function of time m service 
The colour temperature rises rapidly during seasonmg, then declines slowly 

[Reprinted by permission from J Res, Nat, Bur Stand , Wash.^ 

general behaviour of new projector lamps (Judd, 1936 b) is shown in table 2 
and figure 5, both taken from Judd’s paper. 

The other two standard illuminants for colorimetry are obtained by using 
liquid filters with standard illuminant A. 

Liquid filters were used at the National Physical Laboratory before the 
C.I.E, 1931 recommendations were made. About 1924 Guild required a 
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“ standard white ” illummant for his measuiements of the spectrum colours: 
these measurements, together with those of Wright, were eventually to form the 
basis for the 1931 C I.E. colorimetric system R H Sinden (1923) mentioned 
a filter which had been developed by Pfund and which, when used with a 
suitable illuminant, reproduced very closely the spectral distnbution of energy 
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FILTER FORMULA 


CoppenSulphate (CuSQ, 5H|p) Z 45 Z grams 
Mannite (C.HeCOHL) Z 45Z grama 

^ridine (CtHtN) 30.0 cc 

V»Cer (distilled) to make 1000, cc 


Zl. 7,0 

Copper Sulphate (tu^ 51^0) 16,110 grams 

Sidphunc ^id (sp.gr 1^5) 10 0 cc 

Wkler (distilled) to make 1000 cc 


These data are for a one centimeter layer 
each of solutions A and 8 m a double cell 
wtlh three plates of borosilicate crown glass 
(refractive mdex 0 line * 15i), each 2 5 mm thidL 


AOjusteO to mcke Sum of C*’ E* from 400 
to 720 njt equal practically to sere 

Factor to be used to multiply tne candle power 
of the light source to ebUin the candle-power 
of the source and filler combination 


Figure 6, 


in sunlight. This filter consisted of a double-compartment cell. One com¬ 
partment contained an ammoniacal solution of copper sulphate and the other 
an aqueous solution of the sulphates of copper and cobalt. Guild wrote to 
Pfund for information about this filter and received a reply stating that Pfund 
had not yet completed his investigations, so that no information as to the com¬ 
positions of the solutions was available. Guild^s colleague Young therefore 
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investigated the filters ab itdtio and two filters were developed. One was to 
raise the colour-temperature of a lamp at 2360° K. to about 2900° K in order to 
calibrate a lamp at 2900° K. using the vacuum standards. The other was 
designed to raise the colour-temperature of a lamp at 2900° K. to about 4800° K. 
to give a standard “ white light ** (Guild, 1930-1; Davis and Gibson, 1931 a). 
These solutions were used at the National Physical Laboratory up to 1931, 
when the colorimetric specifications were revised, and the C.I.E. recommended 
the use of a Davis-Gibson filter in conjunction with standard illuminant A 
(Smith and Guild, 1931-2). The filter chosen was one which had a colour 
almost the same as that of the N.P.L. white-light filter (Davis and Gibson, 1931a), 
so that measurements made before 1931 would still be of value. The description 
of the filter for standard illuminant B, which with standard illuminant A is 



Figure 7. Colours of illuminant 6 filters for a 2848° K, total radiator as an 

lUummant. 


intended to represent the yellower phases of daylight, is given in figure 6, which 
is the reproduction of a chart obtained from Davis and Gibson’s publication 
which has just been referred to. The colour of the filter with standard illummant 
A as an illuminant is 

0-34842A'-|-0 35161 Y-hO 29997Z (Smith and Guild, 1931-2), 

the transmission as given by the chart is 24-9 % and the colour-temperature 
corresponding to the colour is 4860° K. Solutions made at the National 
Physical Laboratory contained in glass cells (Donaldson, 1933) have colours 
close to the C.I.E. colour and examples are given in figure 7, where the effects 
of ageing and temperature change are shown. 

It can be seen that the colours of freshly prepared filters are slightly greener 
than the C.I.E. colour, but the differences are small. Considerable care ia 
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necessary in preparing the solutions if filters made at different times are to 
repeat their colour characteristics. The procedure that has been adopted is to 
recrystallize the copper sulphate and cobalt ammonium sulphate, which are 
of A.R. quality, the crystals are then dried and weighed according to the 
specification 
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FILTER FORMULA 


Copper Sulphate (CuSQi $H^) 3 412 grains 

Mannile (CtHa(0H)«) 3 412 grams 

Pyridine (CsH.N) 30.0 cc 

Water (distilled) to make 1000 cc 


B 


Copper Sulphate (Cu5^ 5N^0) 
Sulphuric Acid (sp gr 1635) 


Water (distilled) to make 1000 


30 560 
22 520 
too 


grams 

grams 


These data are for a one centimeter layer 
each of solutions A and B m a double cell 
with three plates of borosilicate crown glass 
Orefraetive index 0 line ■ 15l) each 2 5 mm thich. 
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The next illummant is standard illuminant C, which is standard illuminant 
A with another Davis-Gibson filter. The illummant, which is intended to 
represent the bluer phases of daylight, has not often been used m this country, 
and we are not in a position to give any of our measurements on its properties. 
The chart for the filter for illuminant C as received from Davis and Gibson 
(Davis and Qibson, 1931 b) is reproduced as figure 8. 
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The colour of the filter with standard illuminant A is 

0 31006 A’+O 31616 T+O 37378Z (Smith and GuUd, 1931-2), 

and the transmission given by the chart is 15'5 %, The colour-temperature 
corresponding to the colour is 6660° K. 

§5. OTHER ILLUMINANTS 

An illuminant E was mentioned m the Proceedings of the Intemaiional 
Conanission on lUummcOion, 1939. This is illuminant A with a Davis-Gibson 
filter (Davis and Gibson, 1934), and the colour of the illuminant is 

\X+\Y+\Z. 

The colour of the lamp and filter combination is too far from the total radiator 
locus for an equivalent colour-temperature to have much meaning, but a probable 
value IS somewhere between 5250-5450° k. The suggested advantages of this 



filter were that it approached daylight more satisfactorily than the standard 
illummants B and C, and that many technical and conceptual difficulties could 
be eliminated by the use of it. These reasons do not seem to be sufficient to 
justify a change from the illuminants now used, firstly because the colour of 
the equal-energy illuminant is not closer to the colours of dayhght than are the 
colours of the B and C illuminants, as indicated in figures 9 and 10, and secondly 
because the technical and conceptual difficulties referred to appear to be of 
negligible importance. 
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Illuminants designated D and S (Kelly, Gibson and Nickerson, 1943) have 
been used m the United States of America Illuminant D is intended to represent 
lightly overcast north sky and is stated to have a colour-temperature of 7500° K. 
It consists of Macbeth (Corning) daylight glass with a lamp at 3000° K. and the 
colour IS given as 

0-29992A:-t-0 31201 7+0 38807Z. 

This illuminant has been selected for comment because it is made from glass. 
If melts of glass were reproducible so that the tnchromatic coeflScients of the 
colours were reproducible to within 0-001 of a given value, they would be con- 



Pigure 10 Section of the I.C.I colorimetry diagram, shovnng the location of points representing 
various phases of daylight with respect to the black-body Ime. The diagonal lines represent 
vanous values of “ xmcro-reciDrocal degrees ** (niireds) 

fReprinted from, and with acknowledgments to, J Opt, Soc Amer ] 

sidered useful filters to use for standard illuminants. Our experience, however, 
has shown that melts of glass obtained over a considerable number of years 
differ appreciably, and for this reason single-component glass filters are unlikely 
to displace hquid filters until glass manufacturers have improved the repeat¬ 
ability of their melts. 

Illuminant S is intended to represent extremely blue sky (Gibson, 1940). 
The trichromatic coefficients of its colour are 

0-23194Ar+0-23176 y+0-53630Z. 




lUummants for colorimetry and the colours of total radiators 237 

The positions of the colours of these filters on the colour chart are shown in 
figure 9. In addition are given the colours of daylight measured m the United 
States of America. Abbot Daylight (Nickerson, 1941), Luckiesh Sunlight and 
Average Daylight, 1938 (Moon, 1941), Abbot Mean Noon Sun (British Standard 
Specification No. 793-1938); also the colours of daylight measured in Britain, 
for Didsbury Sunlight and North Skylight (British Standard Specifications 
793-1938 and 950-1941). Other measurements of the colours of daylight 
(Taylor and Kerr, 1940) are given in figure 10 

§6. CONCLUSIONS 

To conclude, there are a few remarks on the colours of daylight and the 
standard illummants. Taylor (Nickerson, 1941), commenting on the colours 
of daylight in America, says that at Cleveland the colour-temperature of a clear 
zenith sky can be 60,000° K., a slightly hazy north sky 12,600° K., that smoke in 
the air reduces the colour-temperature still more, and that a completely cloudy 
or overcast sky gives an energy distribution which corresponds to approximately 
6500° K. He states that in half an hour the colour-temperature of daylight 
from a north sky may vary by several thousand degrees. Our experience at the 
National Physical Laboratory is that the colour-temperature of north skylight 
has vaned from 5000° K. to 20,000° k. In view of these wide variations in the 
colours of daylight it is difficult to say which of the illuminants is the most 
satisfactory. 

There is one consideration that shoxild be made when filters are used to 
reproduce daylight. The bluer the filter the lower is its transmission; for 
instance, the transmission of the illuminant B filter is about 25 % and that of 
the illuminant C filter about 16 %, and bluer filters have lower transmissions. 
For most colonmetric work we require to get as much light of the required 
quahty on the specimen as we can without making it hot. If the filter is put 
between the lamp and the specimen, it gets hot and its colonmetric properties 
alter; if the filter is put between the eye and the specimen it is the specimen 
that gets hot, and this also is not desirable. The transmission of the filter should 
therefore be as high as possible. This means that the colour-temperature of 
the radiation transmitted by it should be as low as possible consistent with its 
colour being in the daylight range. It is probably for this reason that illuminant 
B has been used so much in this country. 
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ON THE MEASUREMENT OF THE EFFECTIVE 
AREA OF A SEARCH COIL 
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ABSTRACT, A condenser null-method for the determination of the effective area of a 
search coil is described. The underlying prmciple is to compare the area of the unknown 
coil with a calculable area, the two coils being used alternately m a powerful, constant 
magnetic field, of which the region of uniform intensity has been extended by use of 
pole-pieces with large area. The flux in each coil as it cuts the field can be exactly 
neutralized by the charge of a condenser. The ratio of the two areas is given as a ratio 
of two resistances. An accuracy to four significant figures is possible 


§ 1 . INTRODUCTION 


T he effective area of a small search coil containing a large number of 
entangled turns, such as is used in measuring magnetic fields which 
are homogeneous only over small volumes, cannot in general be deter¬ 
mined with any degree of accuracy by calculation from the dimensions of the 
coil. The experimental way of calibrating a search coil (Stone, 1934) is by the 
use of calculable fields. The coil is placed with its plane at right angles to a 
field H (oersteds) produced by a standard solenoid carrying a current I (amp,), 
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and the mutual induction M (heniys) between the two is balanced against an 
inductometer whose primary is joined m senes with the solenoid. The inducto- 
meter may be so adjusted that, on reversmg the current, the flux in the secondary 
just balances the flux mduced in the search coil. Then the effective area A 
(cm®) IS evidently given by 

A number of intermediate steps may be required in passing from the relatively 
small fields which are accurately calculable to the large fields which it may be 
desired to measure. 

In 1939, Nettleton and Sugden, m connection with susceptibility determina¬ 
tions, described a method consisting in the measurement of the mutual induction 
between the search coil and a pair of large Helmholtz coils. If the experiment 
is then repeated with a coil of known area, the ratio of the two areas will be the 
same as the ratio of the mutual inductances which are measured by balancing 
against an inductometer. 

Obviously, the accuracy m these methods depends on the certainty with 
which the mutual inductance can be known, whereas the sensitivity depends 
on the strength of the uniform magnetic field employed. In general, the fields 
produced by solenoids or by Helmholtz coils are very small compared with the 
fields produced by an electromagnet. 

We shall describe here a sensitive method involvmg only the comparison of 
two resistances. 


§ 2 . APPARATUS AND PROCEDURE 

Quite recently, the authors (1944) described, in a work on magnetic-field 
measurement, how the flux mduced in a search coil can be neutralized by the 
charge of a condenser. The same principle is apphed here. The esse ntial 
features of the experimental arrangement are shown in the figure. 

The conical pole-pieces of an electromagnet are unscrewed and replaced by 
disks or short cylindrical pole-pieces M, M of large cross-sectional area. In 
our case the diameter of the core of the electromagnet is 7*5 cm. The diameter 
of the pole-faces of the disks is 11>5 cm., and the thickness is 14 cm., the air 
gap is 6*3 cm. With an exciting current of 8 amp., corresponding to a field of 
2685 gauss, the induction in a coil of about 300 cm! effective area would pro¬ 
duce in the reflecting balhstic galvanometer F a deflection of more than 
500 mm. for a circuit resistance of about 2000 ohms. 

Referring again to the figure, L is a search coil supported on an ebonite 
frame J carrying a stout wire D dipping into a mercury cup K to a depth of a 
few cm. (the optimum depth is easily found by tnal). B is a battery of about 
10 volts and C is a mica condenser of 1 or 2 fis. capacity. F is a fluxmeter or 
a long-penod galvanometer, shunted by a resistance R which includes the 
resistance of L and the additional resistance R'. P and P' are two large resistance 
boxes forming a Rayleigh potentiometer. £ is a standard cadmium cell con¬ 
nected with a sensitive galvanometer G across a fixed resistance S, and serves 
to check the constancy of the potentiometer current. The variable resistance 
X enables a fixed potential difference to be maintamed across S. 
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When the search coil is suddenly raised from the field, the batterj’ circuit 
is cut off at K. The condenser, bemg connected to a closed circuit, is thus 
discharged, the quantity of charge passing through F being 


CVR 

R+F 


microcoulombs. 


where V is the voltage across P, and F is the resistance of the fluxmeter. 
Meanwhile, F will receive an opposite impulse 

HA. 

100 (ig + /’) "^croco«lombs, 

due to cuttmg the field H by the search coil 

Exact compensation can be brought about by adjusting the charging \ oltage 
or the shunt resistance or both. When this is achieved, 

A^mCVRIH. .( 1 ) 



Under our experimental conditions, the calculated time of discharge of the 
condenser to 1/10* of the initial charge through P and the shunted fluxmeter 
is about 0*1 sec. and is of the same order of magnitude as the time of sudden 
withdrawal of the search coil manually to a distance (about 20 cm. from the 
gap) where the field is practically nil. The latter tune has been determined 
in a previous investigation with the aid of an Everett-Edgecumbe time-interval 
meter arranged in conjunction with two mercury contacts, the first being broken 
at the instant the motion starts, and the second when a distance of 20 cm. has 
been traversed. 

As the times for the opposite impulses are approximately of the same order 
of magnitude, and can be made to start together, the two effects on F occur 
almost in synchronism, smce the changes at the ends of these intervals are very 
small. Thus a sharp balance is possible even with a galvanometer whose period 
is not too long. 
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It will be seen from equation (1) that for the same values of H, C and V, 
the areat} proportional to the shunt resistance. In other words, 

A^IAx=RJRx. .( 2 ) 

With the aid of the standard cell, V can easily be maintained constant to 
linlO*. 

By the magnetizing current, and reducmg its duration to a few minutes 
so as to avoid excessive electrical heating of the core, it is possible to keq> H 
constant at least to 1 iu 1000. 

Agam, by employing disk pole-pieces, we increase the region of uniform 
field. In a prehminary experiment with a small exploring coil having a large 
effective area, it has been found that the field, as measured by the authors’ method 
{loc. cit.), is practically uniform, at least up to a radius of 3 cm. from the centre 
of the gap. Another test of uniformily has been performed by measuring the 
field with two coils of known area having different linear dimensions. 

The two area-coils Li and L 2 were constructed on hollow (tubular) ebomte 
formers turned down to a uniform circular cross-section. Coil was wound 
with 36 turns (length 0-9 cm.) of enamelled copper wire of diameter 0-025 cm. 
on a former of diameter 3-327 cm. The mean radius was thus 1 676 cm. and 
the effective area of the coil was .4i=317 7 cm? Coil Lj was wound with 56 
turns of the same wire on a former of 2 700 cm. diameter. Its length was 
l-4cm. and its area was 326-5 cm? The windings of the two coils were fixed 
in position by cellulose dissolved in acetone containing a little ethyl benzoate, 
the ends bent sharply at right angles and twisted together to reduce their effective 
area. The coils were then fitted in holes drilled through ebonite frames. 

Area measurements were conducted in the following manner. Coil Li was 
held perpendicular to the field and centrally in the gap with the aid of the wax 
block W. P and P' were then adjusted until the reflecting ballistic galvanometer 
F showed no deflection on suddenly removing from the field. Simultaneity 
of the two impulses could be secured by varymg the depth to which the wire D 
is immersed in the cup K. When exact balance was obtained, the value of the 
total resistance shuntmg F was measured on a good bridge. 

Coil Lj was ffien replaced by coil L 2 and the experiment rqieated. The 
field current and the potentiometer current were maintained strictly constant, 
and the previous values of P and C were not changed. Only R^ was adjusted 
to Ri until balance i^am occurred, and thoi R^ was determined. 

§ 3 . RESULTS 

In a typical result, the circuit conditions were:— 

B= 12-5 volts, JS= 1-0184 volts, F=« 5 210 volts, 

S= 1018-4 ohms, P=5210 ohms, P' = 5900 ohms, 

C=2-00051 fiF. 

F was a mirror galvanometer of resistance 881 ohms and period 7 17 sec. 
A low-resistance galvanometer would have been more suitable, but none was 
available. 

With the area coil L^, the shunt resistance 834-0 ohms. 
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With the area coil Lj, the shunt resistance i?a = 857-1 ohms. 

^a/^i=1028. 

By calculation from the dimensions, 

The two results agree to the fourth figure* The agreement may be taken 
as further indication that the field is homogeneous over a considerable volume. 

The unknown search coil L was wound of 100 turns of the same wire as the 
area coils. It was wound on glass tubing, from which it was afterwards 
slipped, pressed by thread into a small length and then supported in an ebonite 
frame. The mean diameter was about 1 26 cm. 

With the search coil in the circuit, the shunt resistance satisfying balance 
under the previous conditions was i? = 3484 ohms. The effective area of the 
search coil L is thus A = 132*7 cm? 

§ 4 . CONCLUSION 

The method here described of comparing areas is very satisfactory, and has 
the additional advantage that the same arrangement which is used for field 
measurement is employed again, with the modification that the usual conical 
pole-pieces of the magnet are replaced by ones with larger faces. 
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DISCUSSION 

on paper by W. E. Ballard entitled The formation of metal-sprayed 
deposits ”, Proc. Phys* Soc. 57 , 67 (1945). 

Dr. G. A. Hankins. In presenting the paper, Mr. Ballard dzd not comment on the 
mechanical or metallurgical properties of the sprayed metal deposits. In using the 
process for bxuldmg-up worn shafts, for example, these properties may be important, 
smce It seems to me there is some possibility that under repeated stresses, as m a shaft, 
a fatigue crack may be started m the bmlt-up layer, and the stress-concentration at the 
root of the crack might then be sufficient for the crack to be propagated mto the origmal 
metal of the shaft and result in a fatigue failure. 

The fact that the deposit is able to absorb oil appears to be an asset in the case of a 
built-up journal bearmg. Normally, the engineer endeavours to obtain complete fluid- 
film lubncation between the journal and a bearmg ; but m starting or stopping, for 
example, this oil film breaks down and boundary-lubrication conditions exist Under 
these conditions a journal surface which holds a small amoimt of oil would probably he 
beneficial. 


Mr. F. D. L. Noaees. I would like to raise three quenes with reference to this paper 

( 1 ) As it appears that the chief cause of porosity is the boundary layer of particles, 
which have solidified before they reach the su^ce to be sprayed, would it not be possible 
to reduce, if not entirely to eliminate, the porosity by maddng ? 



243 


Discussion on paper by W. E. Ballard 

(2) It did not appear qmte clear how it is that although a large proportion of the 
metallic particles are molten when they strike the sprayed surface, and, therefore, may be 
assumed to be at quite high temperatures, an inflammable material (or a sensitive substance, 
such as the human hand) is not in any way affected. 

( 3 'i All the samples shown and metals quoted would produce sprayed surfaces which, 
although they may be matte, nevertheless have considerable metalhc lustre For certam 
processes vanous components of radio valves, etc., have to be given an optical black 
fimsh. Is there any material which can be sprayed which will produce a surface of this 
nature ? 


Mr. L. T. Minchin. The real mystery of this process to me is the fact that these 
minute particles of molten metal escape oxidation. Can Mr. Ballard explam this ? 

Author’s reply. In reply to Dr. G A. Hankms, the paper as presented was solely 
written with the idea of presentmg some theoretical aspects of metal spra3nng, and, there¬ 
fore, was not expanded to cover the practical engmeering view-pomt of the process. I have 
dealt with this in a paper which was presented to the Institution of Automobile Engineers 
in January 1942 , which dealt rather fully with the question of buildmg up crank-shafts. 
Many thousands of crank-shafts have been treared by the process and have been found 
to be entuely satisfactory under most arduous conditions 

It is of course possible that a crack started in the built-up layer might cause the 
crack to be propagated into the ongmal metal, but after a long experience the author 
has seen only one case of such a failure, and this was in the case of a crank-shaft which 
had been subjected to a most rigoi ous engine test with the object of testmg to destruction. 
In commercial practice, as I have said, there has been no such experience, although the 
possibihty cannot be ruled out. The success of this method of reclamation is undoubtedly 
due to the absorption of oil within the porous steel deposit and the maintenance of an 
oil fllm. 

In reply to the fiist question from Mr. F D. L. Noakes, I feel that, while it would be 
possible to avoid a good deal of porosity by masking of margmal particles, it is not a 
possibihty in commercial practice The losses would be so great in proportion that the 
process would become uneconomic. 

With regard to the second question, the particles are extremely small and they are 
siurrounded by a very large volume of gas which is cold compared with the temperature 
of the particles themselves, therefore the heat transference from the particle is extremely 
rapid, and this is the reason why sensitive articles may be sprayed. It should, however, 
be quickly pomted out that while it is possible to spray thin films of cellophane without 
scorchmg, it is necessary m such cases either to move the pistol extremely rapidly or to 
move the cellophane very rapidly ; alternatively, the nozzle distance can be mcreased 
beyond the usual econoimc limits. While it is possible to pass one’s hand through the 
spray at workmg distance, it w'ould not be possible to hold one’s hand still an the spray 
for any appreciable time. The process is considered cold only because of the rapid 
transference of heat, not because it is really cold. 

Fmally, in answer to the third question, there is no metal which gives an optical black 
fimsh without some form of after-treatment. Iron alloys, mckel chrome and lead give 
the darkest coatings, and these are dull grey. It would appear therefore that metal 
spraying is not a solution to this difficulty. 

In reply to Mr L, T Mmchm, it is quite possible to spray the metal magnesium 
from magnesium wire without undue oxidation It appears that only two explanations 
are possible, and one only seems to be of real importance. this is that the speed of the 
process is so great that the hot particles are not m contact with the hot oxidizmg atmos¬ 
phere long enough to allow of considerable oxidation. The second factor, which may 
possibly operate in some cases, is that each particle may be covered with a very thin oxide 
film which serves to protect the particle from further oxidation. 


PHYS. SOC, LVH, 3 


i 



244 


OBITUARY NOTICES 

SIR ARTHUR EDDINGTON, O.M., F.R.S. 

“ Let us now praise famous men But when the source of fame is untimely stopped, 
praise comes less readily from our hps than lamentation from our hearts And less 
compellingly - it is no accident that our great personal elegies— Lyadas^ Adonms, In 
Memoriam —commemorate those whose renown was unfulfilled. Of Arthur Stanley 
Eddington it may truly be said that he is dead ere his prime, and hath not left his peer 
For though his years were by ordmary standards not few, and his achievements among 
the greatest which his time can show-, yet so vast was the problem towards which his 
mind mstinctively directed itself that the close of 40 years of uninterrupted labours found 
him still on the luther side of the climax of his thought. We can see none fiitted to carry 
his work to its completion. 

Eddington was bom on 28 December 1882 at Kendal, of Quaker parentage. He 
was thus by birth as well as conviction a member of the Society of Friends, and retamed 
throughout his life the essential humihty and equilibrium of spirit fostered by the mode 
of worship of that Society His early education at Weston-super-Mare was followed 
by a course and degree m physics at Owens College, Manchester, after which he proceeded 
to Trmity College, Cambridge, and became Semor Wrangler in 1904 . From 1906 to 1913 
he was Chief Assistant at the Royal Observatory, Greenwich, where an early mchnation 
towards the major problems of science became definitely oriented , henceforth astronomy 
was to provide the medium through which he could explore the universal prmciples 
belonging to the “ nature of the physical world His first researches, apart from 
certam routine work (which, howe\er, he never despised, and to the direction of 
which he gave due attention throughout his life), were concerned with the large-scale 
movements of the stars, and his work in this field gave such manifest evidence of his 
quahty that m 1913 he was appointed to succeed Sir George Darwin as Plumian Professor 
of Astronomy and Experimental Philosophy at Cambndge, and in the followmg year to 
the additional post of Director of the University Observatory. Here, with his sister, 
he resided for the remainder of his life. 

Eddmgton’s first book, Stellar Movenients and the Structure of the Universe, was 
pubhshed in 1914 Though the umverse there adumbrated is a very modest afiFair 
compared with that w’hich it is now usual to imagine, the book remams a classic, both 
as a masterly summary of the knowledge of the tune m this important subject, and as the 
first mtimation to the world in general of the advent of a fresh and powerful mmd, master 
equally of large conceptions and their embodiment in fehcitous and mtelligible prose. 
It has a pecuhar interest for me because, knowmg nothing of the subject, never havmg 
heard of the author, and attracted solely by the title, I acquired a copy, found its general 
meanmg within my understanding, and thenceforward saw the sky vwth new eyes. In 
Stellar Movements appeared those very expressive diagrams which became known some¬ 
what disrespectfully, but not inaptly, as “ rabbits ”, which I believe he was the first to 
introduce, in which the characteristics of star-streammg appeared m unmistakable form. 

It was appropnale that he should sum up his work on stellar movements at this time, 
for his thoughts were soon to be occupied by two very different and even more fundamental 
subjects. One of these was indigenous, the natural product of the fertilization by con¬ 
templation of the stars of a mmd steeped m physical theory. The physical conditions 
inside a star had been the subject of a few isolated researches, but nothmg of obvious 
significance had been achieved Eddmgton, therefore, virtually created a new branch 
of astronomy when, in 1916 , he pubhshed his first paper on the eqinhbnum of stellar 
matter. The most conspicuous of the new ideas, which he mtroduced was that radiation 
rather than convection was the chief agent m transferrmg energy from the interior to 
the surface of a star, and that radiation pressure played an important part m supportmg 
the weight of the outer layers. From this it followed that the maximum possible mass 
of a smgle material body was, m fact, very close to the greatest known stellar mass, and 
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that so long as a star behaved as a perfect gas, its mass and luminosity should stand m a 
defi:?ite relation to one another. 

At that time (up to 1924 ) it was generally beUeved that giant stars were virtually perfect 
gases, and that the transition, through contraction, to the imperfect or “ hqmd state 
comcided with the Change to the dwarf condition , this was, in fact, the essence of 
Russell's theory of stellar evolution Much to his surprise, however, Eddmgton found 
that the mass-lummosity relation was obeyed not only by giant but also by dwarf stars— 
indicatmg either that his theory was fundamentally wrong or that dwarf stars also were 
perfect gases. Eddington took the second view, justifymg his choice by the consideration 
that, at the temperatures existmg mside the stars, the atoms would be so far stripped of 
their electrons as to allow abnormally high densities, relatively to which the densities of 
ordinary dwarf stars were so low that they were effectively perfect gases. The argument 
was clinched by the existence of “ white dwarfs ", m which, as Eddington and Russell 
had previously pomted out, the densities appeared to be impossibly high The impossible, 
now become actual, not only proved Eddmgton to be correct (further confirmation was 
shortly afterwards provided by the Einstem displacement of the white-dwarf spectrum 
lines), but also showed the necessity for a completely new theory of stellar evolution. 

While the germ of this great idea was begmnmg to evolve naturally in Eddmgton's 
mmd, there came from outside a disturbmg influence of such magmtude that only the 
most stable mtellect could have preserved itself from confusion. The first account of 
Emstein’s general theory of relativity appeared in 1915 , but owmg to the war it was not 
until late in 1916 that, through a series of papers by de Sitter m the Monthly Notices of 
the Royal Astronomical Society, it came to the notice of English scientists It is, I think, 
one of the most striking evidences of Eddington’s mental power that not merely did he 
protect the development of his work on stellar mtenors from mterruption by his mevitably 
strong reaction to this profound conception, but, graspmg the essence and implications 
of relativity with almost mcredible speed, he became at once the leading (for some time 
the only) Enghsh exponent of a theory which, to most of his contemporaries, was so 
recondite as almost completely to elude apprehension. Nor did he merely hold the mirror 
up to Emstem. The hght of relativity was not reflected m his diffusion of it, but absorbed 
and re-emitted m characteristic radiations (forbidden radiations, some might consider, 
but that IS an open question). Those who, after a quarter of a century of continuous 
meditation on the subject, feel that at last they appreciate its general significance have 
only to turn to Eddmgton’s Report on the Relativity Theory of Gravitation —published, 
we are proud to recall, by this Society—^to reahze that what they have mastered with so 
much effort was already well under his control m 1918 So remarkable was this achieve¬ 
ment that 1 once asked him if any aspect of the idea had previously presented itself 
mdependently to him He answered, “ No ’ ; Einstem’s theory had come as a complete 
novelty and had changed the direction towards which his general philosophy had been 
moving. It is temptmg to attnbute this to a general receptiveness of new ideas, but 
subsequent events make this hard to sustam. In most matters the groove of his thinkmg 
was cut so deep that only with difficulty, if at all, could the thoughts of others enter it 
Eddington’s philosophy took m the mam a pre-detemuned course, and we must conclude 
that It was already prepared for the stream of relativity which was to fllow along it as 
readily as though it had cut its own passage. Strange flowers were to grow along the 
banks, not yet fully to be appreciated, but of that hereafter It must be remembered 
that Eddmgton saw e\ery problem svb specie aetermtatis^ and to such a mmd a prmciple 
like that of relativity must have insisted on immediate acceptance or rejection A decision 
could not be postponed, for on it depended the light in which every problem was thence¬ 
forward to be seen. 

The Mathematical Theory of Relativity appeared m 1923 , In this book, and particularly 
in the Introduction, we get the first, and in some respects the clearest, accoimt of the 
fundamental view of physical science which determmed the whole ensuing development 
of his ideas It deser\’es the most careful study, for the manner m which the impact of 
relativity changed the pre-existing conception of the meanmg of physics was markedly 
different in Eddmgton and in most of his contemporaries ; and herein lies, beyond doubt, 
the source of the difiSculty w^hich other thinkers have had m imderstanding his later work. 
Very briefly, the position may be stated thus. In pre-relativity physics an external world 
was contemplated, havmg a fixed objective character which it was the object of physics 

17-a 
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to discover and describe Physical measurements were the direct detcrmmation of 
objective features of this world, and as such had an essential independence of the observer 
They might, of course, be erroneous, but there were actual correct values to which they 
approximated more or less closely. Relativity destroyed this view by showmg that m all 
the measurements we commonly made there was an mescapable subjective element, which 
had to be separated out before one could legitimately draw any conclusions about an 
external world The problem was thus posed How shall we now regaid the relation 
between our measurements and the external world ? I think it is correct to say that the 
maj’onty view—^represented, for mstance, by the various schools of logical empiricism in 
phdosophy and by Bndgman and other operationalists in science—^is that measure¬ 
ments exist first of all m their own nght, representmg only the operations which yield 
them, and that our picture of the external world must take the form imposed on it by 
the necessity of integrating those measurements mto a rationally coherent system We 
start, therefore, not with an external world which we imperfectly observe, but with observa¬ 
tions themselves, our description of the external world being our attempt to rationalize 
them. 

Eddington took a view which lay between this and the older view which it displaced. 
He acknowledged the purely operational definitions of measurements and physical 
quantities, but posited m addition an external world havmg certain “ conditions which 
were related m some indefinable manner to the measurements When you measured a 
length you did not, as in the older view, discover the magnitude of an objectively existmg 
length m the external world , you determined a ‘‘ physical quantity ’’ which was ‘‘ defined 
by the series of operations and calculations of which it is the result This is pure opera- 
tionalism, but Eddington added the postulate that the measurement represented in some 
way a “ condition of the world existing objectively and mdependently outside Very 
different operations, such as measurements of length and parallax, for example, might 
correspond to the same condition of the world , hence the relation between such conditions 
and physical quantities was not one of resemblance. We could net, m fact, say anything 
at all about the relation, except that it existed ; the “ world with its “ conditions 
was essentially mystical and unknowable , all we could do was to deduce its “ structure 
never its “ essential nature and even ot that we knew only that it was expressed meta¬ 
phorically by the mathematical relations found between physical quantities. 

This altogether inadequate, but not, I think, false, account of Eddington’s philo¬ 
sophical axioms may perhaps help to explam why his later wpik did not meet with the 
understanding which he expected The inscrutable ** conditions of the world ” hung 
like the Old Man of the Sea round the neck of his thought, contributmg nothing and 
servmg only to retard its progress and obscure results which, expressed simply and directly 
in tenns of the essential measurements alone, might have commanded understanding 
and acceptance. This w’as particularly unfortunate because, from this pomt onwards, 
his attention was given more and more to the construction of what, for w'ant of a better 
term, might be called a general theory of knowledge—a systematic scheme of conceptions 
which, seen from one side, is theoretical physics and, from another, scientific philosophy. 
It IS impossible to separate Eddington’s general scientific work from his philosophy, and, 
indeed, m this respect he was well m advance of most of his contemporaries, to whom 
science is one thmg and philosophy another, the one which they do not favour being 
spoken of with greater or less disrespect. It is therefore all the more regrettable that 
he who an many ways was better fitted than anyone else to anmhilate a false antagonism 
was forced to express himself in a language which neither party could understand. A 
senes of publications— The Domain of Physical Science (in Science^ Religion and Reality)^ 
The Nature of the Physical Worlds Science and the Unseen World, The Expanding Universe, 
New Pathways in Science, Relativity Theory of Protons and Electrons, and The Philosophy 
of Physical Science —all but one wntten for layman as well as the physicist, present 
title ideas of the theory in its various aspects. 

What such a mass of hterature, commg from a mastei of exposition about work of 
his own creatmg, has failed to make clear it would be idle to attempt to outline here. 
Suffice It to say that the theory was an attempt at harmomzing relativity and quantum 
physics by presenting the characteristics of protons and electrons as characteristics of 
the umverse seen from a particular angle, the smallest things m our map of the structure 
of the world were equivalent to the largest, in that they shadowed forth the same 
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“ condition of the world This was not an empty paradox. A mathematical scheme was 
constructed m which the radius of the umverse was expressed m terms of the number 
and mass of the elementary particles. Some of the relations deduced are certainly im¬ 
pressive, and Eddmgton was convmced that they were deduced by pure reason, without 
assistance from knowledge obtamed by experiment or observation. He did not, as has 
sometimes been asserted, claim that all knowledge, even in physics, was obtainable m 
this way ; it was the fundamental laws and constants of nature, not the relatively accidental 
characteristics of particular objects, that he claimed to be able to derive from the prmaples 
of thought alone. 

It IS natural for those who knew Eddmgton only through his writings to look upon 
this work as the product of an illusion, and, mdeed, m terms of objective likelihood, it is 
difficult to do otherwise. Those who knew him personally, however, will, I think, agree 
that the matter has another aspect The idea of the “ great man different in kmd 
and not merely m degree from the general run of humanity, is (no doubt rightly) out of 
fashion, yet it was impossible not to feel that Eddington was gifted with an exceptional 
insight into the fundamentals of scientific thinkmg, and had an intuitive apprehension of 
thmgs which, when they can find expression in generally acceptable terms, will be seen 
to be both true and vitally important. There was an air of conviction about him which 
bore the stamp of genuineness I would venture the opimon that his failure to convmce 
others was due neither to the falsity of his ideas nor to any defect m his expression of 
them in terms satisfactory to himself, but to that mental pecuhanty to which I have already 
alluded, which prevented him from understandmg the way of thinkmg common to most 
of his colleagues. In matters of common agreement his complete mastery of his subject 
was unmistakable. Here, you felt, on readmg his account of somethmg which you already 
imderstood, is the perfect* exposition ; no one can fail to understand and acknowledge 
the mevitability of this reasomng. But when you approached a paper on his own theory, 
though you recognized the same master at work and found no sign of hesitation or 
uncertamty m the march towards the goal, you followed in blank incomprehension, soon 
losing all power to be surpnsed even if at length you came to something patently absurd. 

The situation was exasperating The conscientious thinker could not ignore what 
he felt to be the duty of readmg the riddle, and enquiry served only to show more clearly 
than ever the impenetrable barrier of mcompatibihty between Eddmgton’s fundamental 
axioms and his own. To take a smgle example, after strugglmg with what must have 
been one of his last and most fundamental attempts to explain his ideas—The Evaluation 
of the Cosmical Number {Proc, Camb, Phtl, Soc 40 , pt. 1 , 37 , 1944 )—I wrote him, 
not many weeks before his death, askmg for hght on a number of points, both general 
and particular. For mstance, “ The use of the terms * measure \ ‘ measurable \ etc.”, 

I wrote, “ m the * prologue * to physics mevitably suggests that the things represented 
thereby are later to be identified with the thmgs so named in ordmary physics, and one 
cannot help thinkmg of them in that way This seems to be encouraged by the example 
of distance on p. 38 . Yet later I read * The basal measure . . is the energy tensor *, 
and * a measurable is one kmd of particle There is a sense m which I can agree that a 
measurement of distance involves four entities, but no sense at all m which I can say the 
same of a kmd of particle The reply to this was : “ You are a bold man to set any 
limits to what a ‘ particle ’ may mean smce the dear old classical particle became obsolete ” 
This hberty which he assumed of tacitly changmg the meanmg of words with the progress 
of ideas is, mdeed, a clue to his thought, and those who cannot think the dear old classical 
particle will let itself be snuffed out by an article may be helped by the realization that 
any of his apparently incomprehensible remarks about familiar thmgs may be unrecognized 
re-defimtions. But it is far from being a complete clue, and much further labour is necessary 
before the ordmary reader can reach the pomt of view from which Eddmgton^s accoimt 
of his ideas really expresses their meanmg. 

He himself was as puzzled as others by the situation. “ 1 am mterested m your detailed 
criticism ”, he went on, “ because I am continually trymg to find out why people find the 
procedure obscure. But I would pomt out that even Emstem was once considered 
obscure, and himdreds of people have thought it necessary to explam him 1 cannot 
seriously beheve that I ever attam the obscunty that Dirac does» But m the case of 
Emstem and Dirac people have thought it worth while to penetrate the obscunty. I 
believe they will imderstand me all nght when they realize they have got to do so—amd 
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when It becomes the fashion ‘ to explain Eddington ’ ” From this view I would not care 
to dissent. 

I do not think I am deceived in discemmg in his later work a tendency towards a point 
of view which I at least might find it possible to share with him and from which his ideas 
might appear in intelligible form The later part of The Philosophy of Physical Science 
(his last published book) shows for the first time a willmgness to question the axiomatic 
basis of his philosophy, and gives some mdication that he might ultimately have brought it 
into conformity with that of others It is probably this development that Professor Temple 
had in mmd when, m a passage with which I wholly disagree, he wrote {Observatory, 66, 

9 ( 1945 )) that Eddington’s “ professions of subjectivism or sohpsism were semi-jocular 
exaggerations ” They are neither properly denoted by the term “ solipsism ” nor, I am 
convmced, anythmg but expressions of fundamental convictions On such matters 
Eddmgton could not be trivial. He might be profoundly wrong, but he would inevitably 
be profound His playfulness found sufficient scope in his method of exposition, where, 
indeed, though always delightful, it was sometimes an obstacle rather than a help to 
understandmg It is picturesque to imagme the electron measurmg up the local radius 
of curvature of space-time and adjusting its dimensions accordingly, but the metaphor 
does not brmg to all minds an immediate imderstandmg of the underlying physical relation. 
Nevertheless, the relation was an essential part of his philosophy, and in the matters to 
which Professor Temple refers, the truth towards which, as it seems to me, he was 
xmconsciously movmg was simply that smce the ultimate evidence for any assertion at all 
one makes about the world must he in his own experience (even if, to use ordmary language, 
It rests on someone else’s reasomng or experience, one is able to adduce that only on the 
evidence of his own experience of hearmg or readmg of it), a systematic deduction from 
evidence to conclusion must necessarily begm with the experience one has one’s self. 
In particular, the assertion of the “ existence of other people ” must be established on this 
necessary basis if risk of self-contradiction is to be avoided. Eddington had long since 
realized the necessity for this, but had not taken the final step of yielding to it completely 
In The Nature of the Physical World ( 1928 ) he wrote “ The only subject presented to 
me for study is the content of my consciousness In The Philosophy of Physical Science 
( 1939 ) he returned to the subject, and felt the necessity of reconciling this view with his 
references to “ other people ”, but did not get further than arbitrarily postulating that 
other people must be supposed to exist Possibly his reluctance to accept the inevitable 
implication of his doctrine arose from the fear that an attempt to formulate the meaning 
of the phrase “ the existence of other people ” in terms of the experiences of his own 
which gave it legitimate significance might degenerate into, or be regarded as equivalent to, 
a denial that other people ” exist ” in the absurd sense in which that doctrme is generally 
denoted by the name ” solipsism I am convinced, however, that, had he lived, he would 
have removed this defect m his reasomng, and m 1940 I wrote {Observatory, 63 , 25 ) 

” I venture to prophesy that, if he is granted the years an astronomer has the nght to 
expect, he will take this step ” Those years, alas ^ were not allowed him 

As a man Eddington had a strongly attractive personality with which, paradoxically. 
It was diflScult to come into close relationship. Tall, well-built, handsome in youth and 
an imposing figure always, he would draw a second look m any company His interests 
were many, and not confined to the realms of pure reason. He had a wide knowledge 
and keen appreciation of English literature, but could yet enjoy a well-conceived detective 
story without bemg either unaware of or unduly repelled by its literary mediocrity. He 
was a crossword puzzle addict, and enjoyed a game of golf, though his favourite way of 
spending a holiday was to mount his bicycle and disappear as completely as possible from 
human ken. This practice, like the most obvious of his characteristics—an extreme 
shjmess—might easily but wrongly be taken to denote a natural shrmking from human 
intercourse. On the contrary, he appeared to desire fellowship with others who shared 
any of his numerous interests—a quality nowhere more in evidence than at the dinners 
of the Royal Astronomtcal Society Club, of which he was a member for many years and, 
at the time of his death, Vice-President and a “ double-centurion His reserve appears 
rather to have originated m the natural difficulty which he always had m brmgmg his 
thoughts into line with those of others, coupled with a slowness of expression which was 
perhaps not unrelated to, though not entirely a Consequence of, a scrupulous care for 
ultimate exactness. Of the first pointy the peculiarity of his outlook on fundaments 
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physical problems, already alluded to, is an outstanding example ; it remains only to 
add that, unlike most shy people, he had httle self-consciousness, but was strongly self- 
centred, If he reviewed a book (which he rarely did, knowmg his natural unfitness for 
the work) he would tell the reader, of whose expectations he appeared to be quite unaware, 
little or nothing of the author^s aims and achievements, but would deal only with the 
points, no matter how subsidiary, which related to his own vfork and interests. This was 
not because they related to his own work , the work rather had become his own because 
he thought it of major importance, and he appears really to have beheved that he was 
givmg a proper delmeation of the book by restnctmg attention to it. 

His slowness of expression revealed itself most prommently m unprepared discussions 
and controversies Here he would show to such poor advantage that a stranger might 
have been pardoned for imagining that he had not previously given any thought to the 
subject. He would begm a sentence, pause, start another, return to the first, the whole 
process bemg accompamed by characteristic slight and unrevealmg gestures of the hands 
and lips, and finally sit down abruptly without even reachmg the anti-climax which was 
well in sight, leaving the other controversiahst to wonder whether the discussion was 
ended, and, if not, w^hether he could do anything more useful than repeat his previous 
point When the written account of the discussion appeared, however, the chances 
were that Eddmgton’s case would appear complete and final. It was the same m private 
conversation. Unless one knew him well, a talk was apt soon to peter out m an awkward 
silence which it was difficult to terminate The point of discussion having been dealt 
with (not necessarily settled), his interlocutor had the feelmg that a mental chasm which 
had momentarily been bridged had opened up again Eddington, too mistakenly kmd- 
hearted to walk abruptly away, and yet finding nothmg to say, would lapse mto his own 
meditations, while his companion would stand xmcomfortably waiting for the occurrence 
of some process of physical disconnection for which no natural mechanism existed, A dis¬ 
tinguished foreign astronomer, familiar with his ivntings and expecting, on meeting him 
for the first time, to hear a ready elucidation of his problems, said afterwards in a tone 
of bewilderment: “ I was never more surprised. He can say ‘ Yes *, and he can say 
* No *, and that is all that he can say I 

Eddington had a keen sense of humour, and a subtle though not a ready wit Here, 
again, time was necessary for the manifestation of his qualities An occasion in 1928 
comes to mind on which, running out of matches for his indispensable pipe, he entered a 
shop in a small German town and found that the necessary word had escaped him. A 
penod of ineffective murmunng at length culminated in the word “ Lucifer ! uttered 
explosively at the startled and uncomprehending girl behind the counter. Only later 
did the master of expression get his meanmg across by the act of stnkmg on an imagmary 
box Yet in retrospect he could enjoy the situation as well as another 

I have said little of Eddington’s astronomical work in the relatively narrow sense, 
outstandmgly important though it is, for that comes more fittingly within the provmce 
of another Soaety. To us he was a physicist m the most fundamental and comprehensive 
sense of the word, whose Presidency of our Society is among our most cherished traditions 
Honours were showered upon him, which also will be recorded elsewhere. He received 
them with pleasure and gratitude and with no affectation, knowing well that they were 
but the gumea stamp, and conscious, without false conceit, that they were impressed on 
gold This notice makes no attempt at a complete presentation of this many-sided genius. 
I have tried merely to indicate ivhat seem to me to be the most significant elements of his 
work, and at the same time in some measure to preserve for those who knew him, and 
create for those w’ho did not, a partial pictuie of one of the most remarkable men whom 
It has been my good fortune to know Herbert dingle. 


CHARLES GLOVER BARKLA, F.R.S., 

Nobel Laureate 

The name of Barkla will always be associated with the K and L characteristic X-radia- 
tions which his bnlhant series of researches revealed before the nuclear theory of atomic 
structure had been enxmciated, and while the discriminating feature of a beam of X-rays 
was still Its penetratmg power. 
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Bom in Widnes on 7 June 1877 , Charles Glover Barkla was the son of John Martin 
Barkla, secretary to the Atlas Chemical Company of that town He was educated at the 
Liverpool Institute and at L'l'niversity College, Liverpool, and graduated m 1898 , 
obtaimng first-class honours in physics. In the followmg year he was awarded a research 
scholarship by the Royal Commissioners for the Exhibition of 1851 and proceeded to 
Cambridge, entenng Trinity College as an “advanced student’’ admitted to a course 
of research. Barkla’s early work at the Cavendish Laboratory was an investigation of 
the velocity of electric waves along wires, a research m which he used a magnetic detector 
of the type designed by Rutherford An account of this work is published in the 
Philosophical Magasine for 1901 . During his third, and last, year at Cambridge, Barkla 
began the comprehensive series of experiments with X-radiations which brought him 
recognition as an experimentalist of the highest rank. 

It had been observed by Rontgen, who seven years earlier had discovered X-rays, 
that a gas exposed to these rays became a source of secondary radiation. This radiation 
was the subject of Barkla’s experiments. At an early stage in his investigations he 
discovered that the secondary rays were of two kinds : one kind, which was obtamed 
when the primary beam traversed gases or solid elements of low atomic weight, was 
found to be similar in quality to the primary radiation, while the other kind, obtained 
most strongly when elements of high atomic weight were irradiated, was always found 
to be more absorbable than the primary radiation which gave nse to it. Barkla showed 
that the foraier was produced by scattering of the primary beam, the scattenng centres 
being the electrons m the atoms of the irradiated substance Using the theory of 
scattering developed by J. J Thomson, which assumed that X-rays consisted of a 
succession of electromagnetic pulses, Barkla calculated the number of electrons in the 
atoms of the various light elements on which he experimented His results were cor¬ 
roborated later by Rutherford’s measurement of the nuclear charges of these atoms. 
Barkla investigated also the angular distnbution of the scattered radiation, and obtamed 
results which gave further support to Thomson’s theory of the nature of X-radiation. 
Th^ stage of his work culminated in the establishment of the fact that the secondary 
radiation from carbon, scattered in a direction perpendicular to that of the primary beam, 
was plane polarized, a result of fundamental importance in connexion with the confiictmg 
views then held as to the nature of X-rays 

The other kind of secondary radiation—^that which was more absorbable than the 
primary—was found to be characteristic of the irradiated substance and, moreover, could 
only be excited when the incident radiation had a penetrating power exceeding a certain 
minimum, peculiar to the substance Its production was accompanied by a selective 
absorption of the primary, and, in contrast to the scattered rays, this characteristic or 
“ fluorescent ” radiation—as Barkla named it—appeared at first to be homogeneous, even 
when the primary beam excitmg it comprised radiations of widely different powers of 
penetration. Barkla subsequently showed that the characteristic radiation could be 
resolved into two components of very different penetratmg powers, and further, that on 
irradiating elements of successively mcreasmg atomic weights, the resulting characteristic 
radiations were increasmgly more penetratmg Of these two component radiations the 
more penetrating, or K radiation, proved so homogeneous m regard to absorbabihty that 
It was regarded as constituting a single spectrum line, whereas the less penetrating com¬ 
ponent—or L radiation—showed heterogeneity, which suggested that it consisted of more 
than one Ime. 

The absence from the charactenstic radiation of any evidence of polarization, its 
uniform distribution around the radiatmg substance, and the manner of its variation m 
intensity with vanation of quality of the primary beam, all of which phenomena Barkla 
discovered m the course of his investigations, showed that it was produced by a process 
very different from that which gives nse to the scattered rays. Barkla’s first attempts 
to explam how the characteristic radiation onginated were necessarily very tentative. 
Experimental results indicated that a much more important part must be assigned to 
processes taking place withm the atoms of the absorbmg substance than had been neces¬ 
sary in accountmg for the scattenng. As Thomson’s theory had proved so successful in 
interpretmg the scattered radiation, an attempt to extend it to cover also the charactenstic 
type was the most natural line of approach. Smee the radiation was charactenstic of the 
irradiated element, and was more easily absorbed than the radiation giving nse to it, it 



Obituary notices 2gi 

could not onginate simply m the response of a free electron to the intense electric field 
of the primary pulse. The fact that it was emitted most strongly by elements of high 
atomic weight suggested to Barkla that an explanation might be found by considermg 
the disturbing forces exerted by neighbour mg charged particles on an electron set in 
vibration by an incident electric pulse. Such disturbances^ which would be most marked 
in the case of elements of high atomic weight, on account of the greater number of electrons 
in their atoms, might result, Barkla thought, in the emission of a pulse more complex, 
and hence more easily absor^d, than the primary pulse. 

Barkla contmued to discuss his results m terms of ether pulses until 1913, when the 
diffraction of X-rays by crystals demonstrated the essential similarity of X-rays and ordmary 
hght, and confirmed the conception of X-ray wave-lengths. At about this time, ideas 
concemmg the structure of atoms were bemg considerably clarified. Rutherford estab¬ 
lished the existence of a small massive positively-charged nucleus, Bohr published his 
theory of the arrangement of extra-nuclear electrons, and Moseley’s photographs of 
X-ray spectra, showmg the progressive shift of corresponding lines towards shorter wave¬ 
lengths as the atomic weight of the emitting element increased, indicated that the inner 
shells of electrons were responsible for the emission of the characteristic rays. Attempts 
to account for these m terms of disturbances within a Rutherford-Bohr atom were made 
by Thomson, Bohr, and Moseley, but Barkla propomided a more satisfactory mterpretation 
His views were published in 1915 and elaborated in the Bakerian lecture which he delivered 
to the Royal Society in the followmg year. His experiments had convmced him that, 
for each electron emitted directly from the K shell of an atom by absorption of energy 
from the pnmary beam, there was emitted also one quantum of characteristic K radiation, 
possibly accompanied by quanta of radiations of smaller frequencies. He had shown, 
further, that the emitted electron took no part in the production of the characteristic 
radiation, and he therefore concluded that the latter ongmated m some process takmg 
place within the ionized atom as it regained the normal state. From a consideration of 
the energies of the characteristic and of the corpuscular radiations, together with the 
magmtude of the absorption of energy from the primary beam, Barkla showed that this 
readjustment took place m successive stages. The first process, which was accompanied 
by the emission of K radiation, consisted m the replacement of the emitted K electron by 
one from the L shell; the fillmg of the gap thus created in the L shell by an electron from 
the M shell caused the emission of a quantum of L radiation; and so the process con¬ 
tinued through successive shells until, finally, a free electron was captured mto the 
outermost shell of the atom. For the discovery of the characteristic radiation and this 
explanation of its origin Barkla received the Hughes medal of the Royal Society m 1917, 
and was awarded the Nobel prize for physics for the same year. 

The long senes of investigations which Barkla began m Cambndge was continued by 
him in three different universities. He left Cambridge m 1902 on his election to the 
Oliver Lodge fellowship of the University of Liverpool, and during the years 1905—9 he 
was successively demonstrator, assistant lecturer and special lecturer in the physics 
department of that umversity In 1909 he succeeded H. A. Wilson m the Wheatstone 
chair of physics m the Umversity of London (King’s College), on Wilson’s appointment 
to follow Rutherford at Montreal Barkla held the Wheatstone professorship until 1913, 
when he accepted the chair of natural philosophy m the University of Edmburgh. He 
was able to contmue his investigations without serious interruption throughout these 
changes of doimcile because of the simplicity of . the apparatus he employed, which did 
not require a long time for reassemblmg on startmg work m a new laboratory. 

In his Bakerian lecture Barkla gave a prelimmary report of a new effect attending the 
passage of a beam of X-rays through certam light elements—an effect to which he gave 
the name J-phenomenon ”, and which fonned the subject of most of his mvestigations 
after the year 1917. Certam discontinuities in the absorption curves of these elements 
which occurred for shorter wave-lengths of the primary beam than corresponded to the 
production of characteristic K and L radiations were at first thought by Barkla to 
indicate the presence of a new series of charactenstic radiations—the J senes. 

Investigations of the scattered radiation, however, showed that a phenomenon of a 
different type was involved. It appeared from Barkla’s experiments that the primary 
and the scattered rays might be absorbed to the same extent in passmg through a given 
substance up to a certain cntical thickness of that substance, after which the scattered 
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radiation proved more absorbable in that substance than the primary. However, even 
after the stage of different absorbabiht\- of the primary and the scattered radiation m one 
niatenal had been attained, the two ladiations might show the same penetrating power 
in a different material These effects were somewhat eiratic m their reproduability, 
but their frequent occurience com meed Barkla that the processes givmg rise to the J 
phenomenon were quite distmct from those responsible either for scattermg or for the 
excitation of fluorescent radiation. Despite the apparently capricious occurrence of the 
phenomenon, Barkla was confident of its reality. He was convmced that it could not be 
attributed to any spurious action of the apparatus In the belief that he was deahng with 
a fundamentally new effect, he spent much time in attempting to sift the evidence and m 
trying to elucidate the conditions necessary for obtaming the different effects reproducibly. 
There is, however, no published record of his havmg arrived at a complete imderstandmg 
of the matter. 

Barkla was an excellent lecturer, endowed with a powerful sonorous voice which 
enabled him to address large classes without physical effort As a teacher he took much 
trouble to promote the interests of individual students, and was successful in inspiring 
his abler students with enthusiasm for research work He was in contmual demand m 
British umversities as an exammei in physics and, as a means of supplementing his 
professorial stipend in the interests of his family, he devoted much time to this work 
over a period of several years. His varied experience of students in Liverpool, London, 
and Edmburgh, the wide range of his knowledge of physics, his thoroughness and con¬ 
scientiousness made him an ideal examiner. He took great pains to arrive at a just 
decision m the assessment of border-line cases, and his powers of discrimmation com¬ 
manded the respect of his co-examiners. 

Barkla became a Fellow” of the Physical Society in 1910 and was elected to the Fellow¬ 
ship of the Royal Society in 1912 He served for periods as a member of the council 
of each of these bodies. The Um\ersity of Liverpool conferred the honorary degree of 
LL.D. upon him m 1931. 

To many of his contemporaries in Cambridge, Barkla was known chiefly for his 
remarkable singmg voice. It w’as, indeed, freely predicted that he had a great future 
before him as a professional singer, and it w’as sometimes said that he was missing his 
real vocation in devoting his time to physics. After one year as an undergraduate at 
Tnnity he migrated to King's in order to jom King's College choir and have the joyous 
experierce of smgmg in the magnificent chapel of that college On occasions when he 
was due to sing the solo part in an anthem the chapel was invariably crowded. In those 
days the ongmal Caven^sh Laboratory had only been enlarged by the provision of a 
room for elementary practical classes, and accommodation for research students was 
limited. Barkla had to carry out his experiments m the cellar of the porter's lodge, which 
had wmdows openmg into a space xmdemeath a large grating in the footpath of Free School 
Lane. It was Barkla's habit on arrival in the mommgs, after making prelimmary adjust¬ 
ments to his apparatus, to burst into song while waitmg for thmgs to settle down In 
summer time, when the window’s of his cellar were open, passers-by, on their way to the 
various laboratories and museums which were approached through the gateway of the 
Cavendish, would stop and look aroimd with astonishment at the volume and quality of 
the vocal efforts which arose apparently from the bowels of the earth ’ 

While a lecturer at the University of Liverpool, Barkla married Mary Esther, elder 
daughter of the late John T Cowell, Receiver-General of the Isle of Man, and they had 
three sons and a daughter. The sudden death of the youngest son, Flight-Lieutenant 
Michael Barkla, M.B , Ch B., at Carthage in August 1943 was a great sorrow to the 
family. He had had a brilliant career both at school and at the university, and seemed 
destmed for a very distinguished fliture 

In his pnvate life Charles Barkla was a man of firm religious pnnciples. To his wife 
and family he gave unstinted devotion. To his closest friends he was the embodiment 
of kindness, loyalty, good humour, and commonsense. It was part of his personal 
charm that he never lost the capacity to laugh at himself with his fnends. He would, 
for instance, smilingly recoimt how”, a few years ago, his students produced a physical 
“ alphabet" containing the couplet: 

“ J’s a phenomenon known to the Prof, 

On Friday its working, on Monday its off,” 
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Recreation for Barkla meant his home or a holiday with his family and the car, prefer¬ 
ably in the Highlands. He was physically robust and enjoyed good health until the 
last year of his life, when, m June 1944, illness compelled him to imdergo an opeiation 
He seemed to have recovered his normal health again by the beginning of the present 
session, but suddenly he collapsed, was ill for a few days, and died on 23 October. 

FRANK HORTON. 


JOHN RODERICK ENNIS SMITH 

John Roderick Ennis Smith was bom on 21 April 1918 at London, Ontario. He 
was educated at the Summerside High School, Pnnce Edward Island, from 1931 to 1934, 
and then at Dalhousie Umversity, Nova Scotia, from 1934 to 1938. He took his B.Sc. 
at that Umversity and was elected to a Rhodes Scholarship, commg into residence at 
Tnnity College, Oxford, in October 1938. He took the D Phil degree m 1941. After 
the outbreak of war he was engaged on research vrork in Oxford for the Mimstry of Supply, 
and from 1941 to 1943 held appomtments as Demonstrator, first m the University Physical 
Chemistry Laboratory and later in the Department of Physics In 1944 he was appointed 
as Scientific Officer in the Inter-Services Research Bureau While on holiday m the 
summer of that same year he met his death by drowning, on 10 August, at one of the 
notoriously dangerous places on the Cornish coast. 

In spite of the early diversion of his saentific vork to war problems, he had already 
shown himself a man of the highest calibre m onginal work His published papers are all 
on physico-chemical subjects, though latterly his interests began to move in the direction 
of pure physics. His first piece of work was a comparison of the thermal decomposition 
of acetaldehyde with that of its deuterium analogue. He then made a study of the kmetics 
of decomposition of gaseous benzaldehyde and of vanous substituted benzaldehydes. 
From this he went on to study the inhibition by small quantities of mtric oxide and by 
propylene of vanous reactions, including the decompositions m the gaseous phase of 
aldehydes and ketones These studies have been of the greatest help in elucidating the 
problem of the extent to which such reactions depend upon the mtervention of free orgamc 
radicles, and have helped very considerably in systematizing our knowledge of the kmetics 
of such changes He was generally regarded by those wfio knew him m the Oxford 
Chemistry School as a man of the finest intelligence He had a very keen analytical mind, 
and was not only a skilful experimenter but a good mathematician For so young a man, 
workmg for so short a time amidst so much distraction, he has left a remarkable con¬ 
tribution 

Regret which must be felt, even impersonally, at the loss of such great scientific promise 
is multiphed immeasurably m those who knew him well. Gentle-natured, unselfish, a 
good athlete, and with much personal attractiveness, he inspired and gave fnendship and 
affection in abundant measure c n h 


MARIUS HANS ERIK TSCHERNING 

Marius H. E. Tscherning was bom at Oestrup, Denmark, in 1854 and died in 
Copenhagen on 9 September 1939 

After graduatmg in medicme at Copenhagen in 1882, wheie he had studied under 
E Hanson-Grut, Tscherning undertook post-graduate study in Pans and became associated 
with L Emil Javal at the Ophthalmological Laboratory at the Sorbonne The laboratory 
was founded in 1876 for Javal, whose translation into French of Helmholtz’s Physiological 
Optics had appeared in 1867. Tscherning became JavaPs assistant in 1884 and later, 
when Javal was incapacitated by blmdness, he was appointed Director of the laboratory. 
He held this position until 1910, when he returned to Copenhagen to succeed Bj'errum 
as Professor of Ophthalmology, retinng from this post in 1925 

Following the lead of Javal, Tscherning was a great admirer of the work of Thomas 
Young, and delivered the first Thomas Young oration to the Optical Society in London 
in 1907, the year in which he was elected to Honorary Fellowship of the Society. Ebs 
textbook on Physiological Opticsy first published in Pans in 1898, was translated into 
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English by Carl Weiland, of Plnladelphia, m 1900, at a time when no other English text 
on the subject was available Written in lucid style, free from mathematics, the book 
became the standard students’ text for some years. This would appear to account, in 
large measure, for the considerable reputation that Tscheimng achieved in this country 

In his earlier years Tscheming was ver>' active m investigating many problems m 
physiological optics. He designed an instiument, the ophthalmophakometer, for utihzing 
the catoptric images of the eye in measuring the curvatures and separations of the ocular 
surfaces His work on the abeirations of the eye was rather severely criticized by 
Gullstrand He appears to have been the first to recognize the importance of the centre 
of rotation of the eye in relation to the design of spectacle lenses ; and the ** Tscheming 
elhpse ”, which is the graph obtained by plotting the total power of the lens against the 
two forms for each power that are free from primary astigmation, is well known 

It IS probably, however, for his work on the mechanism of accommodation that 
Tscheming is best known The central position of his theory, first propounded in 1895, 
was that the general effect of the ciliary muscle is to increase the tension upon the zonule 
during the act of accommodation for near objects, whereas Helmholtz mamtained the 
opposite view that the tension on the zonule is relaxed. Tschemmg also stressed the 
importance of Yoxmg’s observation that the curvature of the lens increases over the central 
portion only. Although he modified lus theory in various respects subsequently (1904 and 
1909), he did not move from his central position concemmg the mcrcased tension on the 
zonule Subsequent evidence, including the important contributions of E F Fincham 
associated with the non-uniform thickness of the elastic lens capsule, leaves practically 
no doubt that the Helmholtz hypothesis is correct 

Tscheming’s contnbutions to the subject of physiological optics, appearing as they did 
durmg a period of relative scarcity of original w'ork m the subject, have been of considerable 
service m stimulating further enquiry H. h. emsley. 

JOHN KEATS CATTERSON-SMITH 

J K Catterson-Smith occupied the William Siemens Chau of Electrical Engineenng 
at King’s College, London, from 1930 until his death. 

After quahfying at Birmingham and obtaining practical experience at the Stafford 
works of Siemens Bros., he had a distinguished caieer as a lecturer in Electrical Machinery 
and Design at the University of Liverpool, at Finsbury Technical College, and at Faraday 
House. 

In 1923 he became Professor of Electneal Engineenng at the Indian Institute of Science, 
Bangalore, where he did much to foster Anglo-Indian goodwill and co-operation Here, 
he founded, and for several years edited, the journal Electrotechmes. 

Among the papers which Catterson-Smith wrote was an early one dealing with the 
electric propulsion of ships, which earned him a gold medal, and later he read a notable 
paper on induction motors before the I E.E Commutation, and the design of transformers 
and D-C. machmes w^ere the subjects of other early papers. 

His talent as a lecturer and his unusual gift foi devising mechanical models of electneal 
phenomena were well demonstrated when, in 1932, he delivered the Faraday Lectures, 
sponsored by the Institution of Electrical Engineers, under the title “ Everyday Uses of 
Electricity”. 

Of late years Catterson-Smith interested himself in symmetrical components He 
showed some circuits for their separation and measurement at the 1937 exhibition of the 
Physical Society 

The Professor’s health began to deteriorate during the early part of the war, and, after 
much suffering, he died on 25 January of this year. He will be missed both by his numerous 
friends and by the generations of students whom he helped so readily. B. c l. 
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The Royal Society 1660-1940 : A History of its Admimstration under the 
Charters, by Sir Henry Lyons. Pp. x + 354. (Cambridge: The University 
Press, 1944.) 25^. 

Whether the clang of the falling weights dropped by Galileo from the leamng tower 
of Pisa sounded the death-knell of the Anstotehan philosophy is a pomt that may well 
be disputed , but it is mdubitably certain that the end of the sixteenth and the begmmng 
of the seventeenth century witnessed an outburst of scientific activity which is almost 
unexampled m history, and with which the names of Gahleo m Italy and of Gilbert m 
England are indissolubly jomed Francis Bacon at least “ rang the bell that calPd the 
wits together and his Solomon’s House, if it did not form a model for the societies 
which were springing up on every hand, served a useful end m providing material for the 
discussion of the constitution of a College vherem the New or Experimental Philosophy 
should be practised 

The precise origms of our own Royal Society are obscure ; but it is clear that, amid 
the drums and tramplmgs of the Enghsh Civil War, there existed in London (m 1645 or 
thereabout) a small group of men disinterested enough to meet w'eekly at Gresham College 
or at convenient places nearby to discourse of “ Philosophical enquiries, and such as related 
thereunto ; as Physick, Anatomy, Geometry, Astronomy, Navigation, Staticks, Magneticks, 
Chymicks, Mechamcks and Natural Experiments . . . These meetmgs m London 
continued and (after the Kmg’s return m 1660) weie increased with the accession of divers 
worthy and Honourable Persons ; and were afterwards incorporated by the name of the 
Royal Soaety, etc., and so continue to this day (Dr, John Wallis. Written m January 
1696-7.) 

July ISth, 1662, is the date of the sealing of the first Charter. This is the date usually 
recognized as marking the Soaety’s foundation. 

The yoimg Soaety had the chequered career that falls to the lot of many young 
Soaeties. Subscriptions fell mto arrears; officials resigned—^sometimes in what appears 
to have been a temper ; the Counal embarked upon unfortunate publishmg ventures, 
and found itself with many unsold copies of Willoughby’s De Hutona Ptscium left upon 
Its hands. Thereafter, the Council mmutes make not imamusmg readmg today, though 
the humour would not be so evident to contemporary members of the Counal. The 
unlucky paid officers of the Soaety were offered their arrears of salary m “ Books of 
Fishes ”, and Halley, set to the task of measunng the length of a degree of longitude, 
was offered a payment of fifty poimds or fifty Books of Fishes. The Soaety was indeed 
fortunate, during this difficult period, m possessmg a clerk of the cahbre of Halley, and 
doubly fortunate m that it was m the main due to Halley that the Fnncipia was written 
and published. If, m the long and distinguished history of the Soaety, there is one day, 
above all others, deservmg of commemoration, it is that August day, m the Cambndge 
of 1684, when Halley asked of Newton what would be the path of a planet under a force 
varsnng mversely as the square of the distance, and received the reply, “ An ellipse ” 
That question and reply largely determined the course of physical science during the two 
centuries that followed. For it was Halley who urged Newton to the continuation of his 
work ; who overcame Newton’s constitutional aversion to publication; who saw the 
work through the press , and who pubhshed the book at his own charges, for the printer 
could hardly be expected to accept payment m Books of Fishes 1 Halley’s claims to the 
gratitude of the saentific world are many ; but his share m the publication of the Prmcipta 
IS by far the greatest. 

The temptation to enlarge upon the many dramatic incidents in the Soaety’s history 
IS diSicult to resist, and it is pleasant to note that Sir Henry has not been unmindful of 
such incidents. In particular he tells m some detail the story of the lightning-conductor 
controversy. In 1772, the Council of the Soaety appomted a committee, of which 
Benjamin Franklm was a member, to report upon the best form and disposition to be 
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given to lightning conductors ; the committee reported m £avoui of pointed conductors— 
the form mtioduced b> Franklin—one menibei (B. Wilson) dissenting and expressing 
an opinion in favour of blunt conductors. In 1777 the opimon of the reconstituted 
committee ’was agam sought, With like results But the War of the American Revolution 
had by this time broken out, and the question became a^political one—advocates of blunt 
conductors were regarded as patriotic Britons, oi pomted conductors as revolutionaries ! 

It is credibly reported"^that^Kmg George III mterviewed the President of the Royal 
Society (Sn John Pringle)^and requested the Society to reconsider its decision, and to 
lepoit in favour of blunt conductors, whereupon the President remarked that laws of 
Nature were not alterable at the Royal pleasure- At the Anmversary Meeting of 1778 
Sir John Prmgle did not offei himself for re-election , post hoc and possibly propter hoc. 

There are few figures in the annals of eighteenth-century science more mtriguing than 
that of John Hill (1716-1775), and it is surprismg, and indeed rather disappointing, to 
find him curtly dismissed by Sir Henry as ‘‘ one John Hill, a quack doctor”. 

Hill was versatile and a man of immense mdustry. Botamst, actor, dramatist, translator 
and doctor (his degree was M.D. of St. Andrews), he may have been most things by turns, 
but he was faithful to his botamcal studies. He was heartily disliked by many of his 
contemporaries, and there is a temptation to regard as a true picture Garrick’s cutting 
epigram z 

** For farces and physic his equal there scarce is, 

His farces are physic: his physic a farce is.” 

Or the less well known 

“ Thou essence of dock, valerian, and sage. 

At once the disgrace and the pest oi this age, 

The worst we can wish thee for all thy damn’d crimes, 

Is to take thy own physic, and read thy own rhymes.” 

Which was at once capped by 

Their wish must be m foim reversed to suit the doctor’s crimes; 

For if he takes his physic first, he’ll never read his rhymes.” 

All this goes to support the contention that Hill was vain, provokmg and quarrelsome ; 
but when his contnbutions to botany are examined, they are seen to be real and substantial. 
He knew his plants mlimately and widely, he did useful work m plant physiology and m 
taxonomy; he wrote an account of the vegetable kmgdon m tzventy^six volumes folio ; a more 
modest efiEbrt, his British Herbal in one volume folio, is a mme of cunous information, 
and It would seem hardly just to dismiss as a quack doctor a man who has been selected, 
with Ray, Grew, Hales, Hooker, Henslow and Marshall Ward, as one of the Makers of 
Bntish Botany. His quarrel with the Royal Society was probably due to his failure to 
obtam the necessary signatures to his certificate of candidature , but it resulted m the 
pubhcation of his Remew of the Works of the Royal Society of London (1751)—a work 
which piUones the more feeble papers appealing m the Philosophical Transactions to that 
date, and which was probably no mconsiderable factor in producmg a higher standard of 
pubhcation m the Transactions, 

While dealmg with the matter of minor omissions, it may not be amiss to draw attention 
to the caieer of Walter White, assistant secretary to the Society from 1861 to 1883, who 
receives no more than bare mention of his name. White was an earnest (and humourless) 
Victorian, whose character had been developed m the tradition of Samuel Smiles, and his 
yotirnalsp published m 1898, alter his death, furnish a most mterestmg (and, on occasion, 
surpnsmg) senes of thumb-nail sketches of celebrities of the mneteenth century. 

But these are side-issues. An authoritative history of the Society was long overdue— 
"Weld’s history, the immediate predecessor of the present volume, was published in 1848, 
and brought the story down to 1830. Sir Henry’s book is primarily an “ account of the 
way in which the Soaety carried on its work ” ; it is based on a close and cntical study 
of the Council minutes, and its author regards it as a prelmunary study to a complete 
history of the Society. This may mdeed be the case ; but it would seem to be somewhat 
m the nature of a meiosis to rate as a prelmunary study a work which gives a clear and 
oomprdiensive picture of the founding of the Society ; of its early struggle for existence ; 
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of the period of prosperity under Newton^s long reign ; of the time when the scientific 
work of the Society was m danger of being swamped by the number of wealthy amateurs 
and dilettanti recruited to the ranks of the Society ; of the dictatorship of Sir Joseph 
Banks ; of one period which Sir Henry terms that of the scientific revolt (1820-1860) ; 
and that of the later years when, as De Morgan said, ‘‘a Fellow of the Society should 
be a Fellow Really Scientific ”, It is a great story, and a story which loses nothmg m 
Sir Henry’s sympathetic hands. There is much more in the book than a cold record of 
admmistrative detail , as we have seen, dramatic mcidents in the Society’s history are 
not passed over, and, penod by period, there are given admirable biographical sketches of 
Presidents and Semor Officers of the Society. 

It IS a sad thought that Sir Henry, who had passed the book for the press, did not hve 
to see Its pubhcation ; but he has, all unknowmg, reaied an enduring monument, and 
his labours have earned for him the affectionate thanks of all students of the history of 
science. A. F.> 

Handbook of Industrial Radiology^ by Members of the Industrial Radiology 
Group of the Institute of Physics. Edited by J. A. Cro wther. Pp. vui 4- 203, 
(London : Edward Arnold and Co., 1944.) 21s. net. 

This handbook, which had its origm m a senes of lectures given before the Industnal 
Radiological Group of the Institute of Physics ”, is a timely production. Although the 
last twenty years have seen no revolutionary changes m x-ray apparatus and technique, 
progress has been steady and solid, and the often merctncious extenor of the modem 
set conceals a tnumph of material and design. Part of the story of its development may 
be guessed as this book is read, but the more particular purpose of the authors has been 
to state the prmciples and describe the technique of modern mdustnal radiology. The 
result IS a volume which should find its place on every radiographer’s bookshelf. 

The book compnses nme chapters, uneven m quahty, each dealmg with some particular 
aspect of the subject. Editmg has reduced overlap to a neghgible amount. 

Tliree chapters are particularly good. In that on the physical principles underlying 
radiography the author has made a good choice of material and, m the space available, 
has succeeded, without sense of overcrowdmg, m mcludmg the essentials m a most 
interestmg account. The chapter on The response of photograpJuc materials to X-^rays 
is well above the usual standard of writmg upon that subject. The factors mvolved m 
the production of a good negative are unusually well and logically stated. Gamma radio¬ 
graphy IS the subject of another good chapter. The author has taken full advantage of 
the fascinating material he has had to present. Radium (or ladon) may be expected to 
find an increasmg use in the future, particularly because of the possibility of usmg it m 
situations qmte maccessible to an x-ray tube. 

An adequate description of modem x-ray equipment is given m a chapter headed 
Rcqmyemcntb in design of indiistiial X^iay equipment. Improvements could have been 
effected m the descriptions of high-tension circuits. The author draws attention 
to the short lives which tubes have when operated at constant high potential ; there 
seems to be a simpler reason for this than he suggests. The features (good and bad) of 
modern cathode design would have repaid treatment. The typical mdustrial set is well 
described and a shoit description is given of the megavolt sets now^ coming mto use. 

A considerable fraction of the chapter on quantitative measurements is devoted to 
dosage. Few subjects provide so much evidence of confused thinking. From this 
the author is more than usually free, though an unhappy phrase in one place might reinstate 
the confusion m the reader’s mind. 

The chapter on the radiography of heavy metals prescribes a techmque which the 
beginner might reasonably follow, though, as he gams experience, he will in some respects 
depart from it with advantage. The author’s paragraph on the reportmg of radiographs 
IS mterestmg ; one would wish it longer. 

Even with the standard of reproduction of this book, radiographic flaws should be 
indicated by arrows It is unfortunate that the author of the chapter on the radiography 
of light metals should point out how the defimtion of a flaw is improved by filtration 
when in the illustration one can only guess which is the flaw and which are blemishes 
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in reptoauction. It is also disturbing to find that a great improvement has resulted from 
an increase m voltage when the author points out that the opposite has occurred. The 
particular features of hght metals from the radiographic pomt of view are adequately- 
treated. 

A chapter on uncommon applications of industrial radiography contains a good deal 
of mateni of popular mterest. A chapter on x-ray protection concludes the book. 

The production is good, especially judged by war-time standards. Very few mispnnts 
occur. The most serious are due to alignment of quotients m exponents, causmg transfer 
of terms from numerator to denommator. Three such cases were noticed. A, 6* w. 

Sound Insulation and Acoustics, by the Acoustics Committee of the Buildmg 
Research Board of the Department of Scientific and Industrial Research. 
Pp. 80. (London: H.M. Stationery Office, 1944.) Is 

This IS one of a senes of pamphlets dealmg with various aspects of post-war building. 
In a methodical way it descnbes current practice m the acoustical treatment of buildings, 
both from the pomt of view of preventmg unwanted sound from entering a building, or 
passing from one room to another, and from that of obtaimng desirable conditions for 
speaking and making music withm a room Valuable features of the pamphlet are the 
tables giving concise data on the noise reduction to be expected with various types of 
building construction and of up-to-date values of absorption coeffiaents of matenals 

As most of the research work on sound dunng the war has been along Imes unconnected 
with buildings, the reader must not expect to find much that is new One novel suggestion 
IS to screen the lower floors of buildmgs m town from street noise by planting shrubs 
and trees of thick fohage along the verge of the road, though, as the Committee point out, 
experiments are needed to show how effective such a scieen would be 

The Committee is sometimes a little too optimistic as to the economic aspects of 
sound insulation. They consider that, for example, the constructions they advocate for 
insulatmg blocks of flats will be mexpensive, but this term must be taken in relation to 
pre-war conceptions. Certamly the specially isolated rooms for music practice in the 
home, which they propose, can never be inexpensive m relation to the urgency of their 
incorporation in houses and fiats. A generation that has become indifferent to radios 
blarmg mto courtyards and gardens m the summer is not going to cavil at little Mary 
practLsmg her scales in the adjacent dwelhng. 

This pamphlet can be recommended to all who want what is in fact an up-to-date 
and concise text of all the essentials of “ Acoustics of Buildmgs ”. At a shillmg, it must 
make all private publishing firms who have a book on the subject on their lists gnash their 
teeth ! e. g. r. 


RECENT REPORTS AND CATALOGUES 

Supplementary List of Piihluaiions of the National Bureau of Standards, January 1 1942 
to June 30 1944 {with Subject and Author Indexes), compiled by J. L. Mathusa. 
(Supplement to Circular C24, November 1944) Pp. 84. U S. Department of 
Commerce, Washington, D.C. 20 cents. 

Abridged Scientific Publications from the Kodak Research Laboratories, Volume 25, 1943. 
Pp. 443+xii. Eastjvian Kodak Company, Rochester, N.Y. 

A Report to the Government of India on Scientific Research in India, by Professor A. V. Hill, 
M.P., Sc.D, F.R.S. Pp. 55. Reprmtcd m the United Kmgdom for private ciicu- 
lation. The Royal Society, Burlington House, London W. 1. 
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F. W. ASTON, F.R S., TWENTY-FIRST DUDDELL MEDALLIST 


The twenty-first Duddell Medal was presented to Dr. Aston on 23 May 1945 by the 
President, Prof E N. da C. Andrade, F.R.S. 

The medallist, who is 67, was educated at Malvern College and Mason College, and 
at the Umversities of Birmingham and Cambridge. 

He is known to all physicists for his invention, development and application of the 
mass spectrograph, and it is for this work that the medal was awarded His mass spectro¬ 
graph, first designed and constructed in 1919, made use of a new method of electro¬ 
magnetic focusing, which, he revealed on the occasion of the presentation, was worked 
out numerically for a particular case, a method which he preferred to that of calculatmg 
algebraically a more general case. With the mstrument and its successors he established first 
that most elements consist of mixtures of isotopes, later that the masses of these isotopes 
are very close to integers if the mass of oxygen is taken as 16, and then that the differences 
from whole numbers varied in a systematic, and not in an entirely random way For 
this last work, using a much improved spectrograph, he has measured masses with a 
precision of 1 part in 20,000, and thus determined the binding energy of light elements 
with great accuracy By measuring also the lelative abundances of the different isotopes, 
Aston is enabled to compute chemical atomic weights ” with piecision 
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DEFINITIVE EQUATIONS FOR THE FLUID 
RESISTANCE OF SPHERES 

By C. N. DAVIES, 

Industrial Health Research Board, Medical Research Coundl, London 
MS. received 22 January 1945 

ABSTRACT. For calculation of terminal velocities it is convenient to express the 
Reynolds’ number, Re, of a moving sphere as a function of the dimensionless group 
where ^ is the drag coeflBtcient. The followmg equations have been fitted by the method 
of least squares to critically selected data from a number of experimenters 

1 Re= ~ -0-00023363(<ARe*)®+0 0000020154(,Ai?e*)»-0-0000000069105(iARe»)« 

for ReK 4 or ^Re^< 140 This tends to Stokes’ law for low values of Re. It is specially 
suited to calculation of the sedimentation of air-bome particles. The upper limit corre¬ 
sponds to a sphere weighing l-S/ig. falling in the normal atmosphere, that is, one having a 
diameter of 142 ft for umt density. 

2. logRe=-l-29536+0 986 (log0-046677(log0-0011235 (log 
for 3< Re< 10,000 or 100< 4>R^< 4-5.10’ 

Correction for slip m gases should be apphed to Stokes’ law by the following ex¬ 
pression, based on the best results available • 

1+ -[l-257+0-400exp(-l-10a//)], 
a 

where the mean free path Z is given by rjl0*499crc 

This conveniently transforms to the followmg for the sedimentation of particles m air 
at pressure p cm- mercury. 

1+ — [6-32.10 -*+2-01.10 -« eacp (-2190a#>)]. 


§1 INTRODUCTION 


A COMMON requirement in the interpretation of experiments is a knowledge 
of the fluid resistance offered to the motion of spheres; work on viscosity, 
. or involvmg the sedimentation of dusts or liquid suspensions, can be 
cited, and there are many other applications. Experiments on this subject have 
been carried out since the time of Newton and there exists a large bulk of matenal 
upon which various empirical equations have been based. None of these, 
however, is denved quantitatively from selected data, and most suffer from the 
disadvantage that explicit solution for the terminal velocity of a falling sphere is 
impossible. 

The present attempt provides equations which do not exhibit this defect. 
It is not possible to deduce a single formula, covering all sizes and speeds, without 
overburdening it with constants; the wide rai^e which must be covered, for 
pars. soc. lvii, 4 i8 
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practical reasons, has, therefore, been split into two. The equation covering the 
lower section tends to Stokes’ law, m the limit, and at the same time is accurate 
for spheres of any size, large compared with the mean free path, and weighing 
less than 1 5 jLtg. (diameter 142 ju. for unit density) falling freely in normal air; 
hence it is useful for most problems concerned with air-borne particles and also 
provides the best available assessment of viscosity experiments. The other equa¬ 
tion continues, using logarithms on account of the large range, up to a Reynolds’ 
number equal to 10,000, above which value the interest becomes purely aero¬ 
dynamical This region covers all spheres falling through normal air which have 
masses betwen IT /xg. and 0 48 g. 

Finally, the eiBfect of slip for motion through gases in the Stokes’ law region 
is discussed m the light of the best available experimental data 

§2. THEORETICAL BASIS 

A sphere of diameter d moving steadily through a medium of density a 
and viscosity t;, with velocity z;, experiences a resistance force W, Hence, if 
no other variables are concerned, the problem is summarized by the equation 

IF)-0. .(1) 

By Buckingham’s theorem (1914) this can be reduced to 

Jvd 8W \ ^ 

•^V . 

where v—rija is the kinematic viscosity of the fluid and the factor S/tt is inserted 
for conventional reasons, vd!v is the Reynolds’ number, Re, and iWjiTd^av^ is 
the drag coefficient, ifj. The latter can be regarded as a variable coefficient 
which must multiply the product of cross-section (ird^jA) and dynamic pressure 
in order to yield the resistance: hence the numerical factor. 

Convention has established the practice of exhibiting experimental results as 
graphs of Re against ip. This is more convenient than plotting the actual measure¬ 
ments, such as velocity and diameter, since, by equation (2), a single curve must 
be obtained for all possible variations of fluid and sphere, providing the conditions 
of equation (1) are not transgressed. Also, because Re and ip are dimensionless, 
any consistent system of units may be used in the measured quantities without 
altering their magnitudes- However, if it is desired to use such a curve to derive 
velocities, indirect procedure is necessary since v occurs in both variables. 

This obstacle is avoided by arranging equation (2) thus: 

f(Re, ipRe^) = 0, .(3) 

since ip Re^ = 8WfTT(yv^, which contains only properties of the fluid. In the case 
of a sphere rising or falling freely at its terminal velocity we have 

m being its mass and the mass of fluid displaced. Hence if Re is expressed by 
an equation in ipRe^, the independent variable involves only the mass of the 
sphere and the nature of the fluid, so that direct solution for v is possible. 

Stokes’ law of resistance can be reduced to 

Re^iPR^I24. .(4) 
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Tids is well established for very small values of Re^ but it forecasts too low a 
resistance as Re increases. Hydrodynamical equations due to Oseen and 
Goldstein are valid a little further than that of Stokes, but then yield resistances 
which are too great. The precise determination of a point at which experiments 
show these equations to be in error by a definite amount is a matter of difficulty. 
The equation of Goldstein is cumbersome and apparently little better than that of 
Oseen, while the latter’s suffers from the disadvantage that it leads to a quadratic 
in Re when ijsRe^ is made the independent variable. It is therefore inconvenient 
to fit an empirical polynomial in to the experimental results which would 
tend, as Re diminished, to Oseen’s expression. For this reason the procedure 
adopted has been to fit selected observations, by the method of least squares, 
with a polynomial in ifsRe^ which passes through the origm of a plot of Re against 
^fsRe^ and which has, at the origin, the slope given by equation (4). In other 
words it tends to Stokes’ law as Re tends to zero. In order to give a satisfactory 
fit for Re less than 4, a quartic in ijsRe^ has been found necessary; this leaves 
three coefficients to be determined by least squares, since there is no absolute 
term and the coefficient of the first-power term is 1/24. 

For i?^>4 a cubic, using the logarithms of the same variables, has been 
deduced. This contains four numerical constants. It is thus not possible to 
make it tend to Stokes’ law, in the limit, and it must not be used for lower 
Reynolds’ numbers. The upper limit of validity is = which is a little 
beyond the point at which the drag coefficient passes through a minimum. 
Experimental data at higher Reynolds’ numbers are not discussed. 

§3. OBSERVATIONS WITH REYNOLDS’ NUMBERS LESS THAN 4 

The latest determinations are due to Mdller (1938) and cover the range 
0*0507 <Re <1 603. His results are corrected for wall effect by Faxen’s method, 
and he was at pains to keep the correction small; it ranges from 0*02% to 0*81%, 
and the ratio of sphere diameter to the diameter of the vessel is always below 
0*02. Schmiedel (1928) covers the range 0*053 <.Re <1 *493 and uses the Fax6n 
correction, which varies between 1*1% and 7*7%, the ratio of sphere to tube 
diameter being between 0*018 and 0*074. Liebster (1927) has results for 
0*1355<i?e<l*927, also evaluated by Faxen’s formula. The maximum wall 
correction is 2*68% and the least 0*21%, with diameter ratios up to 0-0525. 
Seven results for 2*32<jRe<4*16 have been used from a series of experiments 
extending to higher Reynolds’ numbers. The diameter ratios were all below 
0 0353, and no correction has been applied for wall effect. 

The Faxen correction is based upon Oseen’s equation, which is increasingly 
erroneous as Re exceeds unity. However, with increasing Re^ the correction 
diminishes and is probably quite negligible in this instance- There is no experi¬ 
mental work on wall effect from R&^2 until we come to determinations by 
Lunnon in the region of ReXl0\ For a diameter ratio 0 02 at = 0*4 the Faxen 
correction to the drag coefficient is 1 J%; at jRe 10^ an equation given by Lunnon 
yields a 1 % correction for diameter ratio 0 022. It appears, therefore, that over 
a very wide region the wall effect may be small and approximately constant. 

Use of the Ladenburg formula for wall effect gives a correction which is 
independent of Reynolds* number. Thus, as the Reynolds’ number increases, 

i8-a 
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too great an allowance is made for the increased resistance due to wall effect; 
experimental data are thereby shifted to show specious agreement with Stokes’ 
law, though coincidence at lower values, which would be genuine, may be 
impaired. The data of Arnold (1911) show this defect. Many of his determina¬ 
tions mvolved a large wall correction. Lemin (1931) covered the range 
0-00028 <Re <0-0053; he showed, in this region of very low Reynolds’ numbers, 
that the Stokes-Ladenburg formula was valid if the diameter ratio was below 
0-06. We are not concerned with Lemin’s figures in the present discussion, 
since their function is the confirmation of Stokes’ law, but Arnold has results for 
0-002<i?«<T9. These have been recalculated by Schiller (1932) with the 
Fax6n correction, and we have adopted for use in this paper those having a 
diameter ratio below 0-06, folloiying Lemin, and within the range 0 05 <Re <0 19. 

There remains for consideration the work of Allen (1900). Timing the ascent 
of air bubbles in amline and water, he covered a range from Re=0 009 up to 25. 
The results are scattered, relative to modem measurements, and, while of his¬ 
torical importance, do not merit inclusion in our analysis. Some measurements 
were also done with spheres of paraffin wax rising through aniline for 
0-554<20-2. Drag coefficients calculated from these are consistently high 
relative to those from the workers previously mentioned, so these figures are 
likewise ignored. 

We are left with determinations due to Mdller, Schmiedel, Liebster and 
Arnold. Computed values of written in order of Reynolds’ number are 
given in table 1 and number 68 in all. The lower limit of Reynolds’ number 
was selected as 0-05, since below this the failure of Stokes’ law is negligible. 
MdUer’s figures deviate progressively from those of Schmiedel for Rc>0-2 in 
the direction of low resistance. Consistent error of 1 % in viscosity determma- 
tions, a possibility which Moller states may exist in his own work, could not 
account for this. Liebster’s points, on the whole, lie nearer to Mdller’s than to 
those of Schmiedel. The latter has been criticized because of the magnitude of 
the wall correction applied in some cases (8%), but these individual expenments 
do not fall out of the general sequence which is established by many having only 
a 2% correction. Liebster’s correction exceeded 2% in only one instance. 
MoUer was careful to keep the correction small because he wished to demonstrate 
whether experiments conformed more closely to Oseen’s law than to Stokes’. 
His conclusion would have been unconvincing if the correction had been larger 
than the small difference in question. 

There seems to be no reason for weighting the determinations of these four 
workers unequally, accordingly their observations have been fitted by the method 
of least squares with the following equation: 

jRfi=V&Re»/24- 0-00023363 (^tRe®)2+0-0000020154 {4iR^f 

-0-0000000069105 (^iJg®)*.(5) 

This, therefore, represents the best 'available means of calculating terminal 
velocities for Re <4 or ^l?e®<140. 

The fit of this equation and the scatter of the observations can be judged by 
the residuals, shown in table 1, and by the quantities in table 2. Owing to the 
wide range of Re values (eighly-fold) the residuals would be greater for the higher 
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Table 1 —continued 


Author 



Calculated 

Re 

Residuals, v 

Exp — Cdc. 


45 L 

0 6810 

17 810 

0 6787 

23 

529 

46 S 


20 275 

0 7644 

-367 

134689 

47 S 


19-570 

0 7400 

89 

7921 

48 S 


19 620 

0 7418 

222 

49284 

49 M 


21 996 

0 8233 

156 

24336 

SOS 


26 08 

0 9615 

-374 

139876 

51 S 


27 79 

1 017 

-120 

14400 

52 S 


28 95 

1 055 

-150 

22500 

53 S 


31 13 

1-125 

-380 

144400 

54 M 

1-169 

31 29 

1-130 

390 

152100 

SSL 

1 242 

35 64 

1 268 

-260 

67600 

56 L 

1 492 

40 67 

1 425 

670 

448900 

57 S 

1-493 

42-93 

1-494 

-10 

100 

58 M 

1-501 

41 30 

1-444 

570 

324900 

59 L 

1-530 

42-18 

1 471 

590 

348100 

60 M 

1 603 

45-04 1 

1-551 

520 

270400 

61 L 

1-927 

56-33 

1-896 

310 

96100 

62 L 

2-32 

70-61 

2-315 

0 

0 

63 L 

2-53 

79-05 

2-560 

-300 

90000 

64 L 

3-005 

96-35 

3-053 

-480 

230400 

65 L 

3-94 

132-54 

3-978 

-400 

160000 

66 L 

3-94 

129-75 

3-918 

200 

40000 

67 L 

4-07 

138-28 

4-097 

-300 

90000 

68 L 

4-16 

139-35 

4-118 

400 

160000 


Table 2. Analysis of residuals. Equation (5). 0 0507<;ife<4T6 


Author 

Number of 
observa¬ 
tions 

Ev 


Standard 

error 

a 

Re 

aIRe 

MOller 

21 

0-1599 

0-00774571 

0 0192 

WEM 


Schmiedel 

21 

-0 2213 

0-00686963 

0 0194 



Arnold 

8 

0-0054 

0-00001678 

0 00145 



Liebster 

18 

0-0293 1 

0-01845461 

0-031 

1-836 

0-017 

All * 

68 

-0 0267 

i 

0-03308673 

0-022 

0-822 

0-027 


Reynolds’ numbers, although the percentage error in the experiments remained 
nearly constant. For this reason the standard error for each experimenter is 
given both alone and also after division by the mean of his Reynolds’ numbers. 
The curve defined by equation (5) can be seen from the sums of the residuals 
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to lie between the data of Moller and Schmiedel, but a little nearer to those of 
the former. Liebster’s results govern its course at the upper end of the range. 

In usmg this equation it may be noted that the fourth-power term is negligible, 
as far as the fourth decimal place, for Reynolds’ numbers below 0 35. Below 
0*11 the cube can be neglected. For the third decimal place the figures are, 
respectively, 0 6 and 0 25. 

In table 3 the differences between Reynolds’ numbers from the equation and 
those calculated by Stokes’ law are given. The latter predicts numbers which 
are too great. 


Table 3. The difference between Stokes’ law and equation (5) 


Re 

0-82 

0-38 

0-15 

0-074 

0-037 

% difference in Re 
(Stokes’ law k high) 

10 °.o 

ro/ 

^ 0 

B 

1 % 

0-5% 


For use in viscosity determinations it would be best on physical grounds, as 
well as convenient, to work at low Reynolds’ numbers so that the cubic and fourth- 
power terms are negligible A cubic equation m the kmematic viscosity then 
results which leads to a solution in which this quantity is given explicitly m terms 
of the experimentally determined variables. 

§4. REYNOLDS' NUMBERS BETWEEN 4 AND 10* 

Experiments within this range have been carried out by Liebster (1927), 
Davies (1939), Wieselsberger (1922, 1923), Lunnon (1928) and Allen (1900). 
Results due to the last-named are not mcluded. Those obtained with amber 
spheres, having Reynolds* numbers below 204, yield drag coefficients which are 
above the general trend of other workers’ values and some with steel spheres, 
with 2304 <i?e <8247, as computed by Castleman (1926), Wieselsberger (1922, 
1923) and the present writer, come out too low. Liebster (1927), however, has 
obtained different values in some way and shows them weU in line with the deter¬ 
minations of Wieselsberger and Luimon. Schiller (1932) reproduces his figures. 

Liebster’s own figures for Reynolds’ numbers exceeding 1000 have been 
abandoned since the scatter is great and the trend doubtful, for reasons explamed 
by the author. Seven observations for Reynolds’ numbers down to 2-32 are 
mcluded to provide an overlap with the previous equation. From 1 -927 up to 
32*6 only Liebster’s experiments have been used. 

The author’s own work was earned out m air with spheres of paraffin wax 
and small liquid drops; these fall like ngid spheres if not too large. A paper 
will be published in due course. 

The experiments of Wieselsberger consisted of direct drag measurements on 
spheres suspended in a wind tunnel. All falling within our upper limit have 
been considered. The same applies to Lunnon’s accurate data on spheres falling 
in water. 

Values of log Re and log computed from these vanous sources are given 

in table 4. No wall corrections have been attempted since m all cases they would 
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Table 4 


Author 

log Re 

log 6Re^ 

Calculated 
log Re 

Residuals, v 
Exp.—Calc. 


1 L 

0*366 

1 849 

0*375 

- 9 

81 

2L 

0*403 

1*898 

0-416 

-13 

169 

3L 

0*478 

1*984 

0-486 

- 8 

64 

4L 

0*596 

2*122 

0*597 

-1 

1 

5L 

0*596 

2 113 

0-590 

6 

36 

6L 

0*610 

2 141 

0*613 

-3 

9 

7L 

0*619 

2 144 

0-615 

4 

16 

8L 

0*669 

2*195 

0-657 

12 

144 

9L 

0*849 

2 452 

0*858 

-11 

121 

10 L 

0*886 

2*485 

0 884 

2 

4 

11 L 

1*004 

2 644 

1-006 

- 2 

4 

12 L 

1 083 

2*723 

1-066 

17 

289 

13 L 

1 106 

2*788 

1*115 

- 9 

81 

14 L 

1*165 

2 852 

1*163 

2 

4 

15 L 

1*283 

3*027 

1*293 

-10 

100 

16 L 

1*383 

3 150 

1-382 

1 

1 

17 L 

1-513 

3*325 

1*508 

5 

25 

18 D 

1*591 

3*404 

1-564 

27 

729 

19 L 

1-744 

3 659 

1*743 

1 

1 

20 D 

1*887 

3*869 

1-886 

1 

1 

21 L 

1*918 

3*913 

1*915 

3 

9 

22 D 

2*097 

4*196 

2*103 

-6 

36 

23 L j 

2*159 

4*274 

2*154 

5 

25 

24 D 

2*200 

4*350 

2*203 

-3 

9 

25 D 

2*209 

4*337 

2*195 

14 

196 

26 D 

2*213 

4*369 

2*215 

-2 

4 

27 D 

2*263 

4*442 

2*262 

1 

1 

28 D 

2*268 

4*449 

2*266 

2 

4 

29 L 

2*398 

4*658 

2*398' 

0 

0 

SOD 

2*515 

4*844 

2*513 1 

2 

4 

31 L 

2*528 

4*850 

2*517 

11 

121 

32 L 

2*707 

5*164 

2*706 

1 

1 

33 L 

2-786 

5*343 

2*812 

-26 

676 

34 L 

2*843 

5*407 

2*849 1 

- 6 

36 

35 W 

2*898 

5*466 

2*883 1 

15 

225 

36 L 

2*926 

5*535 

2*923 

3 

9 

37 D 

2*935 

5*558 

2*936 

- 1 

1 

38 W 

3*061 

5*813 

3*080 

-19 

361 

39 D 

3*086 

5*835 

3*092 

- 6 

36 

40Lua. 

3*149 

5*947 

3*154 

- 5 

25 

41 W 

3*170 

5*973 

3*168 

2 

4 

42 W 

3*267 

6*167 

3*274 

- 7 

49 

43W 

3*324 

6*276 

3*332 

- 8 

64 

44Lun. 

1 3*364 

6*335 

1 3*363 

1 

1 
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Table A—continued 


Author 

log jR^ 

log 

Calculated 

logi^ 

Residuals, v 
Exp.—Calc, 


45 W 

3-373 

6-386 

3*390 

-17 

289 

46W 

3-500 

6-583 

3-493 

7 

49 

47W 

3-544 

6-690 

3*548 

- 4 

16 

48 W 

3-597 

6-780 

3*594 

3 

9 

49Lrun. 

3-645 

6-873 

3-641 

4 

16 

SOW 

3 721 

7-024 

3-717 

4 

16 

51 Lun. 

3-829 

7-241 

3-823 

6 

36 

52 W 

3-841 

7-269 

3-837 

1 4 

16 

53 W 

3 924 

7-446 

3-922 

' 2 

4 

54 W 

4-009 

7-627 

4-008 

1 

1 

55 Lun, 

4-037 

7-671 

4-029 

8 

64 


jrobably have been negligible. There are thus 55 observations for 0 366< 
.og J?«<4-037. These have been fitted by the following pol 3 momial: 


log -1*29536 + 0-986 (log -0*046677 (log 

+0*0011235 (log .(6) 

The residuals are shown in table 4 and the standard errors, etc., in table 5. 
Fhey relate, in this case, to the logarithms of the Reynolds’ numbers. 

Table 5, Analysis of residuals (logs). Equation (6). 0*366<logi2e<4*037 


Author 

Number of 
observations 

Sv 

Ik^ 

Standard 

error 

Liebster 

26 

-0*025 

0-002027 


Davies 

11 

0-010 

0-001021 


Wieselsberger 

13 

-0 017 

0-001103 


Lunnon 

5 

0-014 

0-000142 


All 

55 

-0*018 

0*004293 

0*0088 


Table 6. 


Overlap of equations (5) and 


: 6 )- 


Liebstef’s data 


Expenmenta] 

Re 

Calcula 

(5) 

ttedjRe 

(6) 

Eq.(6)-Eq.(5) 

2-32 

2-315 

2-371 

0-056 

2-53 

2-560 

2-606 

0-046 

3-005 

3-053 

3-062 

0-009 

3-94 

3-978 

3-954 

-0-024 

3-94 

3-918 

3-890 

-0-028 

4-07 

4-097 

4-102 

0-005 

4-16 

4-118 

4-121 

0-003 


The agreement between the two formulae in the region of overlap is demon- 
•trated in table 6. It is clear that equation (6) can be used down to 3 to give 
^ues of Re within 1% of those from equation (5). 




































268 


C. N. Davies 


§5 MOTION IN GASES THE SLIP EQUATION 

In the case of a sphere falling through a gas, the density of which is small in 
comparison, Stokes’ law predicts that the terminal velocity will be independent of 
pressure as a result of the constancy of viscosity, which is accounted for by kinetic 
theory. 'W'hen the gas is at a sufficiently low pressure it can no longer be regarded 
as a continuous medium with respect to the sphere, which then falls more rapidly 
than hj’^drodynamic theory would suggest. This is explained as due to slip of 
the gas at the surface, since the mean free path of its molecules has become com¬ 
parable with the size of the sphere, and one of Stokes’ basic assumptions is 
violated. Having considered the departure from his law with increasing 
Reynolds’ number it is now proposed to examine results in the other direction. 

Knudsen and Weber (1911) carried out expenments with glass spheres 
0-389 cm. radius, fixed to a suspended beam, by observing the dampmg of 
torsional oscillations in air. They worked from atmospheric pressure down to 
0-14 dynes/cm? and deduced an equation for slip correction the form of which 
has been retained by all subsequent experimenters: 

F=1 + exp (-ca//)]. .(7) 



Slip coirectioQ for motion m gases 


Here I is the mean free path of the gas molecules, a the sphere radius and A, B 
and c are constants. The slip factor F multiplies the Stokes’ law velocity to 
peld the true value. Their upper limit of Ija was 188. 

Millikan (1920) published his final values for these constants after experi¬ 
mental work on the electronic charge which extended over ten years. His range 
of l/a was from 0-5 to 134 and the experiments were described m 1923 (b). His 
value for A + B agreed with that of Knudsen and Weber within 1%, although 
derived from work with mmute oil drops falling freely through air. When the 
pressure is low {lja>2ff) the slip factor becomes equal to 
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Millikan considered (1923 a), from a review of capillary-tube experiments by 
Warburg and by Knudsen, that the coefficient of slip between glass and air was 
exceedingly close to that between oil and air. At higher pressures, although the 
total correction diminishes, the exponential term becomes important; under 
these conditions Knudsen and Weber found a smaller slip correction than 
Millikan, that is better agreement with Stokes’ law, and Millikan suggested this 
might be due to wall eflFect. 

Mattauch (1925) carried out work on rather similar lines to Millikan, usmg 
oil drops in nitrogen. His experiments extended only up to //a=5 and down to 
0-1. In the region immediately adjoining that in which Stokes’ law is vaUd, the 
slip factor reduces to 

l+Alja. 

Monch (1933) experimented with tobacco smoke, in this region only, and found 
the same value for A as did Mattaudi. 

In table 7 the constants determined by these observers are summarized. 
They have been worked out for the following definition of the mean free path: 

* 0-3502ac 

In the figure the function A+B esp (—cafl) is plotted for the constants of each 
experimenter. 

Table 7 


Author 

A 

B 

c 

A+B 

Knudsen and Weber 

0-772 

0-400 

1-63 

1-172 

Millikan 

0-864 

0-29 

1-25 

1-154 

Mattauch 

0-898 

0-312 

2-37 

1-210 

Mdnch 

0-90 





The derivation of a working equation from these results will now be discussed. 
Consider first the constant A ; this is important at low values of //a. There is 
agreement within 4% between Millikan, Mattauch and Mondi, but Knudsen 
and Weber are very low. Millikan, as mentioned above, gave grounds for 
suspecting their figure. In addition (1923 a) he derived a relationship between 
the constant A and a slip coefficient which could be measured by rotating-cylinder 
experiments, using hydrodynamic theory, at pressures where slip was small* 
Such experiments, by his associates, provide a good check on his oil-drop figures. 
Next, there exists no confirmation that the slip coefficient for tobacco-smoke 
particles m air is the same as for oil in air or nitrogen, which is assumed in com¬ 
paring the value of Monch with those of the others. Thus it seems advisable to 
average the values of A given by Millikan, Mattauch and Monch, giving double 
weight to that of the first-named. Elnudsen and Weber’s figure is rejected. 
This gives us 0-882. 

For high values of Ija we have only the data of Millikan and of Knudsen and 
Weber to consider, since Mattauch’s observations do not extend beyond Ija=5. 
These agree very well, and the average of their values of .4 +K is 1-163, givmg 
0-281. 
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It now remains to assign a value to the constant c, which is operative for 
mtermediate values of Ija, A single point on the graph will serve to define this, 
and the point (2,1-010) has been selected, this being the mean of the values of 
Millikan and Mattauch, approximately in the middle of the latter’s range of Z/a. 
Calculation then gives 1-57. 

Hence the following equation for the slip factor has been obtained: 

1 + ZMO-882+0-281^exp ( -1 -57 a/Z)].(8) 

The relevant part of this equation is shown on the graph for comparison with the 
figures of the workers from the results of whose labours it has been deduced. 

If the latest definition of the mean free path, due to Chapman and Enskog, 
is used, 

7_ 

0-499ac’ 

this transforms to 

F=lH-(Z/a)[l-257 + 0-400 exp (-1-lOa/Z)].(9) 

For experiments in air, equation (8) can be put into a convenient form free 
irom kmetic theory constants, since 

/)Z=7-16.10-^, 

where p is the pressure in cm. mercury. 

F-l+(10“^/pa)[6-32+2-01 exp (-.2190^^)]. ..(10) 

In using these equations it must be remembered that differences in the con¬ 
stants may occur owing to the conditions of reflection of gas molecules being 
governed by their own nature and by that of the surface of the sphere. Millikan 
(1923 a) gives a list of values of A for various interfaces and Epstein (1924) 
discusses the question theoretically. 
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§1. INTRODUCTION 


N early twenty-five years ago, when the present writer was preparing his 
paper “On a physical theory of stellar spectra” (Saha, 1921), he had the 
benefit of very sound advice from the late Professor Alfred Fowler, who 
allowed him to make free use of his (Powder’s) own unrivalled knowledge of 
spectroscopy and of stellar spectra. Fowler’s remarks on this theory, whicdi 
to my knowledge were never put in pnnt, may now be disclosed. “ The thermal 
lomzation theory”, he told me repeatedly, “accounts m a general way for the 
spectra of normal stars; but there are very important exceptions, e.g. the stars 
with peculiar spectra, the planetary nebulae ; even in the case of normal stars, 
the great strength of Balmer lines of hydrogen which persists throughout all stellar 
classes is a disquieting feature, and in the case of the sun, the peculiar behaviour 
of helium cannot, in my opinion, be accounted for by the thermal ionization 
theory at all 

During the past twenty-five years, many of these points raised by Fowler 
have been taken up by well-known workers : Darwin, R. H. Fowler and Milne, 
Zanstra, and others in this country, mostly on the theoretical side ; and by 
Russell, Bowen, Struve, Menzel, Payne, and their co-workers in the U.S.A., 
Unsold, Pannekoek, and other workers on the Continent. But the helium 
problem appears to have remained very much as it was twenty-five years ago. 
Briefly the problem is as foUow's : The Fraunhofer spectrum of the sun shows 
only the lines of such elements as have excitation potentials (energy values of 
the lower state) between zero and 10 volts ; in the chromospheric spectrum, 
the hnes of ionized elements are relatively stronger, but m no case, helium 
excepted, do we get lines of stronger excitation than 14 to IS volts (energy value 
of upper state). The lines of He do not occur at all in the norm^ Fraunhofer 
spectrum, except over disturbed regions, like penumbra of sunspots, but occur 
prominently in the flash spectrum up to heights of 7500 km. These lines have 
an excitation potential exceeding 20 volts; but the line of ionized helium A4686, 

j'=42i occurs as a prominent but low-level chromospheric line scarcely 

exceeding 2000 km. in height. This line has an excitation potential of about 
75 volts, and one fails to see how such high excitation can exist in the sun, and 
that too in the lower levels. 

The points were repeatedly urged by Professor A. Fowler, and were repeated 
by myself later on many occasions, and have also received attention from others. 


* For fuller details, see Saha (1942), 
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There are certain additional features regarding the occurrence of He lines. I 
it was Evershed who first drew attention to the fact that the chromospheric 
He lines tend to get famter and ultimately disappear towards the limb. The 
matter was confirmed by Pannekoek, and Minnaert (1928), and more fully by 
Perepelkm and Melnikov (1935). The findmgs of the later workers are repre¬ 
sented m table 1 and figure 1, taken from their works. 

Table 1 


Height 

(km.) 

E 

(erg/cm? sec ) 

Height 

(km) 

E 

(erg/cm^ see.) 

500 

39x10-* 


60 X10-* 

1000 

125 

4500 

29 

1500 

186 


12 

2000 

212 

5500 

4-3 

2500 

195 

6000 

1-3 

3000 

151 

6500 

0-3 

3500 

100 


0-1 


These results are inexplicable on the ionization theory, or any modification 
of it. For some time past I have been thinking of another explanation, which 
I hesitated to put forward on account of its radically heterodox nature. Allowing 
that He exists in some quantity in the solar atmosphere, it is clear that neither the 
ultra-violet radiation from the sun nor the thermal conditions existing on the 
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Figure 1 


surface of the photosphere is capable of exciting it to luminescence in the way 
we obtain in the sun. The suggestion regarding their origin is as follows :— 
First, suppose that a-particles are constantly being produced throughout the 
solar surface, as a result of some nuclear reaction, and hurled forth through the 
solar atmosphere. As they pass through the solar gases (mostly hydrogen), 
they go on lomzing these atoms by collision (as in J. J. Thomson’s theory of 
ionization by collision), and contmuously losing energy. When their energy 
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has sufficiently diminidied, they capture an electron in any orbit and become 
normal or exated He+. The excited He+ atom may radiate energy of which 

only A4686, and possibly the lines v=AR , are within observable range. 


The He+ atom moves forward along the original direction but it goes on losing 
energy, which is spent, as in the case of He++, in releasing electrons from atoms 
by collision. When its velocity of motion has sufficiently diminished, it may 
capture a second electron, and become a normal or excited He atom. The 
excited He atom gives us the high-level chromospheric He lines. 

This phenomenon of capture of electrons by a-particles to form He+ and He 
was discovered by Rutherford and Henderson (1923) while studying a-tracks in 
the cloud-chamber. The capture of the first electron begins to take place when 
the velocity of the a-particle has fallen to 2ca, where c is the velocity of light and 
a the Sommerfeld constant. It may be recalled that ca is the velocity of the 
electron moving in the first orbit of the H atom. Wehaveca=2-18 x 10®km./sec. 
We shall have frequently to express velocities in this paper in terms of ca. as 
unit in the form V=sca, where s is a numerical coefficient. In the cloud- 
chamber, when the a-particle starts to move, it does so with a velocity of the 
order of 9ca (for a-particles of range 11 cm. from Th C"). It goes on producing 
electrons by collision, and thus gradually loses energy. When the last centimetre 
is reached, and its velocity has reached 2ca, corresponding to an energy of 1 x 10® 
volts, and range of about 0 46 cm., the a-particle begins to capture electrons 
to an appreciable degree. 

But He+ which is formed by the capture of an electron may again lose this 
electron by collision with atoms, and agam become He++ or a-particle. In fact 
Rutherford (1924) showed that this alternate loss and capture of electrons may 
occur thousands of times within the last millimetre of the range of the a-particle, 
but all the time the velocity of the a-particle or of He+ is falling, and whei4 it 
reaches osica, He+ may capture a second electron from cloud-chamber gases and 
become He. But this may be again ionized to He+, until ultimately we get He, 
and the track terminates. 

A mathematical theory of this effect has been worked out by Oppenheimer 
(1928) and by Kramers and Brinkmann (1930), and applied by Jacobsen (1935) 
for explaining the velocity-range phenomenon in the experiments of Rutherford 
and Henderson, and also in his own experiments. 

The suggestion regarding the occurrence of He+ and He lines is equivalent 
to saying that the cloud-chamber phenomena described here occur on the sun 
on a gigantic scale, but the a-particles are due not to natural radioactive bodies 
but to some reaction taking place on the solar surface. In the cloud-chamber, 
some of the a-particles must be capturing electrons in excited orbits, but we 
cannot observe emission of the characteristic lines of He, owing to their feebleness. 
The same is true of the capture of electrons from atoms by He+. But in the sun 
the captures are sufficiently numerous and the lines emitted are strong enough 
to be observed in the flash. The explanation accounts in a satisfactory manner, 
at least qualitatively, for the occurrence of A4686 in some strength m the lower 
chromosphere (up to a height of 2000 km.), and of the occurrence of He lines in 
the higher chromosphere up to heights of 7500 km., and also their tendency to 
disappear towards the limb. 
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There is only one apparent difiScuIty in this hypothesis of the origin of He+ 
and He lines on the sun. According to laboratory observations so far available, 
the capture of the electron by He++ begins to take place when V cai2ca, and of 
the second electron by He+ when Fc^ca. The He atoms in the sun ought 
therefore to be in motion with velocities of this order. But this is not apparently 
observed, though the He lines are actually found broad. The explanation is 
probably to be found in the fact that a-particles originate below the reversing 
layer, and by the time they come out of this region they have dissipated most 
of their energy in the process of ionizing other particles by collision. 

If these suggestions stand cnticism, it should be possible for us to calculate 
the intensity of ultra-violet emission from the sun due to He+ and He, and estimate 
their relative importance in promoting ionization of the earth’s upper 
atmosphere. 

Alpha-particles are produced in many nuclear reactions, and at this stage 
it is needless to look for any particular reaction which may be mainly respon¬ 
sible for its production on the solar surface. The question is whetner a-particles 
on such vast scales can be produced on the surface of the sun. If so, what is 
the subsequent fate of these particles ? Do they sink deep, get doubly ionized 
in the interior, and contribute to restoring the a-particle balance of the interior 
of the sun ? These questions may stand for the moment. 

It is also worthy of notice that though the visible lines of He are not usually 
found in the Fraunhofer spectrum, Babcock (1934) records A10830, which is 
IsZs®!?—ls2^®P as a faint absorption line in the infra-red part of the Frauen- 
hofer spectrum. This line requires for its production as absorption line some 
accumulation of He in the Ir 2s state, which is metastable. This indicates that 
He exists in some strength in the reversing layer in the normal If® and If 2f 
states, but not in the If 2p or any higher state. The finding is not, m my 
opimon, antagonistic to the h]q>othesis of formation of He m the solar atmosphere 
out of a-particles. 

It IS obvious that the hydrogen atmosphere of the sun may also originate, 
at least partly, in the same way, for the proton is also a most frequent product 
of nuclear reactions. But a hydrogen atom once formed by the capture of an 
electron by the proton in the first or, better, in the second orbit can be sustained 
by radiation pressure, so its career should be fundamentally different from that 
of the He atom. 

It IS the belief of the present author that many outstanding problems of the 
solar and stellar atmospheres, such as prominences, spots, fiares givmg rise 
to radio fade-outs, may find their explanation in nuclear reactions tabng place 
more vigorously on limited parts of the surface. It is quite probable that nuclear 
reactions of the type considered take place more vigorously in the interior, as 
shown by Bethe (1939) and Gamow (1939), but the probabihty of their occurrence 
on the surface on a reduced scale cannot be excluded. For example, it has been 
fotmd that the He line A5876 occurs as an absorption line in the neighbourhood of 
disturbed areas, namely, penumbrae of spots. Probably nuclear reactions pro¬ 
ducing particles are the cause of formation of such disturbed regions, and reactions 
are much more vigorous than on the normal surface, and a temporary He 
atmosphere sufficient to give us in absorption may be formed in these regions. 
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§2. THE PROBLEM OF THE SOLAR CORONA 
Extraordinary interest, in spite of the war, has been aroused in recent years 
in the problems of the outermost part of the solar atmosphere (inner and outer 
corona) by the work of Edlen (1942) on the identification of coronium lines. The 
story of this identification has been told by Russell (1941), by Swings (1943), 
and by Edlen himself in an exhaustive memoir (1942), and need not be repeated 
here. It appears to have been conclusively proved that most of the coronal 
lines are due to atoms of Fe, Ni and Ca which have lost a large number of their 
outer electrons, sometimes amounting to as many as fifteen or sixteen. The 
details of this identification, as far as required for our purpose, are given in 
table 2. 

Table 2* 


Wave-length 

(A.) 

Intensity 

Identification 

Ionization 

potentia] 

(ev.) 

Grotr*an 

Lyot 

Ion 

Transition 

3328-1 

1 0 


Ca XII 


589 

3388*10 

16 


Fe XIII 


325 

3454-13 

2-3 



• 


3600 97 

2-1 


Ni XVI 


455 

3642 87 



Ni XIII 


350 

3800-77 






3986-88 

0-7 


Fe XI 


261 

4086-29 

1-0 


Ca XIII 

»P,-»Pi 

655 


2-6 


Ni XII 

^P»I^Pxi, 

318 







4359 






4567 

1-1 





5116-03 

4-3 

2-6 

Ni XIII 

»P8-»Pl 

350 

5302-86 

100 

120 

Fexiv 

*Pi'r^P,l, 

355 

5694 42 


1-5 




6374-51 

8-1 

28 

Fe X 


233 

6701-83 

5-4 

3-3 

Ni XV 

»P«-^P, 

422 

7059-62 


4 




7891-94 


29 

Fe XI 

^Pf^Pi 

261 

8024-21 


1 3 

Ni XV 

*Pi-»Pa 

■ 422 

10746-80 


240 

Fe XIII 

’P„-»Px 

325 

10797-95 


150 

Fe xni 

*Px-*P* 

325 


* Taken from an article by Swm(»s (1943). 


As there appears to be no way of denying the accuracy of the identification, 
the astrophysicist is faced with a number of problems ot a unique type, which may 
be enumerated as follows : 

(1) What is the physical process giving rise to such highly charged ions ? 

(2) How can these highly charged ions, once produced, maintain their charge 
in the solar atmosphere ? 

(3) To explain the other characteristics of these lines noted by Lyot (1939) 

and in the eclipse expeditions, namely, the great breadth of these lines 
towards their base, sometimes amounting to 1 a., which gradually 
diminishes outwards, the intensity variations of these lines, etc., along 
with phases of solar activity. 

PHYS. SOC. LVII, 4 
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These may be called “ Coromumproblems”, in contrast to the second set of 
problems now to be discussed which may be called the “ Corona problems 
The two sets of problems must be discussed together as they are complementary. 
The coronium lines are found to occur in the “Inner corona”—^which extends 
from beyond the top of the chromosphere (height, 14,000 km.), sometimes to a 
distance of about 10' (4 4 x 10® km.) from the photosphere • The inner corona 
shows besides the coromum lines, a contmuous spectrum, which, though nearly a 
million tunes famter, is of the same type as the photospheric spectrum, but with 
the Fraunhofer lines blurred out. In the outer corona, however, the coronium 
lines disappear, but the Fraunhofer lines reappear m its continuous spectrum. 

The continuous spectrum of the corona has received attention from a number 
of workers, namely, Minnaert (1930), Grotrian (1933,1934), and several others. 
They have proved that it is due to the Rayleigh scattering of photosphenc light 
by an atmosphere of electrons as suggested by Schwarzschild nearly thirty years 
ago. From the variation of intensity of the coronal hght with distance from the 
photosphere, it is possible to estimate the electron density at different heights, 
and the figures for a mean corona are reproduced m table 3. 


Table 3 Electron density at various heights in the corona* 


h 

(minutes of arc) 

N 

h 

(minutes of arc) 

N 

0 00 

4 58x10" 

22-4 

1 •79x10* 

048 

3*11 

25 6 

1 35 

()•% 

, 2 29 

28 8 

1 10 

1 6 

1 56 

32-0 

9 13xl0« 

3 2 

7 04x10’ 

40 0 

6-32 

4-8 

3 84 

48-0 

5-12 

6-4 

2 38 

64-0 

3-81 

9 6 

1 11 

80 0 

2-49 

12 8 

0 13xl0» 

112'0 

t 1 63 

16-0 

3 73 

144 0 

MO 

19 2 

2 50 


1 


* Taken from Unsold’s Stematnio^hare, 1939, chap 17 

The great difficulty has been to find the source of the electrons constituting 
the corona. They cannot anse from thermal or photoelectric lomzation of. olar 
atoms, as we have then to postulate in coronal heights the existence of a com¬ 
parable concentration of atoms and ions, which is impossible on dynamical 
grounds The best hypothesis appears to be that of Minnaert (1930), and may 
be given in his own words : “ Anderson (1926) has shown tliat the corona cannot 
be in equilibrium if the ordinary physical laws are valid. Instead of assuming, 
as he does, that very hypothetical laws must be applied, we may attempt to 
account for the corona by assuming that it really is not in equihbnum, and that 
Its particles are continuously being projected towards space.” 

According to Grotrian (1934), the continuous spectrum of the scattered rediation 
from the inner corona shows depressions in regions corresponding to chief Fraun- 
Jiofer absorption lines, but amounting in width to about 100 A., but the hues 
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reappear in the outer corona. He sought to explain the first observation by the 
hypothesis that the electrons in the inner corona are moving outwards with 
velocities of the order of 4000 km./sec. According to Moore (1934), the velocity 
of the coronal streamers (electrons) amounts to 20 to 30 km./sec. These 
figures probably refer to the outer corona. 

Many investigators, including Edlen himself, have sought to explain the 
occurrence of coronium lines on a temperature basis. The arguments are 
two-fold : 

(1) The coronal lines are, according to measurements of Lyot, quite broad, 
of the order of 1 a., and if the width be due to Maxwellian motion of the emitting 
particles, the temperature ought to be 2*34 x 10®° c. This temperature is sufficient 
to produce the required amount of ionization of the Fe and other atoms. 

It is, however, difficult to think of any physical mechanism by which such 
high temperatures can be produced all over the outer layers of the sun. Tem¬ 
perature” always means some equilibrium condition, and possibly a small black- 
body, placed at the coronal heights, would not show a higher temperature than 
3000 to 4000° c. We may, however, have high local temperatures over limited 
regions, as in the case of a rocket burst in our own atmosphere, where we may have 
a small region around the rocket in which very high temperatures prevail for a 
short period of time. Several workers have hinted that the production of highly 
stripped iron, nickel and calcium ions responsible for the emission of coromum 
lines may be due to the bombardment of the solar atmosphere by meteoric matter 
in the way imagined by Lindemann and Dobson for explaining meteonc flashes 
in the earth’s atmosphere. But the essence of the Lindemann-Dobson theory 
is that the meteor, striking the earth’s atmosphere with a velocity ranging between 
7and 26 km., drives before it the whole column of air in its path, which is heated 
by adiabatic compression to a temperature sufficient to bring meteoric matter 
to luminescence. Lindemann and Dobson found that the gas pressure at the 
heights where the meteor strikes should be far larger than could be concluded 
from meteorological considerations. In the sun, the meteoric matter would fall 
with a velocity of 622 km./sec., but would probably get vaporized long before it 
reached the chromosphere, and even if some fragments escaped vaporization, the 
amount of matter in its path would be far too small for production of high tem¬ 
peratures according to the Lindemann-Dobson process. For the meteoric 
matter which vaporized, the atoms would be rushing with velocities of the order of 
622 km./sec. into the solar atmosphere. The effect on these atoms may be 
obtained by supposing them to remain at rest, and allowing the solar atoms to 
rush past them with velocities of the order of 622 km./sec. As far as free and 
bound electrons are concerned, this is equivalent to bombarding the atoms with 
electrons having an energy of :^10 volts, which is not suflScient even to tear the 
outermost electrons from the meteoric atom. As far as the nuclei of solar atoms 
are concerned, we need take only H nuclei. Their energy is of the order of 
5000 volts, and such particles can tear out only one or two outer electrons at each 
encounter. The meteoric atoms can be deprived of 10 to 14 electrons only 
when they plunge very deep into the sun, but not at coronal heights. Further, 
Waldmeier (1938) has shown that the contour of the width curve of the coronal 
hnes as found by Lyot can also be explained on the supposition that the emitters 
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of coronal lines are streaming outwards or inwards with a velocity of 60 km./sec. 
Lyot (1934) has further found that the width is largest when the emitters are 
nearest the sun’s limb, and becomes narrower as the height mcreases. This, 
combined with Waldmeier’s suggestion, shows that the emitters of coronal lines 
are streammg out of the sun with velocities which go on diminishing as greater 
heights are reached. The meteoric flash theory is not therefore sufficient to 
explain either the high ionization or the increasing width of coronal lines towards 
the solar hmb, as actually found by Lyot and Waldmeier (1944). 

The writer (Saha, 1942) has ventured to suggest that the Fe and other ions 
responsible for the emission of the coronium lines are due to some nuclear process 



Fifi:ure 2 

identical with or akin to that of nuclear fission, discovered by Hahn and Strasse- 
mann in 1939. The story of this discovery may be read in several e yri>l]<»rit 
reports on the subject (Livingston, 1941; Walke, 1941), but the facts necessary 
for astrophysical purpose may be briefly descnbed. It was found by Hahn 
and Strassemann that when heavy nuclei like ®®®U, ®®®Th, ®®*Pa are 

bombarded by neutrons, fast or slow, they break up according to the scheme 
(for a3«U) (figure 2): 

and are nuclei havmg respectively the charge numbers x and y, and 
mass-numbers Mj, ; Z is the number of neutrons, generally 3 or 4, which 
evaporate in the process (Szilard and Zinn, 1942); (Q is the energy evolved in 
the process. 

*+>> = 92, Mi + Ma=236-Z. 
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The A products have been found to have x varying from 46 to 60, the B 
products have y varying from 35 to 46. The reaction is exothermic, as can be 
seen from mass relationships, and Q is r:i:200 mev. for binary fission, and it is dis¬ 
tributed, according to the law of conservation of energy and momentum, between 
A and B, A receiving and B receiving + M 2 ) “ Qb^ 

respectively. 

Neither the A nor the B products are stable on account of the high proportion 
of neutrons, but each has to emit 3 or 4 jS-rays successively, till they are reduced 
to stable forms, as might be illustrated m the chain processes 


A 1 

1 Xe—► 

j8 Cs-^ 

j8 Ba-> 

jSLa-^ 

jS Ce (stable) 

II 

1 54 

55 

56 

57 

58 



15“ 

33“ 

300’' 


B 1 

Sr-^ 

J3Y-- 


jS Nlw 

P Mo (stable) 

= 91 J 

' 38 

39 

40 

41 

42 



8^ 

38“ 

17h 

75“ 


The fission process is beautifully illustrated in the Wilson-chamber photo¬ 
graphs taken by Corson and Thornton (1939), Bdggild et aL (1941) in Prof. 
Bohr^s laboratory before Denmark was invaded. 

What IS important for our purpose is the high energy with which the 
fission fragments are thrown out in the reaction. To take an example : If 
«=54, Afi==141, j=38, ^2 = 91, Z==4, we have SOmev and 0 b— 120mev 
The velocities corresponding to these energies are FACs£4-7ca, F'B:^7 1ca. 
These velocities are much larger than the orbital velocity not only of the outer 
electrons of the stable products, but also of many of their inner electrons. Bohr 
(1941), Knipps and Teller (1941) and Lamb (1941) have pointed out that as 
soon as the fission fragments are produced in any medium, they lose most of 
their outer electrons and can retam only those of their mner electrons whose 
orbital velocities are larger than, or comparable to, their own velocity. The 
fission particles therefore start as heavily ionized ones bereft of a large number 
of their outer electrons, and Bohr and Wheeler (1939) quote a Russian worker, 
Perlov (?), as having expenmentally proved that the charge may be as high as 20. 

The presence of Fe or Ni amongst the fission fragments has not yet been 
reported with definiteness, but considerations of energy and probability do not 
rule them out. Nishina and his co-workers (1939) have shown that the proba¬ 
bility of a sy^mmetric fission in which one fragment is much larger than the other 
increases with the energy of the bombarding neutrons. Further, ternary and 
quartemary fission are allowed by considerations of energy and probability, 
and Q m some cases may be as high as 250 mev., which is larger than the 200 mev 
maximum energy evolved m the bmary fission process. It may be supposed that 
as a result of either of such processes taking place m the sun, smaller fragments 
are produced which, after a number of ^-emissions, ultimately stabilize as nuclei 
of elements from Ca to Ni and are emitted with energies of the order of 60 mev. 
It is gratifying to note that after the writer had postulated such a process for the 
origin of coronal emitters, ternary and quarternary fissions were reported by 
Lark-Horowitz (1941) and theoretically treated by Present (1941). 
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It can be shown that if one of the heavy fission-elements undergoes a ternary 
or a quaternary fission, the fragments, after a number of )8-emissions, will be 
elements from Ca to Ni (the limit on both sides is rather elastic), and they will 
be emitted with anenergyof approximately 60 mev., i e., in the case of Fe atoms 
with a velocity of 6 4 ca. Let us now turn to table 4, which shows the velocity 


Table 4 * Stripped iron ions and their electron structure, etc 


Ion 

Electron 


Value ot 
the lowest 

/IP 3, 

Remarks. 



V 13 54 n 

structure 

B 

terms 
in volts 




wFei 


*Z)* 

7 83 

0 76 


Fell 

ZdHs 


16 5 

MO 

Forbidden lines found 





in 7] Carmae. Bowen 
(1936). 


Fe III 

.3d^ 


30 48 

1 SO 


Fe IV 

3d^ 

•s 

56-8 

2‘05 


Fe V 

3d* 

‘Do 


(2-37)1- 

Bowen (1940) gives 






metastable Imes found 
m nebulae D Kundu 
thinks that some of 
these lines may occur 
in the corona 

Fe VI 

..3d* 



(2-69) I 

if tf 

Fe VII 

..3d^ 

■ip 


C3-01) i 

if St 

Fe VIII 

..3d 


150 4 

3 33 

= 1875 cm"^ 






No metastable Ime 
available. 

Fe IX 

..3p* 


233 5 

4-15 

No metastable state. 

Fe X 

..3p^ 


261 

4-39 

A 6374-75 

Fe XI 

..3p* 

sp 

288 9 

4'62 

A 7892. 

Fe xn 

..3p^ 

*s 

320 

^4-91) 

Has no metastable line 






in the available range 

Fe xin 

..3p^ 


346 

(5-06) ^ 

10746-80. 

10797 95 

Fe XIV 

..3p 

op 

373 

5 25 

A5303*Pi/2-*P8/a 

Fe XV 

..35* 


454 

5-79 

No metastable state. 

Fe XVI 

• .35 

‘■Sx/o 

487 

5-99 

» » 

Fe XVII 

..2p* 

*5. 

1259 7 

9-65 

>» »> 


* Reproduced from the author’s paper, “ On a physical theory ot the solar corona”, Rroc. 
Nat Irat Sa. 8, 99 (1942). 

t Parentheses ( ) denote that the value is extrapolated 


of the outermost electrons of iron, and its ions. We find that the 2 p-electron 
of Fe XVII has a velocity of 9-6 ca. This will therefore be retained, but if we 
take Fe xvi, the 3r-electron is found to have a velocity of 6 ca. We can therefore 
conclude that in a fission process of the type envisaged here, occurring in the 
reversing layer, the iron atoms which normally have the electron composition 
Is® 2s® 2p® 3s® 3p® 3if* 4s* will have lost the outer 15 electrons, namely, 
3s 3p* 3<f® 4s®, and will start as Fe xvi with the electron composition 
Is® 2s® 2p* 3s. It will now be interesting to follow the physical processes to 
which such a highly charged ion produced anywhere in the sun can give rise, as it 
passes through the solar atmosphere. These are : 
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(a) lomzatum by colksixm. The ion goes on knocking electrons and nuclei 
from the atoms which xt encounters m its way, just as an a-particle does when it 
IS projected in a cloud-chamber. In this process, the ion continuously loses 
energy, and it is possible to calculate its range with the aid of the Bohr-Bethe 
formula (1936), provided we assume that the solar atmosphere consists mainly 
of H atoms with few C and N atoms (as given by Menzel). The range is found 
on certain plausible assumptions to be i?H—1'31 x 10®^ H atoms/cm? for Fexvi 
projected with a velocity of 6*4 ca. 

We can draw very important conclusions from this calculation. Nuclear 
processes giving rise to Fexvi, or similar highly charged iron or other ions 
may occur throughout the whole solar tntertor, but most of such particles have 
no chance of ever passing out of the solar atmosphere. Most of them will stop 
dead earlier. If the number of H-particles m the reversmg layer is taken to 
be l*8xl0®®/cm? (Unsold, 1939), is far less than this number, agd it is 
obvious that only those fission particles which are produced rather high up in 
the “ reversing layer” have a chance of escaping through the chromosphere and 
emerging mto the inner corona. 

(&) Posstbikty of the further loss of an electron by the ton. The Fe ion may 
Itself lose a further electron by collision with atoms, but the probability of this 
event vanishes when the velocity of the ion reaches a certain limiting value For 
the solar atmosphere, the limitmg velocity, under certain plausible assumptions, 
is where z is the net charge on the ion. The Fe xvi ion cannot 

therefore lose any further electron. 

(c) Capture of electrons by the ion. The Fe xvi may capture an electron from 
any one of the atoms in its path, or even a free electron, and become Fexv : 
lf®25*2p®3j® (normal) or 3r»x, where nx is s. higher orbit. The probability 
of the capture at first increases as the velocity of the ion diminishes. When 
the capture is in an excited orbit, the iron is expected to execute one or more 
quantum transpositions, emitting x rays, and ultimately we shall have normal 
Fexv. This has no metastable levels, so no visible radiation can be emitted 
by Fexv. 

The Fe rv ion will now pass through the same career as Fe xvi, but the 
electron composition of the next ion formed is If® 2f® 2p® 3 j* 3p, and hence 
we have two metastable levels, 1/2 andThe strong coronal Ime A 5303 
is due to the forbidden transition The emission of A 5303 neces¬ 

sarily indicates that some amount of x radiation due to the allowed transition 
3f® «»-»-3f® 3p, AcaiSOA., is also being emitted. The capture can take place at. 
all velocities of Fexv, from f=6 down to f=0, but the formula of Bnnkmann 
and Kramers has been worked out only for capture in S'-orbits and for high 
velocities of the ion. It has still to be worked out for small f and for capture m 
p-orbits; hence at this stage it is not possible to give any quantitative estimate. 
The next ions from Fexiii to FeX are all formed by successive capture of 
electrons from the solar atoms or of free electrons in the solar atmosphere, and 
thus the 3p®-shell is formed («=1 to 5), which gives us the coronal radiation 
given in table 2. 

The possibility of any one of the Fexiv to Fex ions emerging out of the 
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chromosphere to the coronal heights therefore depends upon : (i) the probability 
of a fission of the type mentioned above taking place m the sun, (xi) the region 
where the fission takes place. Bohr and Wheeler (1940) have shown that only 
heavy nuclei like 2a*U, ®®^Th, 22®Pa are capable of fission These can 

occur m the solar interior as well as in the reversing layer, but ions formed m the 
Interior are stopped dead earlier, and only such as originate in the reversmg layer 
can escape to coronal heights. The ongin of the coronium emitters is therefore 
to be found in the upper part of the reversing layer. 

At this stage some df the probable doubts and objections m the mind of the 
reader may be anticipated . 

(1) Have we in the sun’s atmosphere or interior sufficient U or Th atoms, 
which alone have been shown by Bohr and Wheeler (1939) to be capable of fission 
by neutron-bombardment ? 

U hafe not yet been traced m the sun, probably owing to the extreme complexity 
of its spectrum But the presence of lines of smgly-ionized Th has recently been 
definitely established by Moore and Babcock (1943). 

(2) Why should we get only Fe, Ni and Ca in the corona, and not any of the 
contiguous elements, say Co, Mn, or Cu, A or K ? 

An investigation earned out by D. Kundu (1942) at Calcutta shows that Fe, 
Ni and Ca are spectroscopically better suited for identification than any other 
elements in this group excepting Co. But Co is probably respresented by a 
faint line m the corona, A43S9, which Kundu attnbutes to Co xv. Subsequently, 
through the courtesy of che Astronomer Royal of England, the writer has been 
able to have access to a copy of Edlen’s paper (1942) in which the same opinion 
has been expressed. 

But even if Co, Mn and other elements of the group are subsequently found 
to be represented by some of the fainter coronal lines not yet identified, it is clear 
that these elements are represented far less strongly than Fe, Ni and Co. Edlen 
has tried to connect the phenomenon with the so-called cosmic frequency of 
elements. But probably the real reason is that in a nuclear process there is a 
greater probabihty of the occurrence of even-numbered atomic elements than of 
odd-numbered ones. Each one of the former is represented by four or more 
isotopes, but the latter generally (for example, Sc, V, Mn and Co) by a single 
isotope. There is, therefore, a greater chance of fission products ultimately 
transforming themselves after jff-emissions to Fe, Ni and Ca th an to Co, Mn 
and Sc. 

(3) Why do we not observe the forbidden lines of Fe ions from Feix to 
Fell, and of the corresponding ions of Ni, amongst the coronium-lines ? 

Fe IX has no metastable state and Fe viii has the composition Is* 2s* 
2p« 3s® 3jp« 3d. The (3d separation is too small to give a hne in 

the visible range. Some of the forbidden lines of Fevii to Fein having the 
composition of 3d'® have been traced by Bowen in the nebulae, and of Fell in 
7] Carinse, and by Merrill (1943) m BF C^gni and other stars; Kundu thinks, too, 
that some forbidden lines of Fev can be identified with fain ter, doubtful lines 
in the solar corona. But these doubtful Imes require further investigation, both 
as regards wave-lei^th measurements and identification. 
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It is clear that even if subsequent investigations prove that the forbidden lines 
of the 3i®-coinplex (Feviii to Feu) occur in the corona, they would prove 
to be extremely faint compared to tlxe forbidden lines of the combination. 
This may be due partly to the fact that the probability of capture of an electron 
in a d-orbit is far smaller than that in a p-orbit. Exact calculations are difficult 
and are being carried out, but the findmg is questionable. 

The complete establishment of these ideas will require a colossal amount of 
experimental and theoretical investigations, the nature of which is clearly mdi- 
cated in the text- But the value of the hypothesis can also be assessed from a 
discussion of its bearing on the associated problems of the solar corona mentioned 
earlier. 

If the considerations presented here regarding the origin of emitters of coro- 
mum lines prove to be correct, it as obvious that the electrons constituting the 
inner and outer corona are simply the S«rays liberated by the coronium-emitters 
(Fe XIV and others) from H and other atoms in the upper reversing layer, and 
the chromosphere m the process of ionization by collision as these highly charged 
emitters of coromum lines pass through the solar atmosphere. The velocity 
of these electrons is given by the relation cos where V is the velocity 

of the ion and ^ the angle between the direction of emission of the S-electron 
with the original direction of motion of the ion. It is clear that 
and may have as high values as 2ca. The swifter electrons are mostly emitted 
inside the reversing layer and inside the chromosphere, and will be able to 
escape with velocities of the order 2col ; they probably constitute the electron 
atmosphere which we know as the corona. The theory has evidently to be further 
worked out to yield more details about the corona. 

The coronal problems are almost unique in astrophysics, because if we leave 
out the sun, the coronal lines are not observed in the very wide range of astro- 
physical phenonomena ; neither in spectra of normal or peculiar stars, nor in 
those of novae or supemovae, except in the sohtary case of recurrent novae 
(RS Ophiuchi), as was discovered by Adams and Joy (1933), and confirmed by 
Swings and Struve (1943). But it is inconceivable to think that the sun should 
be a solitary exception. Probably the same physical processes which give rise 
to coronal lines are occurring everywhere, but the scale, compared with those of 
ordinary stellar emission, is far too low for the lines to be observable. We 
are able to observe them on the sun merely on account of our proximity to this 
star, and that only on special occasions (time of total eclipse) or by special devices 
(Lyot). 

Is it possible to give more definiteness to the question of the scale of coronal 
emission compared to those of ordinary photospheric or chromospheric emis¬ 
sions ? The photosphere emits 1500 cal./sec. per cm? of its area, the chromo¬ 
spheric emissions m Ha come to about ^ of the corresponding photospheric 
emission in Ha, and according to estimates of Lyot, the coronal emission in the 
green Ime is of the order of 10^ A. of the corresponding photospheric emission. 

The ideas presented in this lecture may be compared with those of Rosse- 
land(1934):— 

“ Considering, for instance, the most familiar case, that of the sim, it is sur¬ 
prising how few theories are of such an obvious character as to deserve umreserved 
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applause It will probabty be admitted generally that the mterpretation of the 
origin of Fraunhofer lines is now so far advanced that a revision of fundamental 
prmciples may be unnecessary m this field. Proceeding a little further to the 
mterpretation of spectroheliograms, the ground is already getting considerably 
more msecure. And when we proceed still further, we meet the enigmas of the 
sunspots, the prominences, the chromosphere, and the corona, none of which 
can at present be said to be understood, even in the most hberal interpretation 
of the term. 

“ The enigmatic character of these phenomena is not so much concerned with 
the generally admitted fact that we do not understand their common cause, which 
underhes solar activity as a whole. It is more that we do not know how to 
interpret the individual manifestations m an intelligible manner We know of 
no simple mechamsm at present accordmg to which magnetic fields of the magni¬ 
tude observed m sunspots could be generated The motion of prominences is 
recognized as quite different from any motion which could be produced by the 
combmed action of gravitation and electromagnetic forces on a mass of gas in a 
vacuum, and the agglomeration of matter m the corona surpasses by bilhons the 
amount to be expected .on any simple hydrostatic theory. These vanous facts 
have stimulated speculation to the breaking point, it bemg even suggested that 
here we witness our recognized physical laws set at naught by nature herself 
Although these speculations are not likely to be taken very seriously by the 
experienced physicist, they bung out forcibly the unsatisfactory state of solar 
theory today.” 

Rosseland’s view m 1934 was * “Chromosphere, corona ^d prominences 
would m that case form a complex of dynamic phenomena, the theory of which 
must be based on considerations of the expansive motion of matter moving away 
from the sun m a more or less radial direction. It does not follow, of course, 
that all matter m a streamer is moving with the same velocity.” 

Rosseland concludes : “ Though we definitely do not know the nature of these 
primary particles, the existence of which'is mdicated by general arguments, there 
are reasons to beheve that they are electrically charged.” 

Rosseland has considered the equihbrium( ?) of the electnfied atmosphere, 
but the physical factors mtroduced (for example, resistance to the motion of 
positively and negatively charged particles) are of a vague character. Probably 
the ideas introduced here will impart definiteness to these factors. 

The idea of temperature-equihbrium can be apphed to the photosphere and 
the reversing layer, and that, too, very approximately. The general chromo- 
sphenc phenomena and other associated ones like prommences are probably 
partly due to temperature, partly to radiation pressure, and probably nuclear 
reactions givmg rise to a-particles and protons play some part. The coronal 
phenomena are of a different type—arising from a process akin to or identical with 
fission, and they are just like rocket-bursts m our atmosphere. The three types 
of phenomena intermix and produce a comphcated picture. 

The author had the pnvilege of discussing the theory of the corona given here 
with Professor Dirac dunng a short visit to Cambridge. Dirac made the most 
interesting suggestion that the j3-rays emitted by the fission products may turn 
out to be the high-eneigy electrons which are wanted for explaining auroral 
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phenomena. For it is well known that Stormer’s theory of the aurora has not 
been able to explain why the zone of maximum frequency of the aurora is at a 
distance of 22° from the magnetic poles (see Hewson, 1937). This proves 
that the corpuscular rays responsible for the auroral phenomena cannot be photo- 
electrons, or even j8-rays of moderate energy. They can be either jff-rays of 
energy of the order of 5 to 10 meV., or a-particles, but the last possibility is 
generally ruled out on other grounds. The )S-rays expected to be given out by 
fission products have the requisite energy, but there are other factors, and the 
problem may be left at this stage. 

This article was prepared in course of the author’s tour through England 
and U.S.A., m 194^1945 on a Government of India Mission, and he had the 
pleasure of discussing its contents with many friends, to whom his grateful 
acknowledgments are due. He is particularly indebted to Dr. J. A. Fleming, 
director of the Geophysical Institute, Washmgton, D.C.,and Mr. Allan Shapley 
for unstinted help in the final preparation of the manuscript. 
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ON TRACING RAYS THROUGH AN OPTICAL 

SYSTEM 

(Fifth paper) 

By T. SMITH, F.R.S. 

(Communication from the National Physical Laboratory) 

MS. recaved 23 Fdmucry 1945 

ABSTRACT An iterative method of tracmg rays through an optical system which is 
suitable for operation by a fully automatic recording machine is described The rays 
may be axial or skew, and the surfaces of any rotationally symmetncal form suitable for 
optical n orking The relation of this method to earlier schemes and the advantages to be 
gained by successive approximations are considered. 


F rom time to time experiments have been made at the National Physical 
Laboratory on methods of tracmg smgle rays and pencils of rays through 
a series of lenses. It has been assumed that a calculatmg machine would 
be employed instead of tables of loganthms, and for this and other reasons the 
methods have differed from those described m Conrady’s Applied Optics, which, 
it is believed, are still used to a considerable extent in the optical mdustry. An 
examination of the four earlier papers bearing the same title as the present note 
(Smith, 1915, 1918, 1920, 1921) will show that much of the ongmal structure 
has been retamed (though the notation has changed), but that some modifications 
have tended consistently m a definite direction. For example, the first paper 
gives formulae for paraxial rays, general skew rays, and the foci of sagittal pencils, 
which exemplify applications of the matrix formula 





( 1 ) 


to a system of n retracting surfaces. In this equation Ap represents a power 
associated with surface p and --Dp the equivalent distance between surfaces p 
and 4 * 1, i.e. the distance measured along the ray between these surfaces divided 
by the refractive index of the correspondmg medium. The -4, -B, C, D on the 
left are well-known functions which determine the properties of the complete 
optical train. In the second paper the foci of tangential pencils are obtained by 
a slight generalization of the factors representing single refractions. The factor 



is replaced by 



where BpCp — 1. It will be seen that in all 




Tracing rays through an optical system 


287 


cases the identic 

BC-AD=^l 

is satisfied. These formulae are still employed, and it is difficult, to see how they 
can be simplified. They may be varied (Smith, 1930) to an almost unlimited 
^ent without losing their main properties, and they lend themselves admirably 
to the rapid solution of problems which must be frequently encountered in 
industrial practice. 

In some applications the values to be inserted in the elementary matrix 
factors are not known initially; they will be known when a preliminary calcula¬ 
tion, which IS usually considered the ray-tracing proper, has been made. 

It is in this preliminary stage that a definite line of evolution is apparent. 
In the original scheme the variables* defining the position of a ray were the 
angle t(i it made with the axis of S3munetry of the instrument and the length h of 
the perpendicular to the ray from the centre of curvature of the refrying surface, 
which was assumed to be spherical. If is the refractive index and <f> the angle 
between the ray and the normal, the equations used were 

ljJi=pfh\ 
sin <f>=hR, 
sm4>'=h'R, 

where accents are applied to s 3 rmbols relating to the refracted ray and R is the 
curvature of the surface. At the following surface the first perpendicular is 
A'+ a sin where a is the distance along the axis between the two centres of 
curvature. As systems are usually specified by radii of curvature (r) and axial 
distances (t) betiveen successive surfaces, a is calculated from 

a=i-r+r'. 

This computing scheme is not without merits. It is simple to understand 
and to operate. Some common superfluous operations, such as fin ding the 
point of intersection of a ray with the axis after each refraction, are avoided. 
But experience suggested that improvements could be made in two respects. 
To obtain the greatest accuracy in calculations when only a small number of 
significant figures is retained, and particularly to obtain reliable differences 
between a number of calculations of the same type on the same system, the 
quantities involved should not be of very diverse magnitudes In general this 
condition will not be satisfied if the centres of curvature are taken as reference 
points. This objection applies generally to all schemes which make use of the 
centres of curvature. The first change was therefore to drop the perpendic ular s 
from the pole of the surface instead of from the centre of curvature. This 
ensured that the lengths used to define the position of a ray were roughly of the 
same magnitude at all surfaces. To retain this advantage throughout it was 
necessary to avoid using a radius of curvature as a multiplying factor. Each 

* The curvature of a surface which is convex towards the incident light is positive , distances 
along the axis in the direction m which light travels are also positive Perpendiculars to rays 
are positive if the foot of the perpendicular is above the axis The angle tjs is positive if an anti¬ 
clockwise rotation from the positive direction along the axis is needed to bnng a vector mto 
comcidence with the onward direction of the ray ; tj> is positive if an anti-clockwise rotation from 
the direction of the normal would brmg a vector mto comcidence with the ray. 
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sutface was therefore specified by its curvature instead of its radius, from the 
optical viewpomt this is clearly the scientific choice. 

The second improvement was to ehmmate all angular measures. The 
equation already given for is m appearance very simple, but the appearance 
is misleading when the numerical operations implied are taken into account. 
Three references to trigonometrical tables are required at each refraction, and 
subsidiary calculations for mterpolation are usually involved. The whole 
process is therefore rather slow, notwithstanding its simplicity. In appearance 
the improved scheme looks more complicated. It will be best appreciated if 
refraction is first considered at a surface where there is no aberration. In that 
case h, the length of the perpendicular to the ray from the pole of the surface, 
is unaltered by refraction, and the equations are 

sin ^=sin tfi+ hR, 
fi' sin. ^'=fi sin <f>, 

sin = sin —sin ^+sm 

Owing to the occurrence of aberration, band b' are not equal, and the last equation 
is not true. But the difference between b and b' is of aberrational magnitude, 
and the value of sin^' just suggested is subject to a small correction. The 
correct formulae then consist of the first two equations together with 

i, _ b (sin ^ —sin^') (sin ^'+sin^) 
sin^' = <T-(b'-b)i2, 

where 

a=sin ^ ~ sin + sin (^' 

and 

K=i{(costf> + cos^ + cos ^')® —1}. 

The b for the neirt surface is equal to b'+t sin xft'. 

Smce b' — b is of aberrational magnitude, the denominator io®+/c need only 
be known to a small number of significant figures. It represents twice the ratio 
of the first order to the total aberration, and at the National Physical Laboratory 
critical tables are now * used to evaluate it. One gives cosines when the sines 
are known, and two others, and k, from the known values of a and the sum of 
the three cosines. 

This way of calculatmg rays is strongly preferred to all others that have been 
tried by those members of the Laboratory staff who have done much work of 
this kind. Differences of path and some other useful quantities are obtained 
from the values of b' — b with almost trivial additions to the work, so that much 
information is obtained from the trace of a single ray. 

A few years ago it was realized that the process of elimination and simplifica¬ 
tion could be carried further. A self-checking scheme for computing both axial 
and skew rays automatically, through surfaces of any shape, was under con¬ 
sideration. It was supposed that by means of punched cards a machin e might 
be given the initial coordinates of a ray and a specification of the system through 
which It was to be traced. The machine would then carry out a cycle of 
operations and print all useful results. The cycle would be repeated, either for 

* The oiigmal tables are not critical, , 
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the instrument as a whole or alternatively surface by surface, until all the quan¬ 
tities repeated themselves exactly, when the work would be completed and the 
machine would m the one case stop and in the other proceed to the next surface. 

To those who have only used the traditional methods of ray tracing the most 
surprising feature of the new scheme may well be the disappearance of Snell’s 
law of refraction. The angles ^ and <f>' made by the incident and emergent rays 
with the normal at the point of refraction do not appear either explicitly or m 
disguise. These are the unessential quantities which have now been elimmated. 

The most important quantities are the coordinate, measured parallel to the 
axis, of the point of refraction, and the product of the refractive index and the 
cosme of the angle the ray makes with the axis. If the point of refraction is 
X, y, z and the modified direction cosines of the ray are |, ij, £, the main quantities 
when the axis of z coincides with the axis of the instrument are z and The 
equation of each surface will normally be referred to its pole as origin, and 
the standard form adopted is 

where s is the subnormal. Ap and Dp are then given by 


Ap^h-Jpzl 1 

-D s= 

Up p 


( 2 ) 


If correct values are inserted for all the a’s and Ts, the anal}rtical form of the law 
of refraction, 

1 _ Sp-i 

*j» yp fp 

shows that, HAq^, Cq^p, Z>o, 3 > are the values of A, B, C, D obtamed by termi¬ 
nating equation (1) immediately after refraction at thepth surface, • 

(ip ~ ^o\ p l^O,p\ 

\vp -yp) U -yoJ\A.p Co.p} . 

The accuracy of the values taken for C and z is judged by verifying that the 
conditions 

and 

x^+y^s=2^ sdz 

are satisfied. Assuming that they are not satisfied within the required limits 
of accuracy, a recalculation is made, using better values of t, and z. In terms of 
the old values, the new values T and a' are 

and ,_!)i^+y^-\-2\zds [ ..(4) 

2s 






T. Smith 


zgo 

As an illustration of the latter, if the surface is a sphere of radius r, the equation 
is s+ar=r, and the improved value of a; is 

2s 2(r-z) • 

If the 9urfa<*^ is a conicoid of revolution of eccentricity e, so that the equation 
IS s+ear=r, where e=1 — e®, the improved value of at is 

s^+y^ — ez^ 

2^ 

It will be seen that the new process is a method of successive approximation, 
and its success depends on its known rapid convergence. The length of the 
work depends on Ae closeness of the initially assumed values of z and ^ to the 
final values. In completely automatic cyclic operations rapidity in reaching the 
final result is not necessarily a very important or even a desirable requirement. 
For example, if the initial values are z=0, i.e. the paraxial values, and 

each cycle includes the complete instrument, the first round gives the paraxial 
properties, the second the first-order aberrations, and thereafter groups of 
aberrations of increasing size are taken into account until higher-order aberrations 
produce no measurable change. The calculation of a single ray by the new 
method then gives information that would only be secured on present practice 
by tracing several rays. On the other hand there are occasions on which only 
the final result is needed, as when the effect of a change of glass constants or other 
minor modification of a known system is to be found. In such cases the known 
values for the previous construction provide suitable initial values for z and 
and the modified values may well repeat after a single cycle has been performed. 
In some circumstances a graphical trace, such as Dowell’s (Dowell, 1926), may 
be a convenient means of deriving approximate initial values for accurate calcu¬ 
lations, and with experienced designers “ guessing ” may be very effective. 
Several vanations of the process may be arranged to suit a vanety of conditions. 

Like other iterative methods of calculation, this scheme has the property that 
mistakes are not important, provided they are not incorrect values of fundamental 
quantities like jit® or r. Errors are automatically eliminated—at the worst they 
lengthen the time taken to reach the final result. The scheme is therefore 
valuable as a means of checking results reached by other ways of tracing rays. 
From its v6ry nature it is not less accurate than any other way of tracing rays in 
which the same number of figures is retained. If, for example, it were required 
to check a calculation made by the normal N P.L. method for rays in an axial 
plane, or to increase the number of significant figures, A would be taken as 
(ji' cos —jLi cos <f>)R and z as 

_ 2h (sin sin _ 

(cos ^ + cos tj/f +(sin ^—sin * 

(Checking could be made after a single cycle, since 

_ 2b (cos^+cos^) _ 

(cos <l >+cos +(sin ^—sin 

is the value of the transverse coordinate of the point of refraction.) 
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It is worth noting that the one calculation gives the sagittal foci as well as the 
exact position of the ray. If the sagittal conditions are well satisfied over the 
field there is no need to consider the tangential conditions, which are merely 
differentials of the sagittal expressions. If desired, the independent tangential 
calculation may be made after evaluating 

Equations (1), (2), (3) and (4) are well suited for the development of formulae 
for aberrations of different orders. 

When this method of tracing rays was first evolved it was intended to apply 
it to several systems of many types before publishing any description. Owing 
to war requirements there have not been suitable opportunities for such extensive 
trials, and the experience so far gained has been limited. In view, however, of 
the interest now being taken in possible uses of non-spherical refracting and 
reflecting surfaces, and the importance of developing fully-automatic means of 
tracing rays, it is thought appropriate to publish this note without further delay. 
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APPENDIX 

To illustrate the rapidity of convergence of a calculation by this method a 
marginal ray has been traced with a paraxial ray as the starting point. The 
example has been taken from Conrady’s Applied Optics (p 50) as it is likely to 
be familiar to many readers. The specification of the system and the successive 
stages from the paraxial ray to the final marginal values are given in table 1. 
The values of the longitudinal aberration and the change in the focal length 
from the paraxial value derived at each stage are also given. The values for the 
former indicate under-corrected aberration at first, changing finally to slight 
over-correction. The focal-length changes show that the system is not closely 
corrected for coma. 


Table 1 

ri = 3‘55——rg, r3=—60, ii“0*3, ^2“0‘2, )Lti = l’5166, jLt2=l'6256 

Successive stages in tracing ray $3 = 773 = 0, ^1 = 0 

Z± lx fs 


0 

0-140845 
0-143754 
0 143756 


0 

-0-132853 
-0*142977 
-0-143370 
-0 143382 


0 

-0-007632 

-0-007906 

-0-007916 


1-516600 
1-509618 
1 509215 
1-509214 


1-625600 
1 621483 
1-621396 
1 621412 
1-621413 


1-000000 

0*992102 

0-991896 

0-991923 

0-991925 


Longitudinal aberration 

-0*016819 
-0 000926 
-i- 0-000004 
+0*000039 
+0 000040 


Focal length change 

-0 086012 
-0 072701 
-0 072058 
-0 072036 
-0*072035 
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Table 2. Outs ta n d in g errors with different methods of calculation 


Method 

Longitudinal 

aberration 

error 

Focal length 
error 

5-figure loganthms 

-0 000523 
(-0 000223) 

+0 000047 

6 -figure polar perpendiculars 

+0-000083 

+0-000066 

8 -figure central perpendiculars, no interpolation 

+0-000878 

+0-000479 

8 -figure central perpendiculars, full interpolation 

+0 000008 

+0 000001 

7 -figure radian tables 

+0 000009 

+0-000003 

6 -figure present scheme 

0-000000 

0 000000 


The accuracy attained in calculations according to this scheme is compared 
with those of other methods in table 2. Unfortunately it was not possible to 
use Conrady’s results to illustrate the accuracy of the normal logarithmic cal¬ 
culation, as his paraxial result has an error of three units in the fourth decimal 
place. The marginal ray (but not the paraxial ray) was therefore calculated 
afresh, using Bremmiker’s 5-figure tables. Owmg to the long last radius the 
normal formula does not give a very accurate result, and a value derived by using 
a formula intended to avoid this imcertainty has been added in brackets. The 
error in the focal length given by this calculation is not typical of that to be 
expected with 5-figure logarithms: the particular figures of this example happen 
—quite accidentally—^to give a much better result than could be expected. 

On the second line are the values obtained with the method normally used 
at the National Physical Laboratory. The two following lines are those obtained 
by the original N.P.L. method, using Gifford’s sme tables. In the former each 
angle was read to the nearest second only. The errors involved in this procedure 
should be about twice those to be expected from the use of 5-figure logarithms, 
and the abnormally small error in the focal length found in the logarithmic 
calculation is clearly shown. When interpolation is used, the increased accuracy 
due to the additional figures is apparent, though it is to some extent dimmished 
through the use of centres of curvature as reference points instead of the surface 
poles. The radian tables mentioned are some prepared recently at the N.P.L. 
for use with the B.S.I,R.A. computing scheme. The last line refers to the 
method described m this paper. AH the errors have been determmed by com¬ 
parison with calculations of ten-figure accuracy. 

It has been noted earlier that, after the paraxial trace, the changes made in the 
first cycle represent approximately the first-order aberrations, the second cycle 
the second and third orders, and so on. The extent to which this holds may be 
seen from table 3 and the analytical expressions which follow. For this purpose 


Table 3. Successive approximations to 


A 

c 

u 


^ 0-12567 88492 
0-12705 22669 
0-12683 77581 

0 12682 74221 
0-12682 70639 

0-95697 95005 
0-97396 20198 
0-97458 72430 
0-97460 11302 
0-97460 15419 

0 99210 24134 
0-99189 60450 

0 99192 34768 
0-99192 47981 
0-99192 48439 

-0-00763 17480 
-0-00790 55370 
-0 00791 56913 
-0-00791 59169 
-0-00791 59236 
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values have been calculated to ten decimal places and have been carried far 
enough to give totals accurate to at least the first six places. 

Analytical expressions 

^-=0-12567 88492+0-00135 95694a:*-0-00016 67749 -0-00003 74970 

-0-00000 60264 Ajs-O 00000 09097 0-00000 01357 

C==0-95697 95005+0-01628 90110 a5®+0-00119 72985 +0-00011 90666 

+0 00001 44030 a;»+ 0-00000 19475 Ari®+0-00000 02790 «« 

£ 3 =^ 1-00000 00000-0-00789 75866 a!®-0 00020 20551 a;^ +0 00001 84401 
+0-00000 50645 a;S+ 0 00000 08382 A!i®+0-00000 01237 

Z3=0-00000 00000-0-00763 17480 a;*-0 00026 02895 a4 -0 00002 13407 a:« 

-0-00000 22274a;»-0-00000 02744aj^®-0-00000 00374a!« 

Height of intersection with paraxial image plane:— 

-0-00258 03856 a;®4-0 00208 17289 a?® +0 00042 36428 a?^ 

+0-00006 80900 a;«+0 00001 02632 a:^^+0-00000 15177 a?i* 

Path length difference to intersection of ray with paraxial image plane .— 

0-00024 32249 a4 -0-00021 62703 a;« -0-00003 88728 
-0-00000 79604 A?i®-0-00000 11819 a;“ 

Correction for path differences to paraxial principal focus:— 

-0-00032 42999 a;»+0-00025 81211a;* +0-00005 65035 a?® 

+0-00000 88830 a;8+0 OOOOO 12493 a;^®4-0-00000 01673 a;1* 

This example is of interest for another reason. In discussing results obtained 
by tracing several rays through this lens, Conrady, speaking of analytical methods 
of calculating higher-order aberrations, makes use of the phrases “ if we 
went through the tremendous labour of calculatmg the true secondary aberration 
by a direct analytical equation . . .and “. . . . the very sensible tertiary 
aberration (which would utterly defy analytical determination) . . . These 
views are held by other optical workers. For instance Prof, von Rohr told me 
that I should only waste my time if I attempted such calculations, because the 
subject was far too complex for treatment m this way. Such opmions obviously 
lack scientific justification, and that they are wrong is indicated by the results 
just given. Admittedly the calculations are tedious, but it is certainly possible 
to calculate any aberrational coefficients that may be required. 

It should be realized that the tables of this appendix are intended solely to 
indicate the comparative accuracy of the particular mathematical processes. No 
account has been taken of the accuracy that is necessary or sufficient in these 
optical computations. 
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DIRECTIONAL LOCI IN A MAGNETIC FIELD, 
AND THE LOCATING OF NEUTRAL POINTS 

By DAVID OWEN, 

London 

MS received 26 February 1945 

ABSTRACT A method of exploration of a magnetic field by means of directional loci 
IS descnbed The pomts of intersection of any two loci are neutral points. The method 
IS exemplified in the simpler cases of the combmation of the earth’s field with the field of a 
bar magnet and with the field of a circular current 


§1. INTRODUCTION 

M agnetic fields are usually studied by plotting the lines of force in 
a horizontal plane by means of a compass needle. The procedure for 
locatmg a neutral pomt is usually to track it down by enclosing it within 
a gradually reduced region bounded by lines of force The method is ineffective 
because it becomes impossible to plot the lines accurately close to a neutral point. 
There is a sort of principle of indeterminacy at play—^the nearer the approach to 
the neutral point, the less accurate the plotting.* 

The method here described is to obtain the neutral points as the pomts of 
intersection of two continuous curves or loci. The kind of locus considered is 
that containing all points at which the direction of the field is the same. Any 
two directions of field may be chosen, but obviously it is advisable to choose 
directions at right angles to one another; and m cases where the earth’s field is 
involved, these directions should obviously be respectively parallel to and per¬ 
pendicular to the earth’s field. Loci so drawn will be described as the north- 
south (N-S) locus and the east-west (E-YV} locus. Such directional loci are 
unique The expenmental errors of plotting are non-cumulative, so that the 
loci can be determined quite definitely. As a point of intersection is approached, 
the component of field in the chosen direction diminishes to zero and, beyond it, 
changes sign. The points of intersection are thus points of zero field, or neutral 
points. 

The number of neutral pomts m any field is even. When the field of a simple 
bar magnet is superposed on the earth’s field, the number of neutral points is 
two. When the superposed field is that of a circular current, the number of 
neutral points is either zero or four, according as the strength of the current is 
below or above a certain cntical value. With more comphcated fields the number 
may obviously be greater. 

The apparatus required to plot a directional locus consists of a sheet of squared 
paper on a drawing board and an ordinary small compass needle Suppose the 
* See, however. Note added m proof (p. 301), 
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field to be explored is that of a bar magnet m the earth’s field. The squared 
paper is adjusted on the board so that one set of lines runs magnetically north 
and south, and the other set therefore east and west. The magnet is now brought 
up and placed near the centre of the paper with its axis in any desired direction. 
On moving the compass needle over the paper, some point is soon found where 
the needle points parallel to the N-S lines The sharpened point of a pencil is 
held firmly just above the centre of the needle, the needle is removed, the pencil 
point moved straight down on to the paper and a dot made. A second point on 
the locus IS chosen about a centimetre away, and so on. Continuing thus, the 
complete N-S locus is plotted and a continuous graph can be drawn. Similarly 
the E-W locus can be found. The complete loci will usually extend into all 
four quadrants round the centre of the magnet. If the experiment is to be 
restricted to a quick determination of one neutral point, of course only a limited 
portion of each locus in the neighbourhood of the neutral point is needed. To 
check the accuracy of setting of the needle at any point of a locus it should be 
remembered that a small displacement of the needle to one side of the locus will 
cause an appreciable deviation of direction of one sign, whilst a similar displace¬ 
ment on the opposite side will cause a deviation of opposite sign. If practised 
at each setting this procedure will ensure correct plotting. With a little experi¬ 
ence the loci can be rapidly obtained The neutral points are thus located with 
pin-point accuracy with a magnet of reasonable moment, and their distances from 
the centre of the magnet can be measured within a half per cent. 

To illustrate the use of directional loci a few special cases will be considered: 
first when the field is that of a bar magnet, and then when the field is that of a 
circular electric current. 

§2. BAR MAGNET IN THE EARTH’S FIELD 

Since the forms of the loci are easily calculable in the ideal case of a magnetic 
doublet set with its axis either along or perpendicular to the earth’s field, figures 
showing the forms of these loci will first be given. They will be accompanied 
by figures showing the loci experimentally plotted in the case of an actual bar 
magnet. Points on a N~S locus are indicated by a cross (x), and points on an 
E-W locus by a centred circle (o) The neutral points are at and N 2 . 



Figure 1. N-S (marked xx) and E-W (marked © 0 ) loci of magnetic doublet along the earth’s 
horizontal field, S pole to the north, neutral points at Ni and N* 

Case 1. Axis along the meridian^ S pole towards the north ,—^The loci for a 
doublet are shown in figure 1 The N-S locus consists of a pair of straight lines 
AB and CD along and perpendicular to the axis of the doublet. The E-W locus 



David Owen 


is a figure of eight. Denoting the magnetic moment by M and the earth’s 
horizontal field by H, the condition that the field at any point P (r, 6) shall be in 
the E-W direction is 

fi-_?^cos2fl4-^sin2 0 = O, or r3=M(3cos®0-l)//r, 

which is, therefore, the equation of the locus. Putting d =■ 0° or 180° the distance 
from the doublet to either neutral point is VlMjH. At the origin the loops 

make angles cosri ^ ± with the axis. 

When an actual magnet is used, the N-S locus remains a pair of mutually 
perpendicular straight lines, along and perpendicular to the axis. Figure la 



Figure 1 a. N-S and B-W loci, and neutral points Ni, N* of 1-m cobalt-steel magnet along 
earth’s horizontal field, S pole towards the north. 


shows also (to half-scale) the two separated branches of the E-W locus. A cylin¬ 
drical cobalt-steel magnet 1 in. long and ^ in. in diameter was used. The measured 
distances from the centre of the magnet to and Nj are 4-42 in. or 11 *22 cm. 
and 4*40 in. or 11'18 cm., mean = ll-2 cm. (± -5 mm.). Assuming M=Hr^l2, 

fffS / 2P\ 

and H = 0*18, M = 126 4 c.g.s. Assuming M = (1 — j, and takmg 

/®=0-8xhalf-length of magnet, Af=124’4 c.g.s. 


Case 2. Axis along the meridiem^ N, pole to ihe mrth .—^Figure 2 represents 
the case of a doublet. The N-S locus remains as in Case 1. The E-W locus 
consists of two loops, the long axis now running east and west, so that and 
N, Ke on the east-west line. The equation of the E-W locus is 

^(l-3cos*0)=ir. 


The lengths ON^ and ON 2 to the centre of the magnet are equal to At 

( 1 \ ^ H 

± —7= )• 

V 3 / 


Using the same cobalt-steel magnet as before, the observed plot is shown (to half¬ 
scale) in figure 2 o. From this ONj=3*48 in. = 8-84cm., ON,=3*46 in. = 8-79 cm., 
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Figure 2 N-S (straight lines AB and CD) and E-W (figure of eight) loci oi magnetic doublet 
along earth’s horizontal field, N pole to the noith Neutral points at Ni and Ng. 



Figure 2 a. N-S and E-W loci of 1-in. cobalt-steel magnet, N pole to the north, 

neutral points at Ni, N, 
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mean value=8-81 cm. Assuming the fonnula M=Hr^, the value of M is 

123 0 c.g.s., and assuming M=jfrr®^l + the value of M is 125-3 c.g.s. 

Case 3. Anas perpendictdar to the mendtan .—^The case for the doublet, with 
N pole to the east, is shown in figure 3. The N-S locus is the pair of straight 



Figure 3. N-S locus (straight lines AB and CD) and E-W locus (figure of eight) of magnetic 
doublet with axis 1 to earth’s field, N pole to the west, neutral pomts at Ni and N*, 



Figure 3 a, N-S and E-W loci and neutral pomts Ni and N 2 of 1-m cobalt-steel magnet, 
axis 1 to if, N pole to the west 


lines AB and CD making angles tan~^'\/2 (nearly 55°) with the axis, 
equation of the E-W locus is 


2H 


sin 29. 


The 


It is a figure of eight whose axis makes an angle of 45° with the magnetic axis, 
and it touches the axis of the doublet and the equatorial line. 
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The experimental graphs for the same 1-in. cobalt-steel magnet are shown in 
figure 3 a. Near the magnet the N-S locus deviates appreciably from the 
straight line pertaining to the doublet. 

§3 FIELD OF AN ELECTRIC CURRENT 

The ideal case of an infinitely long straight conductor of circular section, 
placed vertically in the earth’s field, and carrying a steady current, allows of a 
simple and suggestive treatment. In figure 4 the smaller circle of radius OA=a 



Figure 4. Vertical arcular conductor, of radius OA, carrying a downward electric current 
(exceeding the cntical value) m the earth^s field The !N-S locus is the straight line COD 
The E-W locus is the portion of the larger circle on ONj as diameter which is external to 
the conductor, together with the straight line JJ' mside the conductor There is an external 
neutral pomt at and an internal neutral pomt at 

represents a section of the conductor. No neutral points exist unless the current 
I exceeds a limiting value ^Ha. With any current exceedmg this value, the 
current being downwards, an external neutral point Ni occurs on the east side, 
such that 27/ONi =H. A second neutral point exists at N, within the conductor, 

such that =H. Thus ONj. ONg = aK The N-S locus is the straight 

line running east and west through the centre O of the conductor. For pomts 
outside the conductor the E-W locus is the portion of the circle on ONi as 
diameter lying outside the conductor. For pomts inside the conductor, the 
E-W locus is the straight line JiJ, joinmg the points where the circle on ONi 
cuts the conductor. At the limiting value of the current the neutral points 
coincide at A on the surface of the conductor. 

The case of a circular coil, or rather a short helical coil with horizontal axis, 
will next be considered. The determination of either directional locus does not 
in general lend itself to easy theoretical treatment. There is again obviously a 
limiting value of current below which no neutral points exist. For currents 
exceeding this value there are four neutral points, two within the conductor and 
two external to it. 

Case 1. Axis of the coU parallel to H, field due to the current in the same 
direction as H at the centre of the coU. —In this case the N-S locus consists of a 
pair of straight lines, namely, the axis of the coil and the transverse median hne. 
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The E-W loci obtained experimentally are shown to half-scale m figure 5, for 
currents of 1, 2 and 3 amp., only the branches on one side of the cod being 
drawn. The corresponding external neutral pomts are at N', N" and N'". 
The mean radius of the coil is 3-76 m. and its axial width 0-5 in. 



Figure 5 Electnc currents through circular coil with axis along the earth’s horizontal field, 
fields on m same direction as H. AB—section of the coil of 8 turns, centre at O. 
The N-S locus consists of the pair of straight lines CD and the axis of the coil The 
branches of E-W loci are shown for currents of 1, 2 and 3 amp», the neutral points being 
respectively at N', and N'" (Complete figure is symmetrical about O Right-hand 
half omitt^O 

Case 2. Axis of Ihe coU pardUel to H, field due to tiie current opposed to H at 
centre of coU .—^The experimental graphs for this case are seen, to half-scale, m 
figure 6 for six values of the current as indicated on the curves. The complete 


§ 



Figure 6 Circular coil of 8 turns, axis along earth’s field Current m direction producing field 
at centre opposed to earth’s field H N-S loci along axis of coil and its median line. The 
E-W loci are the curves marked 0. Neutral pomts marked • are on aTns of coil for 
currents 0«3Sa,, 0 40a., 0*45 a,, 0 50a., and on median hne for currents 0 30 a. and 0-25 a. 
(Neutral points coincide at centre O of coil for calculated current 0-345 A.) Radius of 
coil 3’76'^ (Upper half of complete figure, which is symmetrical about median hne, is 
omitted.) 

curves would be symmetrical about the median line of the coil, but only the 
halves on one side of that line are drawn. For curr«ats of 0*35 amp. and upwards 
two neutral points lie on the axis of the coU, one on either side of the centre. 
They coincide at the centre for a current of 0-345 amp. For currents below this 
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last value the two neutral points lie on the median line, on either side of the 
centre. There are two additional neutral points within the conductor. 

Case 3. Axis of the coil perpendicular to H .—This case is given as an example 
of a less symmetrical setting of the coil with respect to the earth’s field. Figure 7‘ 



Figure 7 Circular coil of 8 turns, axis peipendicular to earth’s field H, Current of 1 0 amp., 
producing field from west to east along axis Only one branch of N-S locus (marked x) 
and of E-W locus (marked 0) shown. Neutral pomt at N (the second neutral pomt should 
be on line joining N to centre O of coil, at equal distance on other side of centre.) 

shows (to half-scale) one branch only of each of the loci, thus determining one 
of the two external neutral points. The value of the current was 1 amp., and 
the coil was that used for the previous cases. 


Note added in proof 

Since this paper was presented, it has been noticed that there are two special 
lines of force which provide exceptions to the general rule enunciated in § 1. 
This pair of lines pass through the neutral point itself. They will be the subject 
of a brief paper to follow. 
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A DIFFERENTIAL METHOD OF ADJUSTING 
THE ABERRATION OF A LENS SYSTEM 

By a. L. M'AULAY and F. D. CRUICKSHANK, 

Tasmama 

MS. received 25 Jamiary 1944 

ABSTRACT A method is descnbed for computing a highly corrected camera lens 
system when the general type is given, and a rough design has been made 

The method separates into two parts. First, changes m the rays incident at any 
surface are expressed as functions of alterations of the surface constants , secondly, the 
ray changes are transferred to the final image space and expressed as changes m the 
aberrations of the system. In this way a table is obtamed by the use of which desired 
modifications of the aberrations can be achieved by suitable surface alterations. 

§1. INTRODUCTION 

T he need for the manufacture of camera lenses of a wide range of charac¬ 
teristics became urgent in Austraha m 1942. It was necessary to use the 
stocks of optical glass available in the country. Local requirements and 
facilities precluded the possibility of producing anything approaching a direct 
copy of overseas lenses, so that the general problem of design had to be faced. 
Prehmmary work showed that an attempt to obtain the final design of a highly 
corrected lens system by successive ray tracings was unsystematic and slow. 
Such methods could not be tolerated in an emergency, and hence a new approach 
had to be found. It is believed that a considerable advance towards a faster and 
more systematic method of completmg a rough design has been made, and a 
general outhne of it is presented m this paper 

The method descnbed has made possible the design and construction of 
highly corrected camera lenses from rough data which gave the type only. The 
work has been developed rapidly by a group with no previous experience in lens 
design. It is this technical success that gives the method merit. The method 
is a logical addition to the standard tngonometncal ray-trace, and serves to raise 
the whole status of the tngonometrical method to that of a powerful and systematic 
tool for use m the final stages of an optical design. It has been said that the 
trigonometrical method is empirical and uninstructive, but it will be shown that 
a most instructive analysis of any optical system can be made on the basis ot a 
ray trace, and that, in particular, a complete and exact descnption of all the general 
tendencies of the system is readily available at the price of some computations 
which can be undertaken by computers without a knowledge of technical optics. 

§2 THE BASIC PRINCIPLES OF THE METHOD 

The primary object of a ray trace is to obtain an analysis of the aberrations of 
the system. The aberration measures are defined in terms of certain intersection 
points associated with selected traced rays in the final image space, as described, 
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for example, by Conrady (1929). If the aberrations revealed by the trace of a 
rough design are too large, the designer’s problem is to diminish them by 
appropriate changes in curvature, thickness, and refractive index within the 
system. 

The ray trace provides a complete specification of the paths followed by the 
selected rays through the system. Suppose now that a change is made at surface 
i of the system. As a result, each of the selected rays will be refracted at this 
surface slightly differently, and their paths through the remainder of the system 
will differ from the original traced paths. Each ray will finally leave the last 
surface of the system at a point displaced a small distance from the emergence 
point of the corresponding traced ray, and in a direction inclined at a small angle 
to that of the traced ray. The intersection points associated with the emergent 
rays, and hence the aberrations of the system, will now be changed. The essence 
of the present method is the development of an analysis which will permit the 
computation of the aberration changes due to a small change made at any surface 
of the systemw In doing this, the detailed information from the trace is used, 
and the traced path of each ray is used as a convenient reference frame relative 
to which is described the new path of the ray resulting from the particular change. 
For this purpose, certain auxiliary variables are chosen, and by means of changes 
in these, the new path of the ray can be described relative to the original path. 
For the variables of the trace generally we use the notation of Conrady (1929). 
Several sets of variables may be selected from among the quantities L, L\ 17, U\ 

I, r .of the trace, and the relative merits of each set could be debated. 

The writers have found after some experience m the use of the method that the 
differentials dU, dU\ dpy dp\ as defined in the next section, are simple to use 
and lead to expressions which have certain advantages in computation. 

§3 SPECIFICATION OF THE CHANGED RAY PATH AT A SINGLE 
SPHERICAL REFRACTING SURFACE 

Suppose that the path of a selected incident ray is traced trigonometrically 
through a single sphencal refracting surface. The ray path is specified by the 
quantities (L, IJ) and (L', 17') and is represented by B P B' in the figure. 



Change in incidence point. Suppose that the incidence point of the ray is 
changed from P to P^j, the direction of the ray remaining unchanged. The path 
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of the ray through the surface would now be represented by BiPiBj'. We 
propose to specify the change m incidence point by the perpendicular distance, 
dp, between the two rays, the quantity being positive when the new parallel ray 
lies above the original. The new ray will have an intersection length L+dL, 
compared with L for the original path, and 

dp^smV.dL. .(1) 

Notice that dp is not the total differential of the famtliar quantity L sin XJ. We 
are never particularly interested in the integral quantity p, except possibly m a 
formal way, but it is important to stress that relative to a given ray path, {L, U), 
which intersects the refracting surface, the quantity dp = sin U.dL umquely 
defines a neighbouring incidence point. 

On the other side of the surface it is natural to specify the same incidence- 
point displacement by another quantity, dp', which is the perpendicular diaiance 
between the original refracted ray and a line parallel to this drawn through the 
new incidence point. The relation between dp and dp' for small displacements 
of the incidence point is 

dp' = (cos /'/cos /) . dp 


dp' _ cos J' 
dp cos I * 


( 2 ) 


Charge of direction. A change in the direction of the ray incident at P is 
specified by dU, and the resulting change in the direction of the refracted ray 
by dXJ'. It will now be seen that any new path differing by small amounts in 
direction and in location of incidence point from the origmal ray-path can be 
specified relative to the original path by the quantities dp, dU, on the incidence 
side of the surface, and by the corresponding quantities dp', dU', after refraction 
at the surface. 


§4. THE EFFECT OF SMALL CHANGES MADE AT A SINGLE 
SPHERICAL REFRACTING SURFACE 

We consider now the ^ect on the direction of the refracted ray of various 
changes which can be made at a single surface at which an incident ray is refracted. 
Writing down the standard ray-tracing equations in the form 


(L—r)sm Z7=rsin/, (3) 

N'sin/'=JVsin/, (4) 

U+I=U’ + r, (5) 

we differentiate (4) and (5), putting N/N'=n, and obtain 

. 


If the direction of the incident ray changes from U to U+dU, the change in the 
angle of incidence, l,iadl= — dU, and hence, from (6), 

dU' _ cos/ 
dU ”c 08 /'* 


whence 


( 7 ) 
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If the position of the incidence point is changed by an amount dpy the change in 
/, obtained by differentiating (3) with U and r constant, is 

dj — sin U.dL _ dp 
rcosi rcosV 

which, on combination with (6), gives 

..® 

For a small variation in the relative refractive mdex, n, equation (6) gives at once 


dU’ 

dn 


sin/ 


•(9) 


cos/'’ 

If a small change is made m the curvature, r, of the surface, the change in I, 
obtained by differentiating (3) with U constant, is 

jj. LsinZJ , 

dl -;r-. dc^ 

cos I 

which, on combination with (6), gives 


dU' dU'\Lsin U 
dc \ du) cos I ' 


.( 10 ) 


§5 THE TRANSFER COEFFICIENTS 


We consider next the problem of the effect on the complete ray-path of a 
small change made at one surface of a system of k spherical refracting surfaces. 
Suppose that the path of a selected incident ray has been traced through the 
system. After refraction at any surface i of the system, the ray-path is specified 
by the quantities L/, U^', in the usual way. A small change is now made at this 
surface such that the ray, after refraction at the same incidence point on the 
surface, takes a new direction specified by f/,' The path of the ray through 

the remainder of the system will be diflFerent from the origmal traced path, and 
finally the ray will emerge from the last surface at a point displaced by some 
amount, from the emergence point of the traced ray, and in a direction 
inclmed at an angle, dV^^, to that of the traced ray. We may express and 
dp^ in terms of </C7/ by wnting 


.( 11 ) 

.( 12 ) 


In a similar manner, if a small change is made at surface i resulting only in 
an incidence-point change, dp^, the inclmation angle, U„ of the ray remaining 
unchanged, the ray will emerge from the last sur&ce at a point and in a direction 
specified by some other values dp*', dU^', relative to the emergent traced ray. 
In this case we may write 
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The equations (11) to (14) define the transfer coefficients dUjJldU,\ dpj/fdUt\ 
which can be calculated for a traced ray at each surface of the 
system. They determine the effect of a ^J7'“change or a ^-change made at any 
surface on the path of the ray as it leaves the last surface of the system. The 
transfer coefficients for d^J7'-changes and for J/>-changes are the fundamental 
transfer quantities from which all others may be conveniently derived. It may 
be thought confusing to use the pair of differentials dU' and dp for the description 
of small changes in the system, one of these relating to a quantity before refraction 
and the other to a quantity after refraction of the ray at the surface, but in 
practice any change which is made in a system can be described in terms of either 
a single J7'-change or a single ^/)-change, so that the transfer coefficients selected 
are not only sufficient for the present problem, but also require less computation 
than any other set. It is to be stressed that what is in view is to fashion a powerful 
designing tool, considerations of mathematical elegance being sacnficed to this 
end. 

It will be shown in a subsequent paper that certain relations connect the 
transfer coefficients at two successive surfaces of the system, such that if the 
values of the coefficients are known for surface (f +1) the coefficients for surface 
i may be calculated from them. At the last surface of the system it is obvious 
that the transfer coefficients have simple values, for 

du^’ldUu'=i-, dp^'idU^'=o, 

while dpfyjdp]^ and d U^/dp^ are calculated from equations (2) and (8) respectively. 
The computation of the transfer coefficients can thus commence from the last 
surface and continue backwards, surface by surface, through the system until the 
first surface is reached. 

§6 THE TRANSFER COEFFICIENTS FOR THE INTERSECTION POINTS 
The next step in the development of the method is to determine the changes 
in the positions of the intersection points m the final image-space associated with 
the traced rays due to the differential changes made within the system In a 
normal trace it is usual to select three rays of the axial pencil, the marginal, zonal 
and paraxial rays. Associated with these rays are the intersection points 
M(i^', 0), 0), Px(Z', 0) of each of these rays with the principal axis, their 

positions bemg specified by rectangular coordmates relative to the pole of the last 
surface. Omitting the detail, given in a subsequent paper, it can be shown chat 

. 

%-■(¥■ VU .( 16 ) 

in which SjJ is the distance measured along the ray from the last surface to the 
intersection point, and the C-quantities are introduced as convenient abbrevia¬ 
tions for the bracketed functions of the transfer coefficients in the first expressions. 
Corresponding expressions hold for the mtersection points Z and Px. 

For an oblique pencil it is usual to trace a set of three rays denoted by the 
symbols a, pr, and b in the Conrady notation. Associated with these rays are 
the points Ab (ZrJjj, H^s), the intersection of the rays a and b; Pr(L'j, Hpr)y 
the point at which the principal ray cuts the plane through Ab at right angles to 
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the axis; Prf(/, the point at which the principal ray strikes the plane 

through the paraxial focus at right angles to the axis. Finally, though not 
related to a traced ray, there is the ideal image pomt. Id (/', This point 

shows where the principal ray would strike the paraxial image plane if the 


paraxial value of the magnification held throughout the field. 

For the point Ab it can be shown that 

= (Ci,,-)aCosec(C4'- C76 %cos .(17) 

pS = _ (Ci,^,)a cosec ( 18 ) 

with corresponding expressions for changes in the b ray. 

For the points Pr, Prf, it follows similarly that 

^ = (C^^0,rSecJ7i,fc. (19) 

^ = (Cr,')pr/sec£/i,4. (20) 


Exactly similar relations hold for the transfer coefficients for small d|^-changes. 

§7. THE TRANSFER COEFFICIENTS FOR ACTUAL SURFACE CHANGES 
In an actual design, the variables at the disposal of the designer are surface 
curvature, refractive index, and the axial separation between successive surfaces. 
For our purposes the axial separation is best specified by the symbol d. In 
order to change the separation, between the surfaces (? — 1) and t by an amount 
the surface t and all succeeding surfaces are moved through dd^. From the 
equations of the preceding section it follows at once that for the axial points, M, 


Z, and Px, 

— =Ca cosec f/*'; .(21) 

for the point Ab, 

^ = f(Q)aCos Ui^-{C^),cos cosec(17„'- .(22) 

^ = - [(C«)„sm UU-iCJiSin 17;*]cosec(17/- C/,')*5 .(23) 

while for the points Pr, Prf, 

^ = (Cjprsec C7>;,- (24) 

^ = (CJpr^sec l^tan £7,,^.(25) 

Corresponding expressions for the transfer coefficients with respect to n and d 
are obtained by replacing c throughout by n or d. The C-quantities entering 
into these expressions are defined by 

Cc = C^^-m>fdc,), (26) 

C,. = C^^(pU:idn,), '.{27) 

~ ( 23 ) 

at 


PHVB. 80C. LVIX, 4 
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Direct differentiation of the expression for the ideal image-point yields the 
required expressions for the transfer coefficients for this point. Thus for an 
infinitely distant object 


whence 


9c, 



tan Upr 


dUf/ dut' 

^9c, ’ 


.(29) 


Upr bemg the inclination angle of the principal ray at the first surface. The 
dffierential coefficients involved are those normally computed for the paraxial 
ray. Similar egressions hold for the transfer coefficients with respect to n and d. 


§8 THE TRANSFER COEFFICIENTS FOR THE ABERRATIONS 


The last stage of the development can now be made by writing down expres¬ 
sions for the rate of change of each aberration with respect to the curvature, 
refractive index, and axial separation. Thus for the spherical aberration 


dLA' __ dr dU 

dct dC{ dc, ’ 

for the curvature of die tangential field 

dXx' _ dU 

dc, dc, dc, ’ 

for the tangential coma 

dc, dc, 

and for the distortion 

ddist' ^ d^ _ dH'prf 
dc, dc, dc, 


(30) 

(31) 

(32) 

(33) 


If additional zonal and principal rays for the colours r and v, for which the 
system is achromatized, are traced, the chromatic aberrations can be brought 
into the general scheme, giving 


dLch' 

1 

1 


dc, 

dc. 

dc, ’ 

dTch' 

_dH'p„ 

dH'p, 

dc, 

dc, 

dc. 


(34) 

(35) 


Corresponding expressions hold for transfer coefficients with respect to n and d. 
A computation of these coefficients, which measure the aberration change per 
unit change in curvature, axial separation, and refractive index at any surface of 
the system, provides the designer with complete information for the final balancing 
of the aberrations of the system. It provides a very complete analysis of the 
tendencies of the system The expressions given above cover the general aber¬ 
rations deducible from the tracing of tangential rays. The method is capable 
of extension in various directions to include aberrations which are of special 
importance in particular cases. 

The transfer coefficients developed for changes of refractive index refer to 
changes at one surface. In practice, any change of glass involves two surfaces. 
By compounding the effects of simultaneous changes at two surfaces we obtam 
^ series pf transfer coefficients giving the changes in the aberrations, other thag 
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the chromatic aberrations, for a refractive index change for any component of the 
system. The colour aberrations bemg particularly related to the dispersions of 
the glasses, we develop transfer coefficients for these aberrations with respect to 
dispersion changes. The transfer coefficients for glass changes form a most 
valuable part of the general machinery of the method. 

A degree of freedom not so far discussed is the position of the diaphragm. 
The effect of a differential displacement of the diaphragm is easily described in 
terms of the transfer coefficients for ^t-changes at the first surface of the system. 
As an additional piece of information, the transfer coefficients for a dp-chsD%e of 
the prmcipal ray at the first surface give the #-focus of the system. 

§9 THE METHOD IN PRACTICE 

As an example of the use of the foregoing method, a detailed account of one 
particular stage in the correction of a certain photographic lens is given. The 
example is chosen at random, but gives a fair idea of the order of accuracy of the 
method when a number of changes are made simultaneously, some of these being 
not of differential size. The trace of the rough design at the particular stage of 
development gave the aberrations in the first hne of table 1, an axial pencil 
and two oblique pencils havmg been traced at 22“ and 32“ respectively. 


Table 1 


LA^' 

LAz' 

-X2»22 coma2»22 

dist^ 


conia^32 

dlSt32 

-1*256 

-0 0600 

-1 185 -0 0014 

0-0085 - 

-3*520 

-0-1280 

0*0150 

-0 624 

0 210 

0 407 - 0 0047 

-0-0130 

0 010 

-0*0530 

0 0840 

The step undertaken at this stage was to attempt to reduce the heavy negative 
curvature of field at 22° and 32°, to improve the over-corrected spherical aber¬ 
ration, and to hold, if possible, the well-corrected coma and distortion at 22°. 
A study of the transfer coefficients of the system showed that there were surfaces 
providing opportunity for a general move in this direction. The surfaces selected 
had the coefficients given in table 2. 



Table 2 




Surface 

LA^' 

2^T2S. comajj^z 

dist^ 

XfpZ2 

coma^32 

dl8t32 

1 djdc 

1879'3 

1003 1 -19 19 

82 68 

1299*3 

-6 24 

284*64 

4. d dc 

510 0 

-707 9 -110 5 

44 30 

-1673*5 

-181-3 

166-96 

5. didd 

-0 0135 

0 3417 -0 0035 

-0*1013 

0 2294 

-0*0039 

-0 3981 

6 dIdd 

-0 0075 

0 7681 -0 0093 

-0 0094 

1*808 

0 0034 

-0 0479 

7. didd 

0 0025 

-0 2663 0 0091 

0*0772 

-0 9908 

0-0384 

-0 2839 


After a careful study of these coefficients, the followmg changes were made. 
0 0001653, W.= -0 613, 

6c4=-0 0001987, 1-263, 


ii-a 
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The second line of table 1 gives the residual aberrations found by a trace of 
the system after alteration The large amounts of curvature have been removed, 
rather overshooting the mark at 22°, the coma and distortion at 22° are still in¬ 
appreciable, while the coma at 32° and the spherical aberration have moved 
appreciably in the right direction 

Although the coeflScients are exact to first order for single changes of differ¬ 
ential mag nitude only, they give a very good approximation to the effects of a 
number of larger changes made simultaneously m the system. Naturally, it is 
to be expected that as the aperture of the system becomes greater the approxima¬ 
tion to the aberration changes becomes less reliable, but a senes of steps enables 
the correction to be carried out successfully. 
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ABSTRACT. A perfect crystal diffiacts x rays only in discrete directions, given by 
the Bragg-Laue laws. All scattering obseived in dncctions other than these, except 
Compton scattering, is due to imperfections of the crystal. The expeiimcntal method of 
obtammg useful scattermg patterns and the ptinciples ot the calculation of actual structure 
from the distribution of anomalous scattering aie dcsciibcd Examples of apphcation of 
this method to the study of thermal atomic movements, lattice deformations under 
mechanical stresses, defects of periodicity m diamond and in fibrous crystals, space- 
arrangement of atoms m solid solutions (oider-disordcr transformation, age-hardening) 
and scattenng by small particles are briefly outhned. 

§1 INTRODUCTORY 

T he theory of the diffraction of x rays by a small crystal is based upon the 
hypothesis that this crystal is strictly periodic, that is to say, any given 
atom and all its homologues are situated just at the nodes of a perfect 
geometric lattice. Then calculation shows that each system of the network of 
planes can reflect the incident rays according to the optical laws, but only for fixed 
mcidence angles given by the well known Bragg law In other directions, 
mterferences annul the diffracted radiation. Thus a perfect lattice does not 
give rise to any scattermg out of the selective reflexion directions, except for the 
continuous Compton scattenng, which is very weak for the relatively long wave¬ 
lengths we are considering. We may therefore enunciate the principle that dll 
d^me scattering proceeds from some rmperfections of the crystal lattice. 



Imperfections of crystal lattices 

Our purpose here is to show how this scattering is theoretically related to 
displacements of the atom, how it can be experimentally detected, and also to 
give a general survey of the various studies carried on in our Laboratory on this 
subject. 

In the following theoretical treatment of the subject, we shall rely largely on 
a recent paper by Ewald (1940). 

Let us consider a diffracting body (figure 1); let p(*) be the electronic density 
at the extremity M of the vector x ; let Sq and S be the umt vectors along the 



incident and dififacted rays, and let us call b the vector 


S-So 


If Ag IS the 


amplitude of the wavelet difiiracted by one electron, according to the Thomson 
formula, the amplitude of the wave difiracted by the whole body is 


F{b) = A, 


.( 1 ) 


This equation states that is the Fourier transform of p {x), being defined 

for all vectors 6 of a space, called the reaprocal space The formula (1) permits 
the calculation of the difBraction pattern for any given distribution of matter in 
the difihactmg body. 

If p(x) is a periodic function, i.e. if the crystal lattice is perfect, F(6) is zero 
at every point of the reciprocal space, except at a set of points which are the nodes 
of the reciprocal lattice, each one corresponding to the selective reflection upon 
one set of reticular planes. This is another and more general form of Bragg’s 


law. If on the other hand the crystal is perturbed, p (x) is no longer periodic, 

and F{J>) has a finite value for any vector b. In fact, the lattice imperfections we 
consider are small perturbations of the perfect lattice. Then, as for a perfect 

crystal, the function F{b) remains considerable at the nodes of the reciprocal 
lattice, but now is not zero between these points. This corresponds to the 
scattering observed in addition to the Bragg-Laue spots, due to the normal 
selective reflexions. 
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Th. ewmental proMon oons»B ■" /■(») fcom ■neaau.m^B rf 

Let u, duect a monochromatic bemn upon the ^p e 
^Jtong the exposure. The photometry ot Urn pattern gives *e values of the 

scattered mtensity m all direcuon. t the dtrection of the meideut bemu bemg 

X The results of the eiperiment can be easily interpreted by meaiBof the 

Ewald consttucBon (figure 2). The intensity scattered m any direction S gives 



the absolute value of fVi) at the corresponding pomt of the trfemon sphere; 
th^m»t gives aUnion of die reciprocl space 

non of speciniens in repeated enpemnents, it is possible to find the modulus of 

FW at every point of a large part of the reciprocal space. 

These are the experimental data. How can one determme pix) from these 

data ? Mathematically, p (3 is found by the inversion of the Fourier mtegral (1), 




>■ > 


•( 2 ) 


the mtegral bemg extended over the whole reciprocal space. Therefore, theore 
caUy, if F(T) is known, p(3 is known too. But the experiments give only the 

absolute value I F(31- On& finds here a difficulty which is typical of the study of 
crystal structures by means of x-ray diffraction; m fact, “o 

rS^d of workmg out the data of the scattermg patterns. The calculations 

m Stenw oftom^Suse scattering in addition to the selective 
is a proof of some lattice imperfections, but an accurate determination of these 
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imperfections is not easy. We cannot deal here with the mathematical calcula¬ 
tions involved. We will only show what results can be obtained. But, as an 
example, we shall give the application to a particular case of a general method of 
calculation, smular to Patterson’s method used in the study of structures. 

§2. THE EXPERIMENTAL PROCEDURE 

What are the conditions necessary for obtammg useful scattering patterns ? 
First of all, the anomalous scattering is generally very weak when compared to 
the selective reflexion. Moreover, the scattering areas may be very extensive 
qnrl possess Complicated forms. It follows that • 

1. The method must be such that crystals with perfect lattice do not give any 
scattering, except the Compton scattenng; secondary fluorescence radiation, 
and scattering onginatmg outside the specimen, must be eliminated. Above all, 
the incident radiation must be stnctly monochromatic, for, if the principal radia¬ 
tion were accompanied by a continuous spectrum, the diffraction effects of the 
latter would be much greater than the scattenng to be studied. 

2. In spite of the monochromatiaation, the incident beam must be very 
intense, for the phenomena we are looking for are very weak. 

3. In most cases the sample must be a single crystal held in a fixed position 
duri ng the exposure With polycrystalhne samples, the scattering observed in 
each direction is an average value and the pattern becomes generally very difficult 
to interpret. To sum up, for a scattermg pattern, one must use a monochromatic 
beam and an immovable crystal. The conditions are then quite different from 



2R 



those of ordinary diffraction patterns, where either the crystal is immovable but 
the beam polychromatic, or the crystal is rotated and the beam monochromatic. 
To obtain a beam which is both monoehromatic and intense, we use an apparatus 
(figure 3) which we shall now describe very bnefly (Guimer, 1939 a). The 
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monochromator is a bent quartz crystal which gives a reflected beam, mono¬ 
chromatic and convergent, with an aperture angle of 2 or 3°. We use a lamella, 
cut and bent, as described by Johansson (1933), so that the focusing of the 
reflected beam is theoretically accurate. The x-ray source is the very sharp 
focus of a tube, with a target parallel to the monochromator crystal. 

The diffraction camera is designed in order to use the whole energy of the 
convergent beam with the greatest efficiency. For instance, to make a Debye- 
Scherrer pattern, the photographic film and the sample are on the same cylinder 
as in Seeman-Bohlm’s device (figure 4 a). Thus the lines are very sharp, what- 


Monochromator 



ever the aperture of the incident beam through the sample. Figure 5 gives some 
examples of such patterns, the time of exposure is the same as with an ordinary 
Debye-Scherrer camera. 

For single crystal patterns it is not sufficient to record the scattered rays only 
in the equatorial plane the sample is on the axis of a cylindrical camera placed 
in such a way that the monochromatic beam converges on a point of the cylindrical 
film (figure 46). Focusing is not obtained with mathematical accuracy, but in 



Figure 46. Device for rotating-crystal patterns. 

the central part of the pattern the spots are at least as well defined as in a usual 
pattern. The whole apparatus can be placed in an evacuated box, in order to 
avoid scattering by the air. 

§3 SOME APPLICATIONS OF THE STUDY OF X-RAY SCATTERING 
We may now review some examples of lattice imperfections which produce 
anomalous scattering. They are of various kinds, but not every lattice imper¬ 
fection produces observable scattering. One can only study by tbia method 
perturbations which extend over a large part of the crystal. For ingtgnr.»^ it ig 
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Figure 7 Scattering pattern by an aluminium crystal after a 30% extension. 



Figure 10 Anomalous scattering by diamond (with MoKa ladiation) The Bragg spots 111 and 11 
appear m photograph no 3 From this position the ci> stal is lotated around the 001 axis. 

(Ill) Nodes inside the reflexion sphere n ^ 

\no 2 rotation, 1® 5). 

rno. 4 rotation, 1° 0). 

(Ill) Nodes outside the reflexion sphere -< no 5 rotation, 3® 5) 

Lno 6 rotation, 5° 5) 
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iiot possible to distinguish a perfect crystal from a mosaic crystal, because the 
latter is formed by a collection of small blocks joined together with shght dis¬ 
orientations, each block having a perfect lattice, so that the disturbed regions 
represent too small a volume of the whole crystal. 

1 

Thermdl motums of atoms 

A first type of lattice imperfection, very important on account of its general 
occurrence, is the thermal agitation of atoms. Every crystal lattice, at every 
temperature, presents this kind of imperfection. Thus, on all scattering patterns, 
the “ thermal ” scattenng is visible to a greater or less extent. This scattering, 
though observed many years ago by a great number of authors, has only recently 
been carefully studied. Now there is a considerable amount of literature on this 
subject.* It IS the most important, and the most generally known, of lattice 
imperfections mvesdgated by x-ray scattenng. One of the aims of this paper is 
to show that there are other various kinds of imperfections revealed by the same 
method. It is not possible, here, to enlarge upon this very extensive and some¬ 
what difficult subject; we will only reproduce some photographs (figure 6) 
obtained with the apparatus above described. The mteresting feature is that 
they are obtained with quite short exposures. For the photograph of NaCl, the 
time of exposure is 6 hours, whilst a similar pattern obtained by Gregg and 
Gringrich (1941) with a plane crystal monochromator required 100 hours, f The 
results of the study of dermal scattering are, mainly, the determination of the 
elastic constants of crystals and the comparison of the propagation velocities of 
the elastic waves in different directions, these two factors determining the atomic 
movements in the crystal. Thus, x-ray scattering now becomes an important 
method for the study of the elastic properties of solids. 

Lattice deformations under mechanical stresses 

A monocrystalline aluminium wire is progressively extended by traction. 
Gliding occurs upon one or many sets of (111) planes. It is well known that 
during this process the crystal undergoes rotations and, in addition, asterisms 
appear on Laue patterns, because the differences of the orientations of the mosaic 
blodks grow larger. We attempted to discover some perturbations inside the 
individual blocks by studying the scattering patterns. The pattern of figure 7 
corresponds to a 30% extension of the wire: it^ identical mth the pattern obtained 
before distortion : the only new feature is the appearance of faint Debye-Scherrer 
spots in addition to the diffuse spots due to the thmxnal agitation. This result, 
though negative, is interesting. One might have imagined that, whilst gliding, 
the successive glide-planes would be displaced parallel to themselves with some 
irregularities. If this hypothesis had been true, we should have seen the diffrac¬ 
tion pattern of the two-dimensional lattices of alu minium planes (111). This 
pattern is formed by anomalous spots corresponding to the intersection of the 
reflexion sphere with the (111) axes of the reciprocal lattice. We have never 
succeeded m observmg any such spots. We think therefore that, whilst gliding, 
blocks comprismg a considerable number of (111) planes move together and 

* See, for example, Proe. Boy Soc. A, August 1941. 

t Private commuiucatioii. 
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remain without mtemal defects. Gliding takes place upon a few planes far 
apart: thus the perturbed domains have too small a relative volume to scatter 
more than a negligible amount of energy. In regions where the atomic dis¬ 
order is too great, the metal recrystallizes; the newly formed microcrystals give 
rise to the Bragg spots, visible on the photograph. Thus, during the deformation 
of the wire, the monocrystal is broken into several crystals, but no lattice deforma¬ 
tions of these new crystals can be revealed by the x-ray scattering. 

Defects of penodicity in crystals 

One-dimensional defects. An example is given by the anomalous scattering 
of diamonds (Lonsdale, 1941; Raman, 1941; Guinier, 1942 a). 

Let us consider a lattice as a set of identical planes parallel and regularly 
spaced. Each of these planes gives, for all incident rays, a diffraction pattern. 
On account of the perfectly regular spacing of successive planes, these patterns 
vanish completely by interference, except for the special directions which 
correspond to the sdective reflections. But, if the interplanar spacings were 
distributed at random, the diffraction pattern of the whole would be that of a 
unique plane What is it ? Let us construct the reciprocal lattice of the two- 
dimensional lattice: the scattermg zones in the reciprocal space are the rows 
normal to the plane, passing through the nodes of the plane reciprocal lattice. 

In fact, however, in actual disturbed lattices, the subplanar spaces do not 
take all possible values but vary over a range which remains near the value of 



Figure 8 Succession of (001) planes sligfitly displaced 

the perfect lattice; furthermore, sets of normally spaced planes can persist. 
Consequently, the reciprocal space contains, firstly, the nodes of the reciprocal 
space of the ideal lattice, corresponding to a strong diffracted intensity, and 
secondly, zones of low intensity, correspondmg to the patterns of the plane 
lattice, along the rows defined above. The scattered intensity varies along the 
row m accordance with the distribution of the interplanar spacings. As an 
example of the interpretation of a scattermg pattern, we shall show how a 
statistical scheme of the irregularities of the perturbed planes may be deduced 
from the variations of the scattered intensity. 

• . . 

Consider a lattice built upon tte three axes ^ 3 . We suppose the 

successive (001) planes to be displaced along the direction (figure 8 ). The 
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coordinates of any atom (structure factor /) are tn^ m 2 hut only 

and must be integers. Let Mj, M 2 , Mg be the number of umt cells along the 
three axes, in the diffracting body. The scattered intensity is: 


t K, JIf, M, > 

S S S 

000 


mtOi+d-msOs) 


-> S—S 

We put «i, jfa) -*3 for tibo coordinates of 5 in the reciprocal space, referred 

to the axes of the reciprocal lattice A^. Thus, 

h = Xj^Ai + X2A2 “i" x^A^* 

Substituting in equation (3), 


I =^2 2 e-^ntaumi 


Af. 

0 


0 


In the first two factors, and are integers: thus they are only different from 
zero if and x^ are integers. This means, as we have stated above, that the 

vector b must terminate on one of the reciprocal lattice rows parallel to A^. If 
this condition is fulfilled, the intensity is 

/ =/* Ma® S e 

I 0 

or I =yaMl® Ma=* S*.S«.'« 

= 2/®Mi®M2®SScos2w%.Am8m8'. .(4) 

represents the absolute value of the difference in ordinate between 

the two reticular planes mg and mg', the unit of length being logj. On an avia 
OZ, we plot from the origin O a segment equal to AmgSig' for each pair of reticular 
planes of the actual crystal. The total number of points is Mg*. Let/(a) be 
the linear density at abscissa a, ie.y(a)da is the number of points lying between 
a and a+da. 

The sum (4) can be replaced by the integral 

1 — 2P Mj® Mj* J /(a) cos Inx^zdz. .(5) 

This formula determines the scattered intensity I along a row of the reciprocal 
lattice, when the spacmg of the planes, or /(a), is known. Conversely, after 
inversion, this Fourier integral gives fz) as a function of /, that is to say, as a 
function of the scattered intensity which is measured in the experiment. In 
this method the ampbtude of the scattered radiation does not appear : the difficulty 
encountered in the general method (formula 2) is avoided. f{z) is proportional to 

r* 

/(a^) cos 2n-aga dx^. .(6) 

J 0 

Thus photometric measurements of scattering patterns lead to an accurate 
knowledge of the perturbations of reticular planes by means of the function/(a). 

As an example, let us assume that the spacing of two neighbouring planes 
remains close to the theoretical value but that the perturbations are accumulated 
from ceU to cell, so that the difference between the ideal and actual spacings of 
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two planes grows larger with increasing distance between them. What is the 
form of /(») ? At first, M. pomts meet at the origin. If the crystal were perfect, 
the M 3 —1 spacmgs betiveen consecutive planes would give M 3 —1 pomts at 
z—1: actually, these M^ — \ points are grouped about this value. The curve 
/(ar) shows a narrow maximum about ar=1. The spacings between every second 
plane are grouped about ar =2, but they diverge rather more: the second mfl-giTmim 
is wider and lower than the first, etc. When ar is big enough, f{z) tends towards 
a constant value. There is no long-range order. Figure 9 gives a schematic 
function of this type. The corresponding vanation of I, according to the form ula 
(S), IS plotted below. The scattered intensity presents maxima for a?=1, 2, etc., 
that is to say, about the nodes of the reciprocal lattice of the perfect crystal. 
The scattering is chiefly observed arotmd the node of index 1 and is weaker for 
greater indices. Furthermore, it is symmetrical on each side of the node. 

a 


1 

b 


Figure 9. (a) Successive mterplanar spacmgs , (6) diffracted intensity plotted against the 

ordinate along the rows (001). 

Scattering of this type has been effectively observed in the case of diamond 
by several physicists. When the crystal is so directed that a ( 111 ) node is near 
to the reflexion sphere, three faint but distinct spots are visible on the pattern 
(figure 10 ) around the point where the ( 111 ) diffraction spot would appear. 
They become fainter and diverge from each other as the distance from the node 
to the sphere increases. These three spots correspond to the intersection of the 
sphere with the three rows parallel to the cubic axes passing through the (HI) 
node. From the above considerations we conclude that diamonds contain 
regions where the planes parallel to the faces of the cubic cell are irregularly 
displaced ; and since the scattering is localized near the reciprocal lattice nodes, 
and mamly near the 111 nodes, the Reformations must be of the general type 
described above: this conclusion is the direct and geometrical result of the experi¬ 
ment 

What can be the origin of these structure irregularities ? They seem to be 
peculiar to the diamond, and especially to one of the two kinds of diamond 
(type II). Friedel (1924) has shown that there is an allotropic transformation 
of the diamond at a very high temperature. This second form of unknown 
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structure is not stable at orditiary temperatures. Let us assume that this second 
form is produced from diamond crystals by moving (100) planes without per¬ 
turbations of the atoms in these planes. Then the disturbed regions of diamond s 
revealed by anomalous scattering would appear as regions where the allotropic 
transformation to the diamond form is stopped at an intermediate stage. In the 
study of some alloys we encounter such phases with imperfectly periodic struc¬ 
ture, intermediate between two well-known crystalline forms. In the case of the 
diamond, one of the lattices is unknown, so that the explanation is still only 
hypotheticaL 

Two-dimensional dtfects'. example of fibrous crystals 

Let us consider the crystalline lattice as a set of parallel rows and let us suppose 
that, without the disposition of atoms along these rows being disturbed, th^ are 
slightly displaced by irregular translations. 

In this case it is the diffraction pattern of the one-dimensumal IccUice of the 
fibres which can be observed. These fibres being normal to the monochromatic 
incident x rays, this pattern is formed by the well-knowm “ layer lines ” of the 
fibrous crystal patterns. In the perfect crystal patterns, these layer lines are 
only made visible by the succession of discrete diffraction spots; but, for 
imperfect crystals, the latter lines are formed by continuous streaks. This 
phenomenon is observed with some fibrous substances, as in the case of asbestos. 
Figure 11 is a pattern of chrysotile, obtained with CuKa radiation. It must 
be noticed how essential is the use of pure monochromatic radiation, for the 
continuous spectrum would also produce streaks on the central line. A striking 
feature is that the intensity of the streak is not constant along the whole lines. 
Streaks start from some diffraction spots, but not from all spots, and on one side 
only: they are directed towards large diffraction angles. This proves that the 
perturbations of the fibre are not distributed at random. Aruja, who has also 
obtained these patterns with chrysotile, thinks that complete sheets of fibres are 
displaced in some directions. His hypothesis is verified by the photometric 
measurements of the streaks, and this work is a good example of the accurate 
information of real crystal structures obtainable by careful study of diffuse 
scattering. 

§4. ARRANGEMENT OF THE ATOMS IN A SOLID-SOLUTION CRYSTAL 
Order-disorder transformatson 

A crystal of an ideal solid solution is to be imagined as formed by a perfectly 
regular lattice, at the nodes of which two kinds of atoms are distributed at random. 
The periodicity is then rigorous for the posttums of atoms, but not for their 
diffracting power (or structure factor): this latter lack of periodicity is a cause of 
scattering. Let a crystal contain N atoms: pjN of these are of type A and have 
a structure factor/^, andp^JV are atoms of type B and have a structure factor/^. 

Von Laue has shown that the sohd-solution crystal gives rise, on one hand, 
to the diffraction pattern of a crj'stal with the same lattice, all the nodes of which 
are occupied by a unique fictitious atom of structure^factor p^f^ +pBfs> 
on the other hand, to a diffuse scattering, the intensity of which is 
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This formula depends only on the scattering angle, but not on the crystal orien¬ 
tation ; it shows a maximum m the direction of the incident beam, as in the case 
of a gas. Laue’s calculations have not previously, I beheve, been expenmentally 
verified. We have undertaken this venfication and have chosen, for this purpose, 
the equiatomic gold-silver alloy, because of the advantages that the two atoms 
have very different structure factors but almost equal radii: thus, for any atomic 
distribution, the lattice deformations remam very small. 

The patterns we have obtained are m opposition to Laue’s theory. The 
scattering presents no maximum at the centre of the pattern. The lower curve 
of figure 12 represents the scattering of a sample formed by two distinct sheets 



of pure gold and pure silver. It is mainly due to the thermal effect. The upper 
curve represents the scattering by a sheet of the Au-Ag alloy, and the dotted curve 
the scattered intensity according to the Laue’s formula. If the latter were 
correct, the observed curve would be nearly the sum of the lower and the dotted, 
one. But it is' not true. There appears a faint and wide ring, the mavimiiTn of 
which lies at the place of the 100 line of the crystal. The intensity of this ring 
is of the same order of magnitude as the maximum intensity given by Laue’s 
formula. 

Hence Laue s h3^othesis is not valid, i.e. the tzoo hinds of atoms are not dis¬ 
tributed at random. Probably a silver atom, for instance, tends to be surrounded 
by gold atoms and vice versa. In a face-centred cubic lattice of parameter a, 
an atom, say an Ag atom, has 12 neighbours at a distance of ajVl, then 8 at a, 
and so on. If the Ag and Au atoms were distributed at random there would be 
(6 Au and 6 Ag) at al\% (4 Au and 4 Ag) at a, etc. ActuaUy there must be fewer 
Ag atoms among the first neighbours and more in the second, that is to say 
there is, between two neighbouring Ag atoms, a preferred spacing, as between 
two molecules in a liquid. The effects upon the scattering pattern will be similar; 
a ring appears at an angle which corresponds to this preferred distance m the 
case considered it is the distance a, that is to say, the (100) spacing, which explains 
our experimental results. 

The scattering pattern seems to show that perfect disorder in a solid solution 
does not exist: however, no ordered super-lattice has, ever been found in Au-Ag 






PHYSICAL SOC. VOI- 57, PT. 4 (a. j. guinier) 


m -m 


I 

§ i I 1*1 i 41 k" f * 





■* ' » I . jNI ^ 



Figure' 11, Scattering pattern of chrysotyle (CuKa radiation) 



Figure 14 Scattering patterns of Au-Cus alloys. 
Scattering patterns of annealed samples 

(1) Annealed, 2 hours at 100° c. 

(2) Annealed, 2 hours at 250° c. 

(3) Annealed, 2 hours at 300° c. 

(4) Annealed, 2 hours at 350° c. 


To foes page 82Q 
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Figure 17 Scattering pattern ot AuCu, cnstal (suiiounded b\ microcrystals) The arrows show 
the scattering zones aiound normal nodes 



« f ' p 


O 


h 


Figure 18 Scatteiing patterns ot agt-haidened alloys (a) Al-Cu alloy , (6) Cu-Be alloy 
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Figure 19. Small-angle scattermg by charcoal Figure 20. Small-angle scattering by age- 

(a) before activation ; (]b) after activation. hardened alloys • {a) Al-Cu ; (b) Al-Zn. 
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alloys. But, even in this case, the nature of an atom has some influence on that 
of its neighbours: there exists what Bethe has called short-range order, but to a 
small extent. We have also investigated an alloy which can take an ordered 
form,'namely AuCus. In its disordered state (quenched) one finds also on its 
scattering pattern a broad ring, as in the case of Au-Ag, but notably more mtense 
(figure 13). Even in this case there is no perfectly disordered state at room 



o loo no tn 200 B 

Figure 13.—Scattenng patterns of Au-Cu» alloys. Scattered intensity 
from a quenched sample. 


temperature, and the degree of short-range order is greater than in the case of 
Ag-Au. Experiments are now being carried out to see whether the same applies 
above the critical temperature. 

Let us consider next the transformation from the disordered to the ordered 
state: during the annealing of the alloy this change is quite progressive on the 
pattern (figure 14), the broad nng sphts into two distinct lines, the one at the 



a 


Figure 15. (a) Perfect order , (b) partial order with out-of-phase domams. 

(100) position and the other at the (110). These two tmgs, at first diffuse, 
become narrower and more intense, at the same time, rings of higb^r 
make their appearance. Sykes and Jones (1936), studying these phases of 
transformation, concluded that the lattice was formed by juxtaposition of small 
domains which are ordered, but out of phase. Let us give an example in the 
schematic case of a one-dimensional lattice and an equiatomic mixture of A and 
B. The lower line of figure 15 shows the ordered state and the upper Ime a 
partially ordered state, with several elementary ordered domams; thus, the 
normal hues are not modified and the superstructure lines are broadened by the 
well-lmown effect of small-size crystal. With further ordering, the elementary 
domains grow larger, and the hnes become more distinct. We think that such a 
representation is far too simplified when applied to the earlier stages of the 
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ordering process. A more accurate theory of the patterns will link the scattering 
with the parameter meaouring the short-range order. Let us consider again the 
case of a one-dimensional lattice, a row of N equally spaced atoms with a period 1, 
which comprises Njl atoms A and N/2 atoms B. The short-range order can be 
defined by the probability, t, that any atom may have a neighbour of the same 
nature; t varies from J to 0 when the lattice passes from the perfectly disordered 
to the perfectly ordered state. The scattering pattern can be calculated through¬ 
out as a function of t (figure 16). For one finds the lines of a disordered 


a 


b 




c 


Figure 16. Scheme of scatteied and dilfi acted intensity 
(a) Perfect disorder , (6) paitial ordei , (r) perfect ordoi 

lattice (period 1) and a continuous background given by Laue’s formula. As t 
tends to 0, the scattering intensity presents maxima, midway between successive 
diffraction lines. These maxima become higher and narrower as t decreases. 
When T equals 0, the superstructure lines take the place of what were scattering 
maxima. These considerations conform with the observed phenomena in the 
case of a three-dimensional lattice. Thus, the scattering patterns are proved to 
be a new experimental tool for the quantitative study of order in sohd solutions. 

Up to the present, we have presumed that the solid-solution lattice, ordered 
or not, was perfectly regular. But this is probably not generally true. The 
irreg ular distribution of atoms of different volumes produces lattice deformation. 
T his is shown by the scattering pattern of a monocrystal of AuCus alloy. As 
has already been mentioned, the scattering zones around the superstructure 
nodes are due to a partial order: but no distribution of atoms can explain scat¬ 
tering zones about the normal lattice nodes (see figure 17). These are produced 
by lattice distortion. It is well known that ordering is often accompanied by 
the transformation of the cubic lattice into a tetragonal one. This transformation 
is also progressive, and m the intermediate state the lattice is no longer perfectly 
periodic, leading to the appearance of anomalous scattering. 

Thus, in the study of order-disorder transformation, x-ray scattering has 
revealed two new features: the short-range order in the so-called “disordered 
state”, and the geometrical lattice deformations. 
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Age-hardening 

Another very interesting kind of solid solution is one containing an excess of 
one kind of atom, and which is capable of age-hardening The dissolved atoms, 
m excess, tend to form a precipitate with a distinct crystalline structure. But 
before the appearance of the precipitate, the properties of the alloy, mechanical, 
electrical, etc., have been changed, although microscopic examination does not 
reveal any crystal modification. This is the phenomenon of age-hardening 
The scattermg patterns give a very detailed view of the process of precipitation. 
The first results, in that field, were obtained in 1938 for Al-Cu alloys independently 
by Preston and by Guinier. Since then, other alloys have been studied by 
different authors: I have worked especially (1942,3, 4) on Al-Ag, Al~Zn, Cu-Be 
alloys. The results of these studies, too, are of great theoretical and practical 
value in this section of metallography. It is, of course, veiy interesting to know 
the actual nature of those lattice perturbations which increase the mechanical 
strength of metals. Figure 18 shows some examples of scattering patterns 
corresponding to successive stages of the age-hardening process 

§5 SCATTERING BY SMALL PARTICLES 

We shall consider finally one more kind of lattice imperfection. The direc¬ 
tions of the selective reflection are only defined if the crystal is large enough 
When it is very small (dimension less than 500 A.), each node of the reciprocal 
lattice is replaced by a small region surrounding it: accordingly, the lines of a 
Debye-Scherrer pattern are broadened. This effect has been extensively studied, 
and it is possible to determine the size of the particle from the width of the Debye- 
Scherrer lines. These studies can be carried out with an ordinary camera and 
polychromatic radiation. 

The origin of the reciprocal lattice is also a node it is, then, also surrounded 
by a small scattering zone, when the crystal is very small. That is to say, a sample 
formed by small crystals produces some scattering at very lozv aisles. The study 
of this central scattering is more diflScult than that of the broadening of the 
Debye-Scherrer lines: the use of a monochromatic radiation is advantageous, 
and the bent crystal monochromator is particularly convenient (Guinier, 1939 b, 
1943 b). But, on the other hand, the central scattering gives more useful infor¬ 
mation : It is mdependent of the internal structure of the particle—it depends 
only on the size and the shape of the particle It follows that the method can be 
used also for amorphous substances. The central scattering is characteristic of the 
divided state of matter. For instance, figure 19 shows two photographs relating 
to similar samples of charcoal, but the second is activated charcoal. The central 
spot is broad (3 or 4°), which proves that, after the activation treatment, the 
matter is in a very finely divided state. 

In the age-hardening alloys, the atoms of the solute, before precipitation, 
gather into small clusters dispersed in the crystal of solid solution. These 
clusters produce central scattering, and then the size and shape of these sub- 
microscopical clusters can be determined. Figure 20 gives two examples, the 
first concerning Al-Cu (Guinier, 1942 a) and the second Al-Zn (Guinier, 1943 a). 

§6. CONCLUSION 

The Bragg-Laue theory and the x-ray diffraction patterns relate only to the 
ideal geometric lattice. In our knowledge of the structure of the solid state 
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they form a first approximation. Next, physicists try to build a model of the 
actual crystal and are more and more concerned with lattice imperfections. The 
disturbed lattice is very often encountered, especially in the case of alloys. The 
study of the diffuse scattering, produced by some kinds of lattice imperfections, 
is in many cases a very useful experimental method. In this brief review we 
have attempted above all to show how varied are the fields of application of the 
scattering patterns, 
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permeation and sorption of water 

VAPOUR IN VARNISH FILMS* 
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ABSTRACT An experimental investigation on the moistiiie permeability and sorption 
of detached varnish and polystyrene films is desenbed Details for preparation of samples 
and methods tif test, under \aiious conditions oi vapour pressure and temperature, are 
given. Botli the permeability and soiption of the films ha\c been determined at constant 
moisture concentrations, that is, by using streams of moist air, the amounts permeating 
and the amounts sorbed being directly weighed. In addition to moisture pcrmeabihty, 
some measurements of that of hydrogen and carbon dioxide aie reported. 

Consideration of the experimental results shows that they can be interpreted by 
assuming that the diffusion process is analogous to that ol substances in solution. There 
is insufficient evidence to show' the effect of vapour pressure and temperature on the 
moisture permeability, but the results for carbon dioxide and hydrogen indicate that the 
diffusion process is dependent on the microphysical properties of the film. The effect of 
structure on diffusion is discussed, and the relations of the results to the problems of 
electfical insulation are considered 

§1. INTRODUCTION 

E xposure of insulating materials to water or its vapour is almost always 
detrimental to their electneal properties. Cellulosic materials, exten¬ 
sively used owing to their mechanical properties, are badly affected, and 
so are customarily protected by impregnation with hydrophobic fillin g waxes, 
compounds or varnishes. These various organic materials, however, exhibit 
widely different sorptive and permeability characteristics which it is important 
^ Based on Report A/T92 of the British Electneal and Alhed Industries Research Association* 
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to investigate with a view both to practical applications and to elucidating the 
fundamental factors involved. 

These considerations apply equally to any form of electrical insulating 
material, and the practical aims of research in this field are then, first, to 
provide data for estimation of the amounts of moisture likely to enter insulated 
electrical equipment under any condition of humidity and temperature, and 
secondly, by relation of these properties to the structure of the insulating 
materials, which determines their electrical and mechanical properties, to 
provide information which will lead to improvement of the materials. 

The experimental problem is threefold: it is necessary to find the rate at 
which moisture penetrates into the insulating material, that is, the rate of 
sorption; to determine the amount of moisture sorbed when the rate of sorption 
is zero, that is, when equilibrium is reached; and to measure the rate at which 
moisture passes through the material when sorption equilibrium is attained. 
Two series of experiments are, therefore, covered by this report, namely, those 
concerned with sorption of moisture in the material before equilibrium is reached, 
and those in which the movement of moisture at equilibrium is studied. These 
are the sorption and permeability tests respectively. In all cases constant 
humidity and temperature are assumed. 

Before the beginning of the research no experimental methods of sufficient 
accuracy were available; these have been developed. Certain tests for moisture 
permeability had been devised and widely used, especially in America, but 
although giving self-consistent results they were of little use where the aim was 
to provide data applicable under all conditions. They are, however, simple 
methods of comparing permeabilities under the same conditions. 

The permeability to hydrogen and carbon dioxide has been measured for 
certain materials to ascertain how the penetration of gases, such as these, differ 
from that of a polar vapour such as water. Although not of any immediate 
practical importance, the results give some insight into the mechanism df 
permeation and allow definite conclusions as to its nature to be made. It might 
be supposed that the mechanism is one of simple infiltration of the permeating 
substance through minute channels in the material, but the evidence suggests 
that it is a molecular process and closely connected with sorption The same 
molecular properties which determine the electrical and mechanical behaviour 
of these substances also determine the permeability and sorptive capacities. 
The theoretical considerations are concerned with the elaboration of this view. 

So far, the materials used have been confined to representative types of 
baking varnishes and polystyrene, both as free films; but although the numerical 
results apply only to these substances, the general arguments advanced are valid 
for any organic insulating material of thejtype considered. 


§ 2 . DEFINITIONS AND FORMAL THEORY 


Pick (1855) suggested that the diffusion of substances in solution could be 
represented by the two equations 


and 


P- 



dt 




( 1 ) 

( 2 ) 


22-2 
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The first applies to the equilibrium, or stationary, state, where the concentration 
gradient dcfdx at any given point is constant. Equation (2) describes the non¬ 
stationary state before equilibrium is reached, the concentration gradient being 
a function of the jc-coordinate, which is in the direction of movement of the 
diffusing substance. P, the constant rate of transfer across the concentration 
difference, is termed the permeability, and D is the diffusion constant. 

Wroblewski (1879) suggested that these equations could be applied to the 
movement of water as vapour in solid materials, and this is borne out by experi¬ 
mental results. It will be shown that a hydrodynamic interpretation of the 
motion of the permeating substance, that is, permeation through fine channels 
or micro-pores, is inadmissible for substances such as were used in the present 
investigation. 

On the assumption that D is not a function of c or f, equation (1) may be 
integrated 

.(3) 

where the and are the boundary concentrations inside a slab whose thick¬ 
ness IS d. The permeability is a constant for the particular conditions, and, 
to make it refer to the material, a permeability constant is defined as the rate of 
transfer of mass across unit area and through unit thickness under the influence 
of unit pressure, or concentration, difference 

At(p,-p,y w 

P'-, — _ - — fi?') 

Whereas for the solution system there is a continuous phase, so that Ci = Cj, 
Cg = C 2 , the system vapour-solid is discontinuous at the surfaces and C#c. The 
relation that these quantities bear to one another depends on the sorptive 
properties of the material under consideration,* and if it is assumed that 
Henry’s law may be applied, that there is a hnear relation between the external 
concentration or vapour pressure and the internal equilibrium concentration, 
then 

C^Sp ( 6 ) 

or C=S'c, .(7) 

where S and S' are the sorption constants for the material. On writmg equation 
(3) in the form of equation (4), 

.(») 


It IS seen that the relation between the sorption, diffusion and permeability 
constants for the material is 

P^SD. .(9) 

* Because of the attraction of the solid for water molecules, the concentration inside the material 
IS greater than that m the vapour phase It follows that the concentration difference within the 
material is also greater Consequently, the constants derived ttom Pick’s equation will be different 
by a factor which is the ratio of the concentrations m the solid and vapour phases. The coefficient 
calculated from the concentrations m the vapour phase is the permeability constant , that derived 
from the mtemal concentration is the diffusion constant, and is analogous to the coefficient for 
diffusion m solution. 
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By inspection of equation (2) it is clear that its solution will yield a kinetic 
relation between C and t involving Dy and a solution of particular interest is for 
the sorption at both faces of a detached film in an atmosphere containing water 
vapour at a particular paxtial pressure In such a case the boundary conditions 
are 

Cl (at 0 ) = Cg (at«= d) for all values of ty 
Co=sO at ^= 0 , 

Cl being defined by equation ( 6 ), where p is the ambient vapour pressure, and 
Co the initial concentration in the film. Equation (2) then gives the solution 


r 4. A—00 

C,= cJl-- s 
L ^ 

where w is an integer. 


1 


(2« + 1Va7 
sin ^— exp “ 


d 

The total amount sorbed by the film is 




m 


which on substitution becomes 


= Cf^Xy t)dxy 
j (» 


m 


( 8 1 r 


£)( 2 « + l)W 


]}■ 


.( 10 ) 


The series converges rapidly and, when mjm^^ is greater than 0 4, equation (JO) 
may be written as 


DTT^t , , 8 


.( 11 ) 


where m is the mass of water sorbed in time t and ms is the value at equilibrium 
From equation (11), D may be calculated if the rate of sorption be determined, 
and since in the same experiment S will be found from the equihbnum value of 
m, a comparison of the value of P from equation (9) and by direct experiment 
is possible. 

The assumptions implicit in the derivation of the three constants and their 
relationships are given below. 

1. The movement of water vapour in non-porous solids is similar, formally, 
to that of substances in solution. 


2. The amount of water vapour sorbed is directly proportional to the ambient 
vapour pressure. 

3. The dtSusion constant is not a function of the amount of water sorbed. 

4. The time required for the surface to come mto equilibrium with the 
ambient vapour is vanishingly small. 

For real substances these assumptions are not necessarily valid, and experi¬ 
mental results should mdicate how far they may be used, and (by consideration 
of the deviations) the real nature of the processes. 


§3. MATERIALS 

The compositions of the varnishes used in the investigation are given in 
table 1 . The films were prepared without alteration of the viscosity of the 
varnish, as received from the maker. 

Four polyst 3 nrene films were investigated, details of which are given in 
table 2 , three of the films being of different manufacture. 
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«(4. EXPERIMENTAL METHODS 

Although the investigation was primarily concerned with varnishes, which 
are normally used as thin films or as impregnants, other matenals may be studied 
advantageously m this manner. For films up to 0-015 cm. in thickness, equili¬ 
brium IS established within a few hours for both perineation and sorption 

Preparation of varmsh film 

In many researches, e.g. Gettens (1932), Gettens and Bigelow (1933), Payne 
and Gardner (1937), Payne (1939), the varnish has been supported on paper or on 
glass cloth (Payne, 1939). Although such a method is useful for comparative 


Table 1. Compositions of varmshes * 


H 

Components 

Pei 

cent 

Solvent 

Pet 

cent 

1 

Tung oil 

40 6 

Mixed petroleum distillate and 

47*4 


Phenolic resin (100%) 

12*0 

terpene 



2 

Gilsomte 

33 6 

White spirit 


53*2 


Boiled linseed oil 

13 2 




3 

Spirit soluble phenolic resin 

38 4 

Methylated spuit 


53*9 


(100%) 


Acetone 


7-7 

510 

Tung oil 

41 2 

Mixed pell oleum distillate and 

46-0 


Phenolic resin (100%) 

11 6 

terpene 




Drier 

1 2 




602 

1 part ot No 510 and 1 part oi 

: Congo Copal ester 

53% 





Boiled linseed oil 

. 17% 





Solvent 

25-8% 




Drier . 

- 4-2% 


* Vanush 1 also contained dner of unspecified amount. 'Pho suppliers of die vainish state 
that Nos. 1 and 510 were identical in composition 

The bakmg tunes were 2 hours per coat for varnishes Nos 1, 2, 510 and 602, and 3 hours per 
coat for varnish No 3. The bakmg temperature was 105° c m all cases 


Table 2. Details of polystyrene films 


Film No. 

Thickness 

(cm) 

Dcsciiption 

1358 
1358A 

1359 

1360 


Unplasticized 

Unplasticized 

l^nplasticized 


tests, it is of httle use for determination of absolute values of the constants, as 
the thickness of the varnish film and effect of the base material are always 
indefimte. When constants referring only to the varnish are required, detached 
films must be used. 
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The first necessity for precise measurements is that the films be unitorm m 
thickness, and it is, therefore, not possible to prepare them by brushing or 
spraying. In general, two methods have been used first, spinmng on a 
horizontal plate (Lishmund and Siddle, 1941), or secondly, spreading by means 
of a doctor blade movmg at a fixed height above the base on which the film is 
to be formed The second method has been employed m this investigation. 

The second necessity is that the film when formed should be easily removed 
from the base material Most investigators have used tinned-iron plates from 
which the film may be stripped, but it has been found more advantageous to 
use 3-mil tin-foil which is dissolved off by mercury. 

The apparatus used in this investigation is shown in figure 1. The doctor 
blade is attached to two differential screws, with large knurled heads, which are 



Figure 1. Appaiatus used for the pjeparation of vainish film samples 

supported in an iron angle at the ends of which are steel runners sliding in steel 
grooves clamped to the brass base plate. It is on this plate that the tin-foil is 
stretched by application of a slight tension to the clamps at each end. The gap 
beneath the blade edge is made parallel by adjustment of the differential screws 
and then set to about 0-005 cm. A small quantity of the varnish is poured on 
the foil and the blade carrier moved slowly along the guides so that the excess 
of varnish is pushed in front. Just before the edge of the base plate is reached, 
the carrier is reversed and the movement repeated in the opposite direction. 
The to-and-fro motion is carried out three times, and the excess of varnish 
pushed over the sloping edge of the base plate and removed. The foil is released 
and baked for the appropriate lime. Further coats of varnish are added by 
replacing the foil and repeating the process. To avoid dust, which gives rise to 
pinholes and irregularities, the whole apparatus is covered by an enclosure with 
curtain-sides and roof of cellophane. During baking, the film is covered with a 
shield of the same material. The films are substantially uniform over an area 
of 10 cm, X15 cm. Most of the films used were manipulated with ease, but 
those of varnishes 2 and 3 presented special difficulty. 
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Films of vamish No. 2 are fragile, due to the shortness of the mixture, and 
further, at temperatures above 40° C. the viscosity decreases so much that the 
film becomes semi-liquid. For this reason no values of permeabihty constant 
were obtained at 50° c, and those at 40° c. were subject to some uncertainty. 
The tendency to fluidity is due to lack of polymerization, the film being produced 
by desolvation This mode of formation also gave rise to difficulty in the 
sealing of nngs into the permeability apparatus. Rubber rings were used 
normally, but with this varnish it was found that after three days the rubber 
had sorbed all of the oil and left only a powder of gilsonite, the centre of the 
film becoming separated The effect was overcome by using cellophane masking 
rings over the area of contact with the rubber. 

Fragility of films of vamish No. 3 is due to their brittle nature. The 
unevenness of pressure obtained with rubber sealing rings caused the films to 
shatter like glass. To avoid this, rings of waxed filter paper were used, the 
whole permeability cell being warmed to 60° c. to ensure complete sealing 
It is not certam that the films of vamish No. 3 were homogeneous, for polymeri¬ 
zation is complete after baking of each coat, so that mterdiffusion with the added 
liquid vamish does not occur. 

In all cases the thickness of a film was measured by a dial micrometer reading 
to 0-0001 cm. A number of readings were taken over the area under test. 
The softer films presented some difficulty as the impact of the micrometer foot 
caused compression, giving a lower value than the tme thickness. For this 
reason a circular plate of 1 cm? area was preferred to a spherical point. 

The apparent thicknesses of polystyrene films when measured with the 
micrometer led to values of density <1, and it was necessary to determine the 
density directly. It seems probable that the surface is corrugated, and that the 
crests alone contribute to the dimension. 

Production of standard humidities 

It is of the first importance both m the permeability and sorption experiments 
to maintain a constant, standard humidity. To accomplish this, two methods 
are available for flovring gas streams; the first is the use of saturated salt-solutions 
which give a known vapour pressure, and the second is to mix such volumes of 
saturated and dry gas that the resulting mixture has the requisite humidity. 
The first and simpler method has been used. 

Gravimetric checks were made on the humidity of the gas streams, but, in 
general, the values from International Critical Tables were assumed ^o be correct. 
The salts which have been used are listed in table 3. 


Table 3. Humidities of saturated solutions 


Salt 

Relative humidity 
(%) 

Variation with 
temperature 

Potassium sulphate 
Potassium tartrate 
Cobalt chloride 

96 

70 

67*4, 20*^ c. 

56-7, 40*^ c 

None 

None 

Linear 




Permeation and sorption of water vapour in varnish films 331 

* 

Measurement of permeability 

A variety of forms of apparatus have been descnbed by several authors and 
comprehensive reviev?s of the subject have been vmtten by Lishmund and Siddlc 
(1941) and by Carson (1937). To obtam sigmficant results it is necessary that 
the vapour pressures at the surfaces of the film under test should be of definite 
and known values. In the majority of the methods used, where the film is 
ei^osed over a solution or dehydratmg agent without mixing of the air other 
than by convection, it is probable that the vapour pressure is by no means equal 
to its supposed value (see, for example, Abrams and Brabender, 1936). The 
error may be avoided by passmg streams of air at definite humidities over the 
surfaces at such rates that no vapour-pressure gradients are formed.* This 
method (Wosnessensky and Dubnikow, 1936) was successfully developed. 

The apparatus (figure 2) consists essentially of a humidifying tram producing 



a stream of gas at the required humidity which then passes over the film, con¬ 
tained in the permeability cell The moisture which permeates through the 
film is taken up by a dry-gas stream and then removed by drying tubes to determine 
the amount. 

Gas, from a cylinder, is initially dried with silica gel and split into two streams, 
the rates of which are measured by the flow-meters B. One stream passes 
through the cell C to remove the water which has penetrated, and which is 
estimated gravimetncally by the absorption tubes of phosphorus pentoxide D. 
The ^other stream is pre-humidified by the water bubbler E. The vapour 
* The authors are mdebted to Dr. G. Barr for advice on this subject. 
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pressure is finally corrected by passing the gas through the tower of mois 
crystals G and the final bubbler 11. After flowing over the film, the stream i 
released into the atmosphere. 

It was found that a streaming rate of 1 litre per hour was sufficient to preven 
the formation of any vapour-pressure gradient over the surfaces of the film 
and the flowmeters were constructed accordingly. The pressure differenc 
developed across a capillary was measured, and the meters were calibrated b 
displacement of water, the necessary corrections being made. 

To ensure further that the practical conditions correspond to those required 
the permeability cell was constructed with the following necessities m mind:— 

1. A definite area of film must be exposed to the humid air or gas. 

2. The only leakage from the moist to the dry side of the film must be througl 
the film. 

3. There must be no leakage from either side of the film to the outer atmos 
phere. 

4. The thickness of the gas layers adjacent to the surfaces of the film mm 
be small enough to prevent the formation of vapour pressure gradients. 

The final form of permeability cell adopted and used for tlie experiments i 
shown in figures 3 and 4 The film of varnish was clamped between two shalloi 



Figure 3. Moisture penetration cell. (General^ view.) 


brass cylinders of internal diameter 1-5 in., which were held symmetrically i 
place by two steel plates provided with bolts and wing nuts. To ensure com 
plete sealing, the areas of contact between the film and the cylinders were covere 
with rubber gaskets. Each compartment of the cell was provided with diametricall 
opposite openings to serve as inlet and outlet respectively for the gas stream: 
and a third opening for connection to a small external manometer for checkin 
the pressure and indicating leakages in the system. 

The amount of moisture permeating through the films used in these exper 
ments was of the order of 1 mg. per hour. To obtain five values of the permeatio 
per hour within three days and with 5% accuracy the minimum weight measure 
was 3 mg., an analytical balance being used. 

The use of phosphorus pentoxide supported on silica gel was found to b 
superior to that of any other absorbent and it was the most convenient to handl* 
Other absorbents used were silica gel, phosphorus pentoxide on glass wool an 
on pumice, and sulphuric acid on pumice. 



Permeation ami sorption of water vapour in varrdsh films 333 

Before beginning an esperiment the apparatus was first tested for leakage by 
sealing the outlets and allowing the pressure to rise until the manometers showed 
a positive readmg. The stream was cut off and the readmg taken after ten 
minutes. With absence of leaks no change was observed. 

One day was allowed for the humidifying train and permeability cell to come 
into thermal equilibnum, the thermostat being controlled to ± 0° *2 c. A further 



day was allowed with gas streams running, for the apparatus and film to come 
into moisture equilibrium. 

To prevent oxidation of the film during the tests, nitrogen was used as carrier 
for the water vapour. 

A series of tests on the permeation of hydrogen and carbon dioxide through 
films of varnish 1 and of polystyrene were carried out. For these experiments 
the ^s was substituted for the moist stream, the barometric pressure being 
substituted for the vapour pressure. For the estimation of hydrogen which had 
permeated to the nitrogen, the stream was passed over copper oxide at a cherry- 
red heat, and the hydrogen estimated as water in the manner already described. 
Carbon dioxide was absorbed in soda-lime. 

Measurement of sorption 

Determmation of small quantities of water vapour sorbed from the gaseous 
phase may be effected either by direct measurement of the mass taken up from 
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a practically infinite volume of inert gas at the required humidity, or by measure¬ 
ment of the equilibrium vapour pressure in a finite volume initially containing 
a known quantity of the vapour. The latter method requires elaborate apparatus 
and technique which to a certain extent are avoided by use of the former. 

Measurement of the mass sorbed, although simple in principle, presents 
some difficulties because of the small quantities involved. The most satisfactory 
weighing element is a quartz helix, which obtains the greatest sensitivity with a 
large ratio of length to cross-sectional area. Highly sensitive elements are, 
however, subject to vibration which impairs accurate observation. With the 
available mstruments for measuring the extension of the helix, the limit sensitivity 
was found to be 4xl0~®g. for a load of O-l g., representmg a percentage of 
0*04 + 0-02. Beyond this limit, vibration frequently prevented accurate obser¬ 
vation. 


A B Mam stream taps 
C Subsidiary choke 
0 0 Subsidiary stream taps 
E F Rate bubblers 
6 G Driers 
H H Humidifiers 
1 I Ballast chambers 
J K Subsidiary stream outlets 
L L* Main stream control 
M Absorption tower 
N Bridge heater 



1 



1 



j 

H H 



1 






X Y 

Figure 5. Apparatus used for determination of moisture sorption by films. 


From the equations (3) and (4) it is evident that measurements of two kinds 
are required, of equilibrium absorption and of the rate of sorption. It is con¬ 
venient to combine these in one experiment. Although it is not likely that the 
amount of sorption will appreciably alter the quantity of water vapour in the 
carrier gas, it is necessary, m experiments on the rate of sorption, that the 
humidity should change rapidly from the initial value to that at which the rate is 
being determined. Preliminary results showed that the sorption of films of the 
thickness used is practically complete within 30 minutes; consequently the time 
of change from the initial to the final state must not be greater than ^ min. for 
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reasonable accuracy. Any method which depends on the mixing of static 
volumes of dry and humid air to give the required vapour pressure is thus un¬ 
certain, and a streaming method is preferable. 

The final set-up is shovra diagrammatically in figure 5, although most of the 
results were obtained with a simpler apparatus. The later arrangement has 
independent control of the temperature of the humidifying tram, and conse¬ 
quently of the vapour pressure, and also of the film. The incoming air stream 
is split along three branches: A and B are the dry and humid streams respectively, 
and C is a subsidiary. The function of the last is to maintain the section of the 
apparatus not m use, comprising bubblers and ballast chambers, in either dry 
or humid condition, as the case may be, so that the change from one state to the 
other can be made in the shortest possible time. C acts as a choke, having a 
constant setting, and controls the rate of the slow maintaining stream, the 
direction being determined by the taps D, D. It is released into the atmosphere 
by either J or K and prevented from entering the sorption tower by the taps 
L, L'. The humidifiers H, H are filled with saturated salt solution and the 
driers G, G with strong sulphuric acid. 

Dry air was passed at a slow rate through the apparatus for a few hours to 
remove moisture from internal surfaces and from the film. The position of a 
mark on the bottpm of the helix was read by a cathetometer external to the 
apparatus, illumination being supplied by a neon lamp behind the sorption 
tower. It was found that this reduces both aberration' and eye-stram. The 
change to the humid stream was made by opening L and closing K, whereby the 
whole of the air passes through the humidifiers. The dry side of the apparatus 
was then isolated by closing the tap L'. Readings of the spring extension were 
taken initially at 1 min. intervals until the rate of sorption became slow, when 
the time was increased gradually. When the extension showed no positive 
change after J hour, it was considered that the film was m equilibrium at the 
particular vapour pressure. 

The rate of desorption was found in a similar manner, the operations being 
reversed. 


§5. EXPERIMENTAL RESULTS 
Permeability constants. 

The permeability constants are calculated from equation (4), the unit being 
g.cm./hour cm? mm. Hg. In general the values for permeability constants of 
varnishes and similar materials are of the order of 10~®. All vdues given are 
PxlO®. 

The accuracy of the results for a particular film is of the order of 5% but, 
as is evident from mspection of the values, films of the same thickness prepared 
at different times do not show the same result. Where the values of the perme¬ 
ability are small, as in the case of phenol formaldehyde resin, P^^-S x 10“®, the 
accuracy is of a lower order because of the minute quantities permeating. All 
films were used one week after preparation. The results of the tests are given 
jn tables 4^to 7. 
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Table 4. The moisture permeability constants of films of varnish 1 


Temperature of 

Thickness 

Vapour piessure 

PxlO* 

test (®c ) 

(cm.) 

diff. (mm. Hg) 

25 

0-0042 

20-9 

4-9 

35 


36-1 

5-8 

25 

0-0083 

21-9 

4-8 

30 

0-0102 

28-5 

6-0 

35 


38-0 

6-7 

40 


50-3 

7-1 


Table 5. The moisture permeability constants of films of varnish 2 


Temperature of 

Thickness 

Vapour pressure 

PxlO® 

test (®c.) 

(cm.) 

di£f. (mm. Hg) 

30 

0-0053 

28-8 

2-3 

30 

0-0054 

29-0 

2-4 

40 


51-3 

2-5 

30 

0-0062 

28-7 

2-6 

40 


50-7 

2-7 

30 

0-0082 

28-6 

2-8 


Table 6. The moisture permeability constants of films of varnish 3 


■ Temperate of 

Thickness 

Vapour pressure 

PxlO* 

test (®c.) 

(cm.) 

diff- (mm. Hg) 

30 

0-0028 

29-7 

0-42 

A40 


52-6 

0-35 

49-5 


85 5 

0-34 

25 

0-0028 

21-7 

0-55 

B35 


38-0 

0-46 

30 

0-0045 

29-6 

0-59 

40 


52 5 

0-45 

49-5 


85-2 

0-44 
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Table 7. The moisture permeability constants of films of two baking 
varnishes at 25° c. and 96% R.H.* 



Thickness 

Vapour pressure 

PxlO* 

Vamish No. 

(cm.) 

diff. (mm. Hg) 

510 


21-0 




21-9 




22-2 


602 

0-0062 

21-7 

0-57 


0-0106 

21-9 

0-42 


* In view of the interest shown by varnish manufacturers m the great difference of moisture 
esistance between varnishes Nos 510 (Tung oil) and 602 (Tung oil—Congo Copal ester—^linseed 
il), tests are being carried out on the sorption of the latter to determine whether or not its properties 
re so modified by the soibed moisture as to make the permeability constant small The results 
nil be reported later. 


The films A and B, although of the same thickness, were prepared at different 
imes. 

The values for all three varnishes were obtained at 96% relative humidity. 

The tests on film No. 1360 were carried out at 70% relative humidity, but 
or the remainder of the films the value was 96%. The results of the tests are 
[iven in table 8. 


Table 8. The moisture permeability constants of polystyrene films 


Film 

Temperature 

Thickness 

Vapour pressure 

Pxl0« 

No. 

(°C.) 

(cm) 

dxff. (mm. Hg) 

1360 

25 

0-0025 

13-7 



30 


17-9 



40 


29-1 



50 


51 8 


1358 

25 




1358A 

25 



3-0 

1359 

25 


WBM 

3-1 


Values for the hydrogen and carbon dioxide permeation were found for a 
dm of varnish No. 1 and for polystyrene film No. 1360 The difference of 
treasure across the film is not corrected for the amount permeated, the quantity 
teing too small. The gas issues at constant pressure, hence the actual pressure 
if the gas IS the atmospheric pressure. The results of the tests are given in 
ables 9 and 10, 
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Table 9. The gas permeability constants for a film of varnish 1 



Temperature 

Thickness 

Pressutc diff. 

PxW 


of test (°c.) 

(cm) 

(mm. Hg) 

H, 

30 

0*0081 

754 

0 0042 


40 


773 

0 0051 


50 


771 

0 0059 

COa 

30 

0 0140 

754 

0*050 


40 


773 

0*085 


50 


771 

0 153 


Table 10. The gas permeability constants for a film of polystyrene 1360 


Gas 

Temperature 

Thickness 

Pressure diff. 

Pxl0« 

of test (®c.) 

(cm) 

(mm Hg) 

H, 

25 

0*0025 

760 

0 0063 


25* 


742 

0*0064 


30 


758 

0*0076 


40 


753 

0*0091 


50 


756 

0*0104 

COa 

25 

0*0025 

759 

0 066 


25^ 


742 

0*082 


30 


758 

0*069 


40 


753 

0*091 


! 50 


758 

0*106 


* In this test both streams of ^ contained water vapour at 70% relative humidity 


Sorption constants 

The sorption constant as defined by equation (6) is evidently the concentra¬ 
tion m the film for a unit pressure of the gas or vapour sorbed. The unit in 
which the results are expressed is g./cm? per mm. of Hg. 

These values are given in table 11 with the percentage sorptions by weight 


Table 11. Moisture sorption constants for varnishes 1, 2 and 3 


Varnish No 

Thickness 

(cm)* 

Sorption 

(%) 

Sorption constant 
xlO* 

1 

A 0*0029 

20 

9*9 


B 0*0054 

2*2 

10*3 


C 0-0070 

1 2 

5 8 

2 

A 0*0074 


5*1 


B 0*0086 

nm 

4*4 

3 

A 0*0017 

2 6 

14*2 


B 0*0034 

2*6 

14*0 


C 0*0049 

2*0 

10*1 


The letters A, B, C refer to different films. 
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for varnishes 1, 2, 3. All the values recorded were determined at 25" c. and 
96% relative humidity. 

The results are not all of equal accuracy. Films 1C, 2B and 3A were the 
first to be tested, whilst the method was being developed, and may be more in 
error. The order of accuracy is 7%. 


Table 12. Moisture sorption constants for polystyrene films 



Because of the extremely small values of the sorption of the polystyrene films 
with consequent uncertainty of the measurements, six determinations were made 
for each film and the mean taken. The accuracy of the sorption percentages is 
± 0-02, with a percentage accuracy of c. 20. 

Rate of sorption 

The rates of sorption are not reported numerically, requiring too much space, 
but specimens of the curves are given in figures 6,7, and 8 for the three varnishes. 



Time in minutes 

Figure 6 Sorption vs time for films of tung oil-phenol formaldehyde varnish No. 1, 

The points are the results of three rate determinations for both sorption and 
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Using the relation developed m equation (11), the values of log are 

plotted against t in figures 9, 10 and 11. 



Time in minutes 


Figuie 7. Sorption \s time tor films of Imseed oil-gilsonitc vainish No 2, 



Time in minute** 


Figuie 8 Sorption vs. time for films of phenol foimaldehyde^iesin varruah No. 3 
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Figure 10 Log residual-sorption vs time for films of linseed oil-gilsonite vainish No 2. 



Figure 11 Log residual-sorption vs. time foi films of phenol formaldehyde resin varnish No 3. 

§6, DISCUSSION 
Nature of the permeation mechanisms 

The formal theory already developed (§ 2) assumed that diffusion in solid 
materials takes place by a process analogous to osmotic dijffusion in liquids and 
not by flow through micro-pores. Such a hydrodynamic flow would be expected 

23-2 
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to lead to a variation of P with l/\/T, where T is the absolute temperature. 
The results of the permeation of gases through varnish 1 and polystyrene show 
that the temperature coefficient is much too large. Simplifying the relationship 

P=kly'T, .(12) 

and usmg the values of P from table 10 for hydrogen permeation through 
polystyrene, the values of k, which should be a constant, vary from 10-8 to 18 9 
as T vanes from 25° c. to 50° c. Further, the temperature coefficient of P, 
which should be negative according to equation (12), is usually positive. 

If, therefore, permeation of gases does not occur as flow through micro-pores 
in the materials concerned, it can be concluded that the same holds for the 
permeation of water and other substances. 

A crucial test of the theory of an osmotic diffusion of water through varnishes 
and similar materials is the comparison of the permeability constant determined 
in the stationary state and that calculated by equation (9) from the diffusion 
constant obtained from measurements in the non-stationary state using equation 
(11), In this comparison all the assumptions are involved. Inspection of 
figures 9,10 and 11, which show the relation between log (m, — m) and t, indicates 
that equation (11) is reasonably valid. From the curves, values of the difiFusion 
constant D have been derived, the umt being cm?/hr. (Table 13.) 


Table 13. Diffusion constants for varnishes 1, 2, 3 at 25° c. 


Varnish No. 

Thickness (cm.) 

Mean value of 
Da 10^ 
(cm?/hr.) 

1 

0‘0029 

12-5 


0 0054 

27-0 

2 

0 0074 

34-5 


0 0086 

82-5 

3 

0 0017 

2-0 


0-0034 

3-2 


0-0049 

5-0 


These values are the means for the sorption and desorption processes. 

From these values, and using the sorption constants of table 11, the perme- 
abilily constants (table 14) have been calculated from equation (9) and compared 
with those determined expenmentally and given in tables 4, 5 and 6. 

The agreement is good in showing the correct order of magnitude. Con¬ 
sidering also the approximate constancy of the permeability constant with thick¬ 
ness, there is reason to believe that the mechanism of permeation is one of osmotic 
diffusion, and that deviations from the formal laws are to be explained in terms 
of the characteristics of the substance permeating and the material permeated. 
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Table 14. Experiments and calculated values for the permeability 

constants at 25° c. 


Varnish No. 

Thickness (cm.) 

Permeability constant X10** 

(g /hr cm.mm Hg) 

Direct 

observation 

Calculated 
from D and S 

1 

0 0029 

4*8«' 

1 2 


0 0054 

49 

28 

2 

0 0074 

2 6* 

1 8 


0 0086 

2-7* 

3 6 

3 

0 0017 

0 42* 

0 28 


0*0034 

0 45* 

0*44 


0 0049 

0 63* 

0 51 


* The values are interpolated 


Demotion from ideal behaviour 

Examination of tables 4, 5 and 6 shows that permeability constants tend to be 
larger for thicker films, a result also noted by other authors (Edwards and 
Wray, 1936; Lishmund and Siddle, 1941, Wray and van Vorst, 1941). The 
increasing sorption of polystyrene with decreasing thickness (table 12) indicates 
the presence of a concentration on the surface of the film over and above that 
existing inside the material. Calculation shows that this surface layer is equiva¬ 
lent to a thickness of 4 molecules. Such a layer may have a lower permeability 
than the interior, and thus give nse to the variation with thickness mentioned. 

The effect of vapour pressure on the permeability constant has not been 
determmed in the present investigation, but investigations on baking varnish 
(Edwards and Wray, 1936), rubber (Lowry and Kohmann, 1927; Taylor, Her¬ 
mann and Kemp, 1936), and cellophane (Simril and Smith, 1942) show that, in 
general, there is a considerable increase of sorption with vapour pressure, especi¬ 
ally m the region of 80-100% relative humidity. This super-sorption must be 
a consequence of the polar nature of the water molecule as opposed to the non¬ 
polar character of a gas, e g. hydrogen, the solubility of which closely follows the 
linear law. First there may be a liquid condensation on the hydrophilic groups 
m the material, and secondly, intra-micellar penetration of water molecules, 
which causes swelling and exposure of more hydrophilic groups. Payne (1939) 
has shown that the permeability of a matenal is greatest with respect to a vapour 
which m its liquid state dissolves or disperses the matenal. If liquid sorption 
takes place, it is to be expected that the binding force at a high concentration will 
be smaller than that exerted when the water molecule is sorbed directly on a 
hydrophihc group. Thus movement at higher concentrations will be freer, and 
if there is some disruption there will be more traversable paths. 
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Vaiiation with temperature 

All the considerations so far have dealt with processes at constant temperature. 
It was stated in § 6 that the variation of the gas permeability with temperature 
is not only in the wrong direction, but of too great a magnitude to be accounted 
for by a flow through micro-pores. Barter (1941) showed that permeation and 
diffusion of gases through organic matenals was by an activated mechanism, 
similar to that of the movement of atoms and ions in fluid and solid media. It 
was found that the vanation of permeability and diffusion constants with tem¬ 


perature could be represented by the equations 

P= PoXexp i-EIRT), .(13) 

D=I>oXexp i-E'IRT), .(14) 


where the E and E' are activation energies. The activation energy for the 
permeation process is compounded of that for diffusion and that for sorption, 
this latter being m fact the heat of solution. 

It has been calculated from equation (13) that the activation energy for the 
permeation of hydrogen and carbon dioxide through polystyrene (table 10) is 
3800 calories per gramme molecule in both cases, and for the permeation through 
varnish 1 (table 9) the energies are 3400 calories per gramme molecule and 
11,400 calories per gramme molecule for hydrogen and carbon dioxide respec¬ 
tively. The first two values are lower than those found by Barrer for permeation 
of hydrogen through rubbers, ebonite, bakehte and cellulose derivatives, the 
range bemg 5000 to 10,000 calories per gramme molecule. 

Although the permeability constants of the varnishes, given in tables 4 and 
5, mcrease with temperature, the fact that the vapour pressure also increased 
does not allow a decision to be made. A similar consideration applies to the 
mterpretation of the negative temperature coefficient of P for phenol formalde¬ 
hyde resin and the constancy of P for polystyrene. Until the variations of 
permeability constant with temperature and vapour pressure are studied inde¬ 
pendently, it will not be possible to decide whether or not the process is activated. 
It is clearly of the greatest importance to determine this since Barrer has shown 
that the activation energies for gas permeation are closely related to the energies 
associated with mechanical changes in the case of rubbers. 

Comparison of diffusion rates 

It has been urged that- diffusion of water through varnishes and similar 
materials is of a fundamentally different nature from that of gases in view of the 
great differences in the permeability constants for the two substances. These 
differences are magnified in two ways, first by the fact that the permeability 
constant is m terms of the mass permeating and not of the numbers of molecules, 
and secondly, because the sorption of water is much greater than that of gases. 
The first distortion is easily overcome by dividmg the constants by the molecular 
weight of the gas or vapour permeating; it is then m terms of gramme molecules, 
and consequently directly proportional to the number of molecules passmg. 
The order of permeabihty constant is then 

Water vapour=0-3 x 10®, gas=0-002 x 10® 
for a film of varnish 1 at 30° c. The different effects of sorption are more 
diflSlcult to ehmmate, the true comparison being between the difbision constants 
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which give the amounts movmg through the material under unit concentration 
gradient within the material. The diffusion constant is thus independent of the 
degree of sorption (see Gettens and Bigelow, 1933). Only a few values of D 
are known, and these have been collected in table 15 


Table 15. Moisture diffusion constants for several materials 


Substance 

^c. 

D ^ 10® (cmVsec ) 

Vamish 1 

25 

0 013 

Varnish 2 

25 

0*015 

Varnish 3 

25 

0 0011 

Polystyrene 

25 

0 21 

Values quoted by fiany (1941) 


Polyvinyl acetal 

20 

0 047 


40 

0 062 

Polyvinyl butyral 

25 

0 0035 

Polyvinyl acetate 

40 

0*0056 

Methyl methacrylate 

25 

0 027 

Phenol formaldehyde 

25 

0 0022 


There are no figures for the diffusion constant for gases permeating through 
any of the materials of table 15 The order of the value of the diffusion constant 
may, however, be obtained by assuming the average value for the solubility of 
hydrogen m orgamc materials; it is generally in the region of 0-05 ml. at 
N.T.P./cm? of solid/atm., from which the sorption constant may be found. 
From the known values for the permeability constant the diffusion constants 
may be calculated, and these are given m table 16. 

Table 16. Calculated hydrogen diffusion constants at 25° c. 


Substance 

®c. 

D X 10® (cm?/sccO 

Varmsh 1 

25 

1-7 

Vamish 3 

25 


Polystyrene 

25 

3-0 


In all cases the diffusion constant is greater for the gas than for moisture (see 
table 15), the variation being greater than any probable deviation of the hydrogen 
solubility from the value assumed. It is probable the solubility will be smaller, 
which will mcrease the diffusion constant. The values for varnish 1 and poly¬ 
styrene are of the order of those which Barrer found in 1941 for rubbers ; the 
lower value for phenol formaldehyde is in accord with the low value of the 
moisture diffusion constant (table 15) and probably results from its structure. 

Structure and diffusion 

The effect of the external factors, vapour pressure and temperature, has been 
considered on the assumption that the hydrophilic groups are of the greatest 
Importance m determimng the sorption and permeation characteristics. Whilst, 

















A. Moms ihomas ana w. ju. Lrent 


346 

however, a satisfactory explanation of the deviations and variations of the 
constants is possible, the factors determining the absolute diffusion rate and 
sorptive capacity depend on the structure of the material. It is to be expected 
that both the chemical nature of the ultimate molecular units and the manner in 
which these are aggregated into the solid will be the determining factors. 

Practically all the matenals used as orgamc insulating materials consist of 
giant molecules whose structure is a repetition of simple units. Such a repetition 
may be chain-like as in substances such as polystyrene, tung oil, rubber, or it 
may be three-dimensional, as m vulcanized rubber, and the condensation products 
of formaldehyde with phenol, urea or melamine. In the chain-polymeric 
matenals, molecular aggregates, termed micelles, are constituted by secondary 
valence forces, but in the three-dimensional polymers a more rigid structure 
arises by primary valence forces cross-linking the molecules. However, the 
energies necessary to break a primary and a secondary valence bond are about 
30,000 and 6000 calories per Avogadro number of bonds broken respectively, so 
that the probabdity of a secondary valence bond rupturing is 

[exp (-6000/liT)/exp (-30,000/l?r)] = 10“ times 
more than that of a primary bond. The values of table 16 show that the 
difference of permeation cannot be accounted for by such a difference in mechan¬ 
ism. In fact, no activation energies for permeation of gases through various 
membranes are much above 10,000 calories per gramme molecule. The con¬ 
clusion is, therefore, that diffusion takes place along the micelle boundaries and 
through holes arising from the rupturing of secondary valence bonds, and differs 
only in degree in chain-like and three-dimensional polymers. A unifying concept 
is that of a structure consisting of regions of order and disorder, diffusion 
occurring through the disordered regions at a rate depending on their volume 
relative to the whole. The activation energy is then a measure of the energy 
necessary to produce sufficient disorder in the ordered regions for the molecule 
to pass through, and its magnitude depends on the cohesive forces between the 
molecules or parts of molecules in the ordered region On this basis the low 
diffusion rate through paraffin wax (which has an ordered molecular lattice, 
providing no inter-crystalline cracking is present) may be explained as well as 
the decreased permeability of polystyrene film when it is partly onented by 
stretchmg (Badum and Leilich, 1938). Further, the increased order produced 
by cross-linkages m three-dimensional polymers will lower the rate of diffusion, 
as is shown by Sager (1934). 

§7 CONCLUSIONS 

The experimental methods which have been developed are capable of giving 
consistent results to an accuracy of about 5% for the permeabihty measurements 
and about 7% for the sorption measurements. The most likely source of error 
in both cases results from the use of saturated salt solutions for humidification 
of the gas streams. For the varnishes a further error is mtroduced in that similar 
fihns prepared from the same matenal show permeability characteristics which 
may vary by 4%. Such variation is likely to arise from inequality of thickness. 
At the present stage of the research, which is largely exploratory, these errors are 
not serious, and the methods, capable of improvement if necessary, provide 
adequate means of investigation. 
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The results of this and other investigations show that the naoisture perme¬ 
ability constants for varnishes and lacquers have a 10-fold range, which is about 
in the middle of the 10^-fold range of constants for all classes of dielectrics. 
There is, in general, an increase of permeability constant with increase of vapour 
pressure and temperature, although the extent to which either of these separately 
is responsible has not yet been determined. The degree of variation of the 
constant varies widely. 

A variation of permeability constant with thickness of film also occurs, but 
this may be due to a slow surface process. 

The relationship between permeability, diffusion and sorption constants 
approaches that predicted by theory. The deviations arise because the assump¬ 
tions on which the theory is based take no account of the real nature of sorption 
phenomena nor of the molecular structure of the material. It is assumed that 
during the process of permeation no physical interaction, other than simple 
solution, takes place Actually this is not so, and to interpret the facts of 
permeability and sorption the concepts of molecular physics must be employed. 

It is not yet possible to give a detailed picture of the mechanism of perme¬ 
ability. Nevertheless, some observations on the effect of structure are permissible: 

1. The greater the occurrence of water-attractive groups the higher the 
permeability of the substances. 

2. The greater the degree of order in the structure, that is, the greater the 
regular molecular orientation, the less is the permeability. 

These two factors acting together determine the permeability of any organic 
msulatmg material of the types considered. In varnishes the effects are about 
balanced; more permeable substances, such as cellulose derivatives, have much 
greater sorptive powers; the less permeable materials, such as highly vulcanized 
rubbers, and waxes, have more ordered structure. The importance of the 
structure of the material has been recognized in the manufacture of Styroflex 
oriented polystyrene, which has only half the moisture permeability of the 
randomly oriented material. 

Further, the two factors are clearly important for the dielectric and mechanical 
behaviour of insulating materials. Thus it seems possible that relationships 
between these properties and the moisture permeability may be developed in 
terms of the physical and chemical properties of the molecules. 
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APPENDIX 

References to moisture permealnhty constants cited in the literature 

Moisture permeability constants for a considerable range of materials have 
been determined by various workers, and collections of these values will be found 
in the publications of Taylor, Hermann and Kemp (1936), Carson (1937), and 
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Barter (1941). The dispersion of these values is shown diagrammatically in 
figure 12. 

Values of the moisture permeability constant are gathered together in table 
17 for varmsh and lacquer films, paints being omitted since the pigment affects 
the permeability. Except for the values of Lishmund and Siddle (1941), which 
were determined by a method somewhat similar to that described m this report, 
all of the permeability constants were found by the use of a variation of the 
Muckenfuss pot. 

In essentials this apparatus consists of a cup or jar over the mouth of which 
the varnish film is fixed. The cup may contain a desiccant, in which case the 
gain in weight is found on exposure to a humid atmosphere, or a humidifying 
agent may be used in the cup and the loss in weight in a dry enclosure found. 
The desiccating or humidifying surface in the cup may be some way from the 



Figure 12. Moisture permeabilities of some iion-porous insulating materials 

surface of the film, resulting in a gradient of vapour pressure due to the finite 
time of dijBFuston of water vapour in air. It has been calculated that if the distance 
is not greater than 1 cm. no appreciable error is involved for permeability con¬ 
stants of the order of 10”**. For larger values of the constant, as for cellulosic 
matenals, P = 10”®, the error is of the order of 70%. With elevated temperatures, 
diflficulty IS expenenced in sealing the film to the cup; sealing at room temperature 
results in ballooning of the film on heating, due to expansion of the air. With 
these limitations the method is useful for industrial purposes 

The values for the permeability constant are given in the units used through¬ 
out this report and under the following conditions whenever possible:— 

25“ c., 96% R.H., 0-005 cm. thickness. 

Values at other temperatures, vapour pressure differences or thicknesses are to 
be found in the references quoted. 
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Table 17. Moisture permeability constants for varnishes as free films 
at 25° c., 96% R.H. and a thickness of 0 005 cm. 


Material 

Pa 10 *» 

(g cm /hr 
cm?mm.Hg) 

Material 

P 10« 

(g cm /hi . 
cm^mm.Hg) 

Nitrocellulose 


Synthetics 


halkyd resin (i) 


Vinyl resin (i) 

0*8 



Glycerol phthalate ( 4 ) 

1*3 



» >> ( 5 ) 

6*2 

halkyd resin+dibutyl phthal- 


>> »> ( 4 ) 

0-3 

late (a) 

40 

Phenol formaldehyde resin ( 4 ) 

1*2 

[-alkyd resin+dibutyl phtha- 


„ » » (6) 

0*6 

late+castor oil (a) 

4*5 

Alkvd resin ( 7 ) 

7 2 

r dammar ( 2 ) 

2 5 



1- dammar + dibutyl phtha- 


Oil vatmshes 


late ( 2 ) 1 

3 3 

Ester gum ( 4 ) 

0 9 

r rosm-maleic acid+dibutyl ^ 


Tung oiLl-phenol resin ( 7 ) 

2 1 

phthalate ( 2 ) 

M 

»» »j >> ( 3 ) 

42 

r ester gum-(-dibutyl phtha- 


>> >> >> (^) 

49 

late ( 3 ) 

1*7 

Tung oil (- linseed oil -( - phenolic 


I- diphenyl resin (i) 

0 2 

resin ( 5 ) 

5 1 

(-vinyl resin (i) 

6 0 

Linseed oil ( alkyd resin ( 3 ) 

5 0 

('phenolic resin (i) 

0 9 

Linseed oil | bitumen ( 6 ) 

23 

1 dibutyl phthalate ( 2 ) 

5 3 

Orange shellac ( 7 ) 

25 


(i) Wray and Van Vorst, 1936, ( 5 ) Kline, 1937. 

(z) Wing, 1936. ( 6 ) This paper, 1945. 

( 3 ) Lishmund and Siddle, 1941. ( 7 ) Payne, 1939. 

( 4 ) Edwards and Wray, 1936. 
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A SYSTEM OF TRANSFER COEFFICIENTS 
FOR USE IN THE DESIGN OF LENS SYSTEMS: 

1. THE GENERAL THEORY OF THE TRANSFER 

COEFFICIENTS 

By F. D. CRUICKSHANK, 

University of Tasmania 

MS. received 25 yamary 1944 , in revised form 26 February 1945 

ABSTRACT A detailed account is given of a series of differential transfer coefficients, 
which specify the changes in the path of a ray in the final image-space rcsultmg from 
small changes in surface curvature, refractive index and axial separation of successive 
surfaces, made withm the system Extendmg the method to the mlerscction pomts of 
the typical rays of a standard trigonometrical trace, transfer coefficients are derived which 
specify the rate of change of the tangential aberrations with curvature, refiractive mdex 
and axial separation at each surface of the system In particular, coefficients are developed 
which relate the chromatic aberrations in a very simple manner to the dispersions of the 
glasses of the system 

§1 INTRODUCTION 

M 'aulav and Cruickshank (1945) have described a simple means of 
specifying the change m the path of a ray through a lens system 
resulting from a small alteration made at some surface of the system. 
Using the onginal traced path of the ray as a reference frame, the new path is 
completely defined when the values of the differential quantities dp', dU' are 
known for the ray at each surface. Particular interest attaches to the values of 
these quantities at the last surface of the system, for from these the new path of 
the ray in the final image-space may be deduced. The basic problem is to relate 
the change in the path of the ray in the final image-space to the alteration withm 
the system which produced it. A solution of this problem is presented in this 
paper m terms of a system of transfer coefficients, the values of which can be 
computed for any t 3 rpe of alteration made at any surface of the system. Once a 
system of transfer coefficients is established, the way is open for the development 
of designing methods of considerable power In the paper referred to above, 
it is shown how the existence of the transfer coefficients leads to a systematic 
method of makmg the final correction of the aberrations of a lens system. In 
subsequent papers it vnll be shown how an analysis of the surface contributions 
to the aberrations of finite pencils may be made, and a direct method will be 
proposed for the estimation of the tolerances to be observed in the production of 
an optical system. The notation employed follows that of Conrady (1929). 

§2 THE TRANSFER COEFFICIENTS FOR dU'-CHANGES AND d/>-CHANGES 
Suppose that the path of a selected ray has been traced trigonometrically 
through a system of k spherical refracting surfaces. After refraction at surface 
i of the system, the path of the ray is described by the quantities L/, U/. Let a 
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small change be made now at surface i such that the ray after refraction at the 
same incidence pomt on the surface takes the new direction specified by U, +dUf 
The path of the ray through the remamder of the system will be different from 
the ongmal traced path, and the ray will finally emerge from the last surface at a 
point displaced by some amount, dpf, from the emergence point of the traced 
ray, and in a direction inclined at an angle, dUf, to that of the traced ray We 
may eiqiress these differential quantities, dpf, dUf, in terms of dVt by writing 


dUu 

dpi 


du: 

■ = 

dU/ ' 


•( 1 ) 

.( 2 ) 


Similarly, if a small change made at surface t results only in an incidence point 
displacement, dp^, the inclination angle, U^^ of the ray remaining unchanged, the 
ray will emerge from the last surface of the system at a point and in a direction 
specified by some other values, dpj/^ relative to the emergent traced ray. 

For these we may wnte 

= .(3) 

dV^ W^dp,. .(4) 

dpi 

Equations (1) to (4) define the four transfer coefficients, dpfIdU,, etc., which can 
be calculated for a traced ray at each surface of the system. The method of 
calculation depends upon relations deduced in the next section. The transfer 
coefficients specify the effect of a rfC/'-change or a t^-change made at any surface 
on the path of the ray as it leaves the last surface of the system. These particular 
quantities are chosen as the fundamental transfer coefficients because any real 
change made in the course of an actual design can be described in terms of either 
a single rfl/'-change or a single (^-change. 


53 THE RELATION BETWEEN THE TRANSFER COEFFICIENTS AT 
SUCCESSIVE SURFACES OF THE SYSTEM 

Denoting any two successive surfaces of the system by the subscripts * and /, 
we follow out the effect on the ray-path of a change dU,' made at surface i. From 



figure 1 it is seen that, relative to the traced path, the ray will now meet surface y 
with an incidence-point displacement dp^=—D,'dUf'=D^dU,', and with an 
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inclination angle change dUj = dUt\ where —D,' is the distance between 
the two surfaces measured along the traced ray. Further, the change dUj alone 
would produce in turn a change dU/— (dU/jdUj)dU,' m the direction of the ray 
after refraction at surface j. Hence, the change dU,' at surface i is equivalent in 
effect to the change dp^=DjdU^, together with the change dU/=(dU/ldUj)dU,', 
at surface j. Expressing the resultmg dp^', dUjJ in terms of each of these 
equivalent changes, we have 



jrjf TXT / k JJTTf 

^^Uv,~du,.^j^,dVj+ ^dp, 

du/ du, ‘ dpj > ' ’ 


whence 

(du^du'duj: \ 
\du/dUidpj 7 ’ 

,...(5) 

and similarly. 

3Pic' _ (dp,: dU; dp^' \ 

du: \du:du, dp, " 7 - 

...(6) 


Next we follow out the effect on the ray path of a small change of incidence 
point, dp^, made at surface 1 . It is seen from figure 2 that relative to the traced 



path the ray will now leave surface t after refraction with a change in inclination 
angle dUi ={dU,'ldp^)dpi and with an incidence-point displacement 

dpi' = (dPildp,)dpi, 

the latter having the same effect as an equal displacement, dp^, at surface j. 
Expressing the resulting dUj^, dp/j.' in terms of dp, and the equivalent set of 
changes dU,', dp^, leads to the relations 


dU^' 

dUk'dV: , dUii'dp: 
du: dp, dp, dPi’ 

.(7) 

dp. 

dpl 

dpi 

dp,'du: dp,: dp: 
dU^ dp^ dpj dp^ 

■(8) 


The four equations (5) to (8) permit the calculation of the transfer coefficients 
for surface i when those for surface j are known. At the last surface of the 
system it is obvious that the transfer coefficients have simple values, for 


SU,' _ . 
dU^' 


and 


dU^' 


0 , 
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vihxledVji'Idpj^aaddp^'jdpi^zxe calculated in the usual way (see M'Aulay and 
Cruickshank (1945), equations (2) and (8)). The transfer coefficients for the 
surface (A — 1) may now be obtained by equations (5) to (8), and so the computa¬ 
tion may be continued surface by surface through the system until the first 
surface is reached. At each surface the computation involves four pairs of 
multiplications, there being a common factor in each pair, and four additions. 

§4 THE RAY TRACE AND THE TRANSFER COEFFICIENTS FOR 
THE INTERSECTION POINTS 

To investigate the spherical aberration of a system it is usual to trace three 
rays from an axial object point, the marginal, zonal and paraxial rays These 
rays have intersection points with the principal axis in the final image space 
denoted respectively by M(I,,„', 0), 7/JLfy 0), and Px(Z', 0), their positions 
being specified by rectangular coordinates relative to the pole of the last surface. 
For each oblique pencil traced for the extra-axial aberrations, three rays are 
selected, denoted by the symbols a, pr and b in the Conrady notation. Associated 
with these rays are the points H'ab), the intersection of the rays a and 

b, Fr(Laby Hp,), the point at which the principal ray cuts the plane through 
Ab at right angles to the axis; Prf(Z', the pomt at which the principal ray 

strikes the plane through the paraxial focus at right angles to the axis. In 
addition, we shall be concerned with the ideal image point, Id(Z', H^i), which 
shows where the principal ray would cut the paraxial image plane if the paraxial 
value of the magnification held throughout the field. If a change is made in the 
path of any of these typical rays at any surface of the system, the associated inter¬ 
section point or points in the image space will be displaced. We now develop 
transfer coefficients to specify such changes. 

The axial mtersection points, M, Z and Px. We consider first the effect of 
the change, dU,', on the position of the point M. Let us suppose that before 
the change is made m the ray path at surface t the marginal ray leaves the last 
surface of the system along the path PM, while after the change is made it follows 
the path P'M' in figure 3. Relative to the traced ray PM, the displacement of 



the emergence point is dpj/ = {dp,,'ldU')dU,', md the change in direction is 
dUh={dUii'ldU,')dU,', and each of these contributes to the shift of M The 
effect of the displacement dpjf' alone would be to move the intersection pomt 
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from M to Q, while the direction change dU/e' would, in addition, move it fron 
Q to M'. For differential changes we have, to first order, 

MQ = dpi! cosec QM' = - S'^^dUk cosec U'nK, 

where S',„^ denotes the distance PM. Hence we have. 


^^dU,' = MM' = (^,dU,' - cosec 

.w 

Similarly, the consideration of the effect of a change, dpi, leads to 

cosec 17;* (10) 

\9p. 9A/m _ _ 

It is convenient to introduce the symbol C as an abbreviation, its meaning bein 
defined by 

cm) = (^ - v|^). (11) 

. 


Quantities of this C-type enter characteristically into all expressions for th 
transfer coefiicients for the intersection points, as we shall see presently 
Actually, the C-quantity measures the rate of change of the intersection poin 
with the vanable concerned along a direction at right angles to the traced ray 
Where it is necessary to distinguish the C-quantities of different rays we do S' 
by wnting the appropnate suffix, e.g. C(pt)^. Rewriting equations (9) and (10] 


|^' = C(17.')„ cosec f/;;,, .(13) 

^ C(p,)„cosecUU^ .(14) 

Corresponding e:^ressions follow for the transfer coefficients for the zonal an< 
paraxial intersection points Z and Px. 

The intersection point Ab. For this point there are changes in two coordinate 



Figure 4. 


to be considered. We begin by considering the effect of the change, dU'^, maH 
in the path of the ray a at surface i. In figure 4, P Ab and R Ab represent th 
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emergent traced paths of the rays a and b before any change is made. As 
a result of the change, dU'^^, the ray a will now leave the last surface of the 
system along a new path P'Ab', the pomt Ab' being the new position of the 
intersection point. Relative to the emergent traced path, the new ray has an 
incidence-point displacement, dpf IdUf)^ . and a direction change, 

d’Uf = (dUhldUf)a . dU'tg. For small changes we have, to first order. 


Ab Ab' = Ab Q + QAb' = (dpjf - cosec(Uf- Uf),^ 

Resolving this displacement along directions parallel to and perpendicular to the 


principal axis, and differentiating with respect to 17^, we obtain 

= C{UXcostc{Uf~Uf)^co&U'^j, (15) 

and 1%' = - C(C;.')^cosec(17„'- t7,')*sin UJ*. (16) 

Similarly, a change, made in the path of ray a at surface i will lead to the 
expressions 

C(p.)aCosec(C7„'-£76')*cos£/;„ (17) 

-C(p.)aCosec(C;„'- tf,')fcsin 17^,. (18) 


Tunung now to the effects of changes dXJ'^, dpj^, made in the path of the ray h 
at surface i, we can write down the final expressions for the transfer coefficients 
by inspection, a glance at figure 4 being sufficient to confirm the change of sign 


which occurs. Thus we have, 

cosec {Vf- cos t/;*, .(19) 

C(£;acosec(17/-C;,'),sin£7;ft, (20) 

= - C(p.)6C08ec(17„'- t/^Oi^cos C;;„ (21) 

|^= (7(p,)6Cosec(£f„'-£fe,')fcSinl7;;,. (22) 

Opbi 


The intersection points Pr, Prf. In figure 5, the traced path of the principal 
ray after leaving the last surface of the system is represented by R Pr, and the 
corresponding path after a change dUf has been made at surface t is represented 
by R' Pr'. Relative to the traced path, the new emergent ray has an 
incidence-point displacement, dp^'=(dp;^'ldUf)dU,', and a direction change, 
dUf.' = (d Ujf/d Uf) dUf. Followmg the general lines of the previous cases, we have 
Pr Pr' = Pr Q + Q Pr' = {dpjf - S’j,r^dUjf) sec ^prkf 
from which it follows that 


dKr _ {dprf 
dU{ \dU,' 


,dUA 
* dUf j. 


sec Uprk 


= C(17,')j„sec Uprk- 


(23) 

*4 


pBn. soc. Lvn, 4 













§5. THE INTERSECTION-POINT TRANSFER COEFFICIENTS FOR 
CHANGES OF CURVATURE, REFRACTIVE INDEX 
AND AXIAL SEPARATION 

In the actual process of completing a design, the variables at the disposal of 
the designer are curvature, refractive index and the axial separation of successive 
surfaces. We now develop transfer coefficients for changes in these quantities. 

Change of surface curvature. Suppose that a small curvature change, dc^, is 
made at surface i of the system. To first order this leaves unchanged the incidence 
points of rays which strike the surface, and the total effect for any ray whose path 
has been traced through the original system is that after refraction the path of 
the ray will now be mclined to the traced path at an angle dU^ = (^ufldc^dc^. 
Using the relations developed in the previous section, we can write down the new 
transfer coefficients at once. 

For an axial ray, takmg the margmal ray as typical, we have 


dUf 

dcf dU^ ' 9c, 


^C(cosec c;;. 


= C(c,),„ cosec U'^^. 


.(27) 
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For the intersection point Ab it follows that since the a and b rays are affected 
by different amounts, 

= dLU = idL',,)a + idL',,), 

_dL'^ dU' dL'^, dUU, 

which on combination with (15) and (19) gives 

= [C(c.)„cosl7i;fe-C(c.),cosCr;*Jcosec(17„'- .(28) 

while the corresponding expression for dHaildc^ is 

^ = -[CCOaSin Ui^-Cic,),Bm coBec(Uf-U,% .(29) 

dc^ 

We note that the positions of the intersection points Pr, Prf will be affected 
both by the change in the path of the principal ray and by the shift along the 
avia of the plane through Ab or the plane through Px. Thus, for a small change 
dc„ we have 

_^KrdU: dI^ 


whence 


9c, 917,' 9c, 9c, 


tan XJpfj^ 


= C(c.)„, sec ^ tan 


.while the corresponding expression for the point Prf is 

^ - f_t<m .(31) 

Throughout these equations we have used the quantity C(c,) with the meaning 
defined by 


C(c.) = C(17,')^. 


There remains only the ideal image point to consider. For an infinitely distant 
object point, for example, we have 


H'td = -/' tan Upf = - (y/%') tan Up„ 

whence = (y/Wft'®) tanUp^^^. .(33) 

The differential coefficients in (33) are those normally calculated for the 
paraxial ray, so that the point Id fits conveniently into the general scheme. 

Changes in refractive index. If the relative refractive index, n — NjN\ is 
changed by an amount dn^ at surface £, the ray after refraction at this surface will 
undergo a direction change dU^= {dUijdn^dn^^ relative to the traced ray path. 
The transfer coefficients for the intersection points with respect to w-changes may 
therefore be written down from the corresponding expressions for the curvature 

24 -a 
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coefficients by replacing c everywhere by n. The C-quantity involved, C(«,), is 
given by 

C(n)=C(£/.')^. .(34) 

Changes in axud separatum. The axial separation between the surfaces (f — 1) 
and i is specified by d^. This quantity is essentially negative according to our 
sign convention, but it is more convenient than on account of the form of 
the final equations. In order to change the separation by an amount 8d^, we 
move the surface 1 and all succeeding surfaces through Bd,. Any ray incident 
on the surface i will meet the surface at a new incidence point after the change. 
Thus if the dotted arc in figure 6 represents the new position of the surface, the 



traced ray now meets the surface at a new incidence point given relative to the 
original by dp, = sin U, 8d(. Hence the effect of a change in axial separation may 
be described in terms of incidence-point changes only. It follows that the 
expressions for the transfer coefficients for the intersection points with respect to 
d-changes can be obtained from those for the curvature changes by writing d 
everywhere in place of c The C-quantity which occurs in these expressions is 

C(d;) = C(p,)|^= C(A)8int/, .(35) 

§6 GLASS CHANGE FOR A COMPONENT OF A LENS SYSTEM 

In treating the refractive index as one of the variables of the system we have 
derived transfer coefficients which measure the aberration changes per unit 
change of the relative refractive index at each surface. In practice, a change of 
glass affects the complete component and thus involves two surfaces. It is 
necessaiy to develop a transfer coefficient which takes account of the complete 
change. 

Let us denote the successive components of the system by subscripts a, h, 
... h .., using subscript h for the general component. It will be sufficient to 
denote the first and second surfaces of this general component by subscripts 1 
and 2. The refractive index of the component is iV^, while the refractive indices 
of the media preceding and following the component will be denoted by 
and If the glass of the component is now changed, its new index being 
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N^+dNjf, the change in the value of n at the first surface is 

(1^) . 

while the change at the second surface is 

dn, = .(37) 

The numochromatic aberrations. Excluding the chromatic aberrations Lch' 
and TcK, which are treated separately, we can now wnte down the change in 
any aberration due to the glass change dNj^. Takmg sphencal aberration as 
typical, we have 

- dLA'^r ,dLA' 

~ 

which, on combination with (36) and (37), gives 

dLA' _ dj^ ^ _ dj^ Nj^ .... 

9JVa dn^ dn^ ' .^ 

with corresponding expressions for the other aberrations. 

The chromatic aberrations. It is usual to adjust the longitudinal chromatic 
aberration to zero for some zone of the system, often the 0 707 zone. Suppose 
that the system is to be achromatized for two colours r and ®. We write down 
expressions for the final intersection lengths of rays of these colours, incident at 
the selected zone, in terms of the mtersection length of a traced ray of an inter¬ 
mediate colour d. Using first-order terms only, we have, 

l; = Lf + |^(w,-iv,)« + w,)j +...., 

the sum extendmg over all the components of the system. Similarly, 

w = w+ |^(iv,-Ar,)„ + |^(iV,-iv,)6+.. 

Hence L/ - Lf = - |^'(W,-W,)„ - 

that is, Lch' = - .(39) 

where Pj is the partial dispersion (iV,—JV,);^. If we change some of the glasses 
of the system so that the glass constants are altered by small amounts, we have, 
to first order,' 

dLch' = -L^^dP,^ .(40) 

which means that the appropnate transfer coeflBicients for Lch' are of the type 

dLch' dLi / j < V 

.^ ^ 

In a similar manner we can deduce a corresponding expression for the transverse 
chromatic aberration and appropriate transfer coefiSiaents. A measure of the 
transverse chromatic aberration is provided by H'prr—H'p„, the intersection 
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points concerned being those m which the principal rays for colours r and v cut 
a fixed plane perpendicular to the axis, which is either the paraxial image plane 
or the plane through Ab. Usmg the coefficients for the traced principal ray of 
intermediate colour d, we have 

+ + . 

with a corresponding expression for H'The subscript L' indicates that the 
plane in which the intersection points occur remains fixed. Hence we have 

-. 

tHat is, Tch' = - S .(-^2) 

whence, aUo. .( 43 ) 

The expression for follows fairly obviously from (30), (34), and (38). 

Equations (39) and (42) are of great value in practical designing. They provide 
a very rapid guide to glass changes which will improve the achromatism of the 
system, and permit an analysis of the distribution of the intersection lengths of 
rays of different colours without the labour of separate tracings. The order of 
accuracy is fairly high. As an example, the chromatic aberrations of a photo¬ 
graphic lens of six components was calculated by (39) and (42), and checked by 
tracing, giving the following values: 

Lch^ Ich Tch' 

From eqns. (39), (42) 0-429 0-393 0-00516 

From trace 0 440 0-387 0-0059 

the differences being insignificant when the uncertainty of the last figure in the 
five-figure trace is considered. 

§7 THE TRANSFER COEFFICIENTS FOR SMALL CHANGES OF THE 

DIAPHRAGM POSITION 

If the procedure developed for the alteration of the axial separation of suc¬ 
cessive surfaces is applied at the first surface of the system, there is no alteration 
in the spacings of the surfaces of the system. It remains, then, to mterpret the 
meaning of the values of the transfer coefficients for d-changes which are obtained 
by the formal application of our equations at the first surface. Thinking of the 
incident traced rays in the space to the left of the first surface as fixed, a shift of 
ffie first surface will result in incidence-point changes for all rays except those 
incident parallel to the principal axis. In particular, the original principal ray 
of an obhque pencil will strike the first surface at a new incidence point, and will 
no longer pass through the centre of the diaphragm, but will mtersect the principal 
axis at^some neighbouring point. If the diaphragm is shifted so that its centre 
coincides with this point, the ray in its new course will be a principal ray for this 
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new diaphragm position. The surface shift, made in the manner considered, is 
therefore equivalent to a change in the position of the diaphragm. The transfer 
coefficients associated with the surface shift must therefore give information as 
to the effect of the shift of the diaphragm on the aberrations. 

Suppose that the diaphragm is placed between the surfaces i and (f +1) of the 
system, its axial distance from the pole of the first surface being The 

pnncipal ray m a pencil of the original trace is aimed at the centre of the entrance 
pupil, O, distant from the pole of the first surface, and passes through O', the 
centre of the diaphragm If the pomt O is shifted a distance the point O' 
will be displaced through dL'p,, and the ratio of these two displacements is the 
longitudinal magnification. As an approximation let us assume that the longi¬ 
tudinal magnification is equal to the square of the lateral magnification, as in 
paraxial theory, and we may write 


^ ^ sm^ Ut>r 

dL„r sin® 


.(44) 


TT' * 

A shift of the first surface, carried out in the manner prescribed, is equivalent to 
an equal shift of the entrance pupil. Hence, for any aberration A, 


BA dA dL. 

dL'pr 




dA sm® 17 ;,. 


dLLf ddi sm® Uj 


.(45) 


pr 


giving a series of transfer coefficients for small displacements of the diaphragm. 

Another useful feature incidental to the transfer coefficients of the principal 
ray at the first surface of the system is that the t-focus is readily available from 
them, thus eliminating the necessity of a trace for close tangential rays. If a 
small (^^>-change is made for the pnncipal ray at the first surface, the resulting 
dpi' and dUd specify the emergence point and direction of a ray close to the 
principal ray as it leaves the last surface of the system. )[t is immediately obvious 
that the intersection of this ray with the pnncipal ray gives the f-focus, that is, 

# > - ^Pkl^Pi 

* dWIdp^' 


.(45 a) 
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ABSTRACT Expressions are derived for a second-order correction term for the 
differential transfer coefScients developed m Part I. Need for the correction term arises 
on account of the neglect of the effect of the small change m the direction of the emergent 
ray during the calculation of the transfer coefficients for the intersection points m the final 
image-space The correction term is used when the effects of changes m the system 
beyond differential size are reqmred with mcreased accuracy. For single changes of this 
kmd m a system, the correction term frequently improves the accuracy from the order of 
7 to 10 per cent to less than one per cent The necessary modifications are given for the 
case m which a senes of changes are made simultaneously withm the system. 

§1 INTRODUCTION 

N the account of the transfer coefficients given in Part I we have considered 
only terms of first order, a procedure which is adequate for general designing 
needs as long as small changes only are made in the system. In the course 
of correcting a system it is frequently necessary to make curvature changes of the 
order of 0-001 mm.-*^, and thickness changes of the order of one millimetre. 
When such changes are made, especially in systems of large aperture, it is found 
that the shifts of the various intersection points in the final image space as predicted 
by the transfer coefficients may be in error by as much as twelve per cent. 
There is one second-order term associated with the final stage of the calculation 
of the transfer coefficients, the use of which will improve considerably the order 
of accuracy of such changes. It arises from the neglect of the effect of the small 
change, dUjf, in the final direction of the emergent ray, on the computation of 
the transfer coefficients for the intersection points from the corresponding 
C-quantities. It would seem that the wider problem of second-order terms 
affectmg the fundamental transfer coefficients is such that the amount of com¬ 
putation involved is incommensurate with the results obtained therefrom. 

§2. THE CORRECTION TERM FOR SINGLE CHANGES 
MADE WITHIN THE SYSTEM 

In figure 7 we represent by RjM a traced ray in the final image space which 
intersects the optical axis of the system at M. As a result of a change made 
within the system, let us say a curvature change, dci, at surface z, the emergent 
ray now follows the path R 2 M' The lines MP and MQ are dtawn perpendicular 
to R^M and R^M" respectively. Then 

MQ^MPcos dUjf, 

MM' = MQ cosec ( Ujf + dUjf) 

— C{c^)dc^ cos dUft' l^cosec J7/+ 
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It would be most unusual for dU^ to be greater than about 2“, so that we may 
safely put its cosine = 1. Writing MM' = iLjf, we have 

ILf = C{c,)dc, cosec Ujf{\ - cot Uf dUjf) .(46) 

= C(c,) cosec Uf dc,- C(c,) cosec C/V cot {dcif .(47) 

The first term on the right-hand side of (47) is the first-order term which we have 



used all along, while the second term now appears as a correction to be added to 
it. We write this correction term as A'(ci)(dc()®, where 

A'(c,) = - C(cj) cosec Ujf cot Ujf ^ • ■ (48) 

In the next place we consider the intersection of a ray m the final image space 
with a fixed plane at right angles to the optical axis. Proceeding in a manner 
similar to the foregoing, it is easily seen that the change in the if'-coordinate of 
the intersection point is given by 

mf = C{Ci)dc, cos dUjf sec (17fc'+dl7*,') 

= C{Ci)dCi sec Uf (1 +tan UjfdUf) .(49) 

= C{ct) sec Ujf dci+ C(ci) sec Uf tan {dcff. ...... (50) 

The first term on the right-hand side of (50) is the usual first-order term, while 
the second is the correction term to be applied where greater accuracy is desired. 
Writing this in the form v'{cf){dcfff we have 

v'(0 = C{ci) sec UjI tan £4^' • • • (51) 

There remains one further important case to consider, that in which the ray 
intersects a plane at right angles to the axis of the system, the plane being no 
longer fixed, but changing its position when an alteration is made within the 
system. Having in mind the use to be made in subsequent work of intersections 
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of rays with the paraxial image plane, we will consider this case in detail. By 
analogy with equation (31), Part I, it follows that for any ray intersecting the 
paraxial image-plane 

= CW sec t/\' - tan iJ^. 

RYtenHin g this expression to take account of the effect of the change in it is 
fairly obvious that for the change in the jff'-coordinate of the intersection point 
resulting from the curvature change, dc„ we shall have 

sec {U^'+dUu') 

-[^'dCf+VW(‘^0““]tan(17ft'+iJ7i'), .(52) 

where Ao'(c,) is the A' correction term for the paraadal ray, which, by analogy with 
(48), is seen to be 

. 

Developmg the terms of equation (52), we obtain 
mf/ = C{ci)dctSec Uj/ (1+ tan Uj^dU^,') 

_ r^'ifc,+Ao'(c.)(dc»)sl tan 17i'(l +cosec 17*' sec Uj,'dUj^) 

.(54) 

Multiplying out the bracketed expressions and neglecting the third-order term 
which occurs, we obtain 

SH]c'= first-order terms +[v'(c,)-i-y'(c,)+/j'(q)](rfq)s 
where we have written 

y'M = - tan 17*' cosec 17*' sec UJ ^ .(55) 

C7C, OC^ 

/(<0—V(<0t»n&v 

We may now write the correction term which is to be applied for intersection 
points m the paraxial image-plane as {dc^)^, where 

H-\Ci) = v'ici)+y\ct)+p'ict). .(57) 

In spite of the apparent complexity of these expressions, they are computed very 
easily on account of the fact that portions of each term have already been evaluated 
at an earlier stage in the general computation. Some examples taken at random 
from a computation are set out below, the system being an f/1 5 camera lens of 
focal length 106-5 mm. comprising ten surfaces. These examples will afford 
some idea of the effect of the use of the correction terms for single changes made 
within the system. 

Example 1. The extreme marginal ray of the axial pencil of this lens had the 
following coefficients for curvature changes at the first surface: 

^ -9913-0, A'(ci)=878530. 

On making a change of curvature at the first surface of amount 0-001 mm.~^. 
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the radius thereby changing from +72-84 mm. to +67-89 mm., the following 
results are obtamed: 

Expected change m Lf using first-order coefficient = -9-913 mm. 
Expected change corrected by second-order term = -9-034 mm. 
Change as calculated by trace = —8-838 mm. 

The us 3 of the correction term m this case reduces the error of the predicted 
change from 12-16 per cent to 2-22 per cent. 

Example 2. A paraxial ray traced through the same lens had the following 
coefficients at the first surface: 

^ _ 7447-2, V(ci)=446350. 

(jC-^ 

For the same change in cun^ature at the first surface we find: 

Expected change in 4' by first-order coefficient = —7-447 mm. 

Expected change, corrected — —7*001 mm. 

Change as given by trace = —7-031 mm. 

In this case the use of the correction term reduces the error of the predicted change 
from 6*35 per cent to 0-43 per cent. 

Example 3. The principal ray of an oblique pencil incident on the same 
system at an angle of 17° to the principal axis had the following coefficients: 

^'=1764-8, -117550. 

For the same curvature change made at the first surface of the system we have : 
Expected change in Hjj.' by first-order coeflScient = 1 765 mm. 

Expected change, corrected = 1 647 mm. 

Change as calculated by trace = T637 mm. 

The error in the prediction is thus reduced from 7*82 to 0 61 per cent. 

§3. THE CORRECTION TERM FOR SEVERAL SIMULTANEOUS 

CHANGES 

In the course of an actual design it is usual to make several changes in the 
system at the same time and then to check the result either in full or in part by a 
new trace of the system. If the changes are such that a considerable alteration 
has been made in the positions of the intersection points, it will generally be 
desirable to use the dUjJ correction term to improve the accuracy of the expected 
changes In order to do this we must alter the form of the expressions for these 
correction terms. In applying the first-order theory to several changes made 
simultaneously, we treat the change in position of an intersection point as a total 
differential. Thus, suppose that changes are made in the curvatures of surfaces 
z, y, . . . r, then for an intersection point on the principal axis 

= (^dpj^—SfZdUf) cosec Uf. 


,( 58 ) 
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The summation of the dfects of the several differential changes is to be made, 
therefore, at the last surface of the system, so that the ray under consideradon 
will emerge from the last surface with an incidence-pomt displacement, "Ldph', 
and a direction change, 'LdUj^, relative to the original traced path For changes 
that are not differential in size we still obtain a useful tool for design by assuming 
that the summation property holds, and the order of accuracy can be improved 
by appl 3 ring the correction term. The value of the small angle-change, dU^', 
for which the correction is made, is of course the sum of the various dU^' due to 
the several changes. The correction terms must therefore be written as factors 
which multiply the resultant angle change, IdUjg', and not as factors multiplying 
(die,)®, etc., as m the previous section. Anticipating the needs of subsequent 
methods, we consider the two main cases, the mtersection point of the paraxial 
ray with the prindpal axis and the intersection point of any ray with the paraxial 
image-plane. 

In the former case it is easily seen that by analogy with equation (46) 

0Ci 




Hence the correction term to be applied for the paraxial intersection point is 
(S\,(£i)dic,)(Sd«;(.'), where 

.(«» 

and 

.(61) 

ac. 

In the case of the intersection of any ray with the paraxial image-plane we 
have by analogy with equation (52) 

8H^' = [SCic,)dc;i sec (17*'+Sdf7/) 

■ W + iU^' + '^dUu') 


i) sec UJ - t3nUu 


=sj^C(Cf) sec Uj,' - ^ tan Ujf^dCi 
+ SC(c,) sec Uj^dcitsm. t// . 

tan C/ft'dc, cosec C/ft' sec C/*'. SdC/fc' 

. Sd«ft' 

OC, «ft 

=first-order term-|-Sw(c;)dc,. "LdU]/ 

+'Zv{cddC{. SdC/fc'+Sp(c,)dc,. Sda*', 


where 


v(Cf) = C(ci) sec C/ft' tan C/*,', 

9/ ' 

y(Ci) = — tan C/ft' sec C/ft' cosec C/ft', 
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.(65) 

dc, uji 

Combining the first two of these terms by writing 

.( 66 ) 

the correction term becomes 

'SiTT{c,)dCi. "EdUji'+^/^Ci)dc^ . "Siduji/. 

It will have been noted that the quantities corresponding to v(Cf), y(q), />(q) and 
A(q) used in the first section are distinguished from those of the present section 
by the addition of a dash. This serves to remind the computor that they relate 
to single changes only. It is to be stressed that the correction term for a series 
of changes is only of use when there is a considerable change of the mtersection 
points m the image space. During the correction of a design it is not unusual 
to make up to eight or ten changes, the total result of which may be to displace 
the intersection points in general through quite small distances, although the 
small relative shifts of these points may alter the aberrations considerably. 
However, when the result of the senes of changes shifts the mtersection points 
through distances of the order of 10% of the focal length of the system, the effect 
of the correction term is worth while 

We have not considered the correction terms for changes of thiduiess or 
refractive index, as these may be written down by analogy with the curvature 
expressions. 





REVIEWS OF BOOKS 

The Measurement of Colour^ by W. D. Wright. Pp. vu+223. (London: 
Adam Hilger, Ltd., 1944.) 30^. 

The mam theme of this book is the trichromatic system of specifymg colours, and 
the exposition of the principal facts and formulae of the system occupies about one-fifth 
of the whole. The emission, reflection and transmission of radiation and the response 
of the eye to light are dealt with m mtroductory chapters The rest of the book is devoted 
to the practical methods of colorimetry and spectrophotometry, both visual and photo- 
electnc, and to applications of colour measurement m industry, agriculture, medicine, etc 

Dr Wnght writes with authority in this field, and of the soundness of the treatment 
it need only be said that it is as expected Great pains are taken to make the subject 
intelhgible to those who are not famihar with linear transformation theory, projective and 
differential geometry, and the basic ideas are well illustrated by analogies and coloured 
diagrams. The result is an excellent elementary presentation of trichromatic colorimetry. 
Of the few points which may be criticized, the first is the author’s discussion of the use 
of the visibility curve m fixmg the distribution coefficients of the colorimetnc observer. 
This was an expedient imposed by the fact that m neither of the fundamental determma- 
tions of the mixture data were measurements made of the energy m the spectrum. 
Wnght’s treatment here is a httle confusmg, as he links this unfortunate gap in our 
knowledge with the difficulty of designmg a colorimeter incorporatmg the reference stimuli 
as instrumental stimuh. But had such a colorimeter been used and no energy measure¬ 
ments made, the visibility curve would still have been required, and conversely with the 
energy measurements made, the visibihty curve could have been dispensed with, whatever 
the mstrument stimuli While variations of the colour matches of different observers 
are stressed m several places, no mdication of their magmtude is given A plot of the 
mixture curves through the spectrum for a group of observers and Wright’s diagram 
showing how differences m retmal pigmentation scatter the “ white pomts ” m a 
chromaticity chart based on spectral pnmanes might have been included w^ith advantage. 
In the chapter on colour atlases a brief explanation of the Oswald system, similar to the 
excellent summary of the Munsell system, would have been welcome. 

Admirable features are the concise explanation of the prmciples underlying the many 
measuring instruments used in colour work, and the clear statement in simple language 
of colour problems m the dyeing and paint industries, in colour reproduction and in photo- 
elasticity The book should be of particular value to those newiy entermg this field of 
work, while all concerned w^ith colour questions will find it interesting reading It is a 
pity the pnce is so high. w. s s 

Tables of Elementary Functions^ by F. Emde. Pp. xii +181 (Leipzig: Teubner, 
1940; photographic reprint published under licence by J. W. Edwards, 
Ann Arbor, Mich., U.S.A., 1945.) $3.20. 

Most physicists will be famihar with “ Jahnke und Emde ” ; many will remember 
that the third (1938) edition omitted the material of the first 76 pages of the second (1933) 
edition, and that an extended set of tables of the “ elementary ” functions was promised. 
The volume appeared in Germany m 1940, and this reprmt makes it generally available. 

We have the familiar mixture of letterpress and formulae, numerical tables and 
diagrams The above-mentioned material has all been incorporated, but a larger page 
has been used, and all the numencal tables have been reset, using the “ heads and tails ” 
numerals, which make them so much easier to read Four-figure accuracy is standard, 
and the tabular intervals are generally so chosen that it is attainable by linear mterpolation 
(for which a slide-rule is advocated). Divided differences are given, and m some ranges 
where linear mterpolation is not adequate they are prmted in italics. Text and legends 
are in both German and English. 

Space permits the mention of only the more important additions. We have and l/a?, 
iw® and !/«*, and square and cube roots, in the section on powers. 100 multiples of 
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3/(=logio«), w/2 and l/^rr are given to six decimals, and 10 multiples to 16 decimals. 

A factor table includes all composite pdd numbers less than 10,000 not divisible by 3 or 5 
There is a section, with numerical tables, on quadratic equations—which a diagram 
siimlar to figure 11 for the cubic might with advantage have been mcluded—and a long 
account of the quartic, with diagrams but no significant numerical material. 

Probably the most important addition is the set of tables of circular, exponential, and 
hyperbolic functions. Sine, cosine, tai^ent and cotangent are given for angles m degrees. 
A comprehensive set of tables of the direct and inverse functions, m natural (radian) 
measure, is given* There is also a set of tables of the direct functions in terms of the 
quadrant as a unit, i e , the circular, exponential and hyperbolic functions of the argument 
vxjl* There are also tables of a few functions such as 1—cos», coshac—1, V2 sin a:, 
V2 cos X, 

Some special functions such as e”®®, cotha-l/ar, t2Ji(xVt)lxVi (pertment to skm 
effect), and some Chebyshev polynomials, are included. A section near the end gives the 
coefficients in powers and roots of polynomials (truncated series). There is also a very 
useful few pages of advice on computmg, and a bibliography. 

The book will be of great use to that body of engmeers and physicists who have 
frequent dealmgs with the “ elementary functions, but only rarely need the higher ” 
ones The compiler of such a book is obviously dependent, in the mam, upon extant 
computations, so that scrappiness and unevenness are inevitable. Much of the apparent 
disorder of the arrangement is due to the idiosyncrasies of the individual functions tabulated. 
The important thing is that the information is in the book, and that with the help of a 
detailed list of contents and a comprehensive index it is not difficult to find. w g. b. 


The Velocity of Light by N. Ernest Dorsey. Pp. 110. (Trans. Amer. Phil. 
Soc. vol. xxiv, part 1, 1944.) $2.25. 

If a list of physical quantities were made m the order of the time and attention devoted 
to their measurement, most physicists would place the velocity of hght very high in that 
list. It wiU come as something of a shock to learn that many of these “ standard ** mvesti- 
gations leave a great deal to be desired in view of the accuracy claimed. 

The author examines, in detail, the mvestigations, usmg the toothed wheel (Fizeau, 
Cornu, Perrotm-Prim), the rotating mirror (Foucault, Newcomb, Michelson, Michelson- 
Pearse-Pearson) and the Kerr-cell methods (Karolus-Mittelstaedt, Anderson, Hfittel). 
Particular care is devoted to the consideration of possible systematic errors, to the evidence 
of a search for systematic errors on the part of the mvestigators, and to the standard of 
the reportmg of all relevant data. The author’s conclusions are summanzed in the 
following table, taken from the paper. 

Summary of values for the velocity of light m a vacuum 
(umt of V=1 megameter/second m vacuum) 


Observer and date 

Range for V 

Centre V 

Remarks 

Cornu 1872 

296-5-300 5 

298-5 

Prelimmary 

Cornu 1876 

299 •3-300-5 

299-9 

Uncertain 

PeiTOtm and Prim 1908 

299-301 

300 

Systematic error 

Newcomb 1880-82 

299-71-299-86 

299-78 

Systematic error 

Michelson 1878 

297-304 

300 

Prelimmary 

Michelson 1879 

299-7-300-1 

299-9 

Systematic error 

Michelson 1882 

299-6-300-1 

299-85 

Systematic error 

Michelson 1924 

299-73-299-87 

299-80 

Report deficient 

Michelson 1927 

299-778~299-81fi 

299 798 

Report deficient 

Michelson, Pearse, Pearson 1935 

299-764-299 784 

299 774 

Little study of apparatus 

Karolus and Mittelstaedt 1929 

299-758-299-798 

299 77s 

Apparatus studied 

Anderson 1937 

299-758-299 7Se 

299-77i 

Apparatus studied 

Anderson 1941 

299-768-299-79o 

299*778 

Apparatus studied 

Huttel 1940 

299-758-299-778 

299-768 

Apparatus studied 
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The last live of these detexirunations are alone considered to have other than historical 
interest. The best value for the veloaty of hght is given as 299,773 km./sec. in a vacuum, 
with a dubiety of ±10 km/sec. The possibihty of a secular vanation m the velocity of 
light IS dealt with bnefly, with the conclusion that the data give no mdication of any 
vanation. 

The report forms a valuable study m cntical exammation ; it also contams a statement 
of the standard to which an accurate experimental mvestigation and its reporting ought 
to conform, which should be read once a year by every physicist for the good of his soul. 

M. B. 


School Physics, Part II, by T. M. Yarwood. Pp. x+438, (London: 
Macmillan and Co., Ltd., 1945.) Is. 6d. net. 

To appraise the value of this School Physics, Part II, it is necessary to study it con¬ 
currently with Part I, smce both books cover the same groxmd and form, as stated m the 
preface, ‘‘ a four-year concentnc school course in Physics whereby a certain amount of 
work m all branches of Physics is done in each year Thus the Section headmgs, with 
the exception of an additional one on Molecular Forces in Part II, are identical for both 
volumes. The author is concerned to apply physical principles to everyday hfe, and 
he mcludes numerous references to modem appliances Especially is he anxious to 
encourage the future citizen to become more air-mmded The book makes mterestmg 
reading with its good and simple diagrams and its generally clear explanations of workmg 
pnnciples. It is carefully produced, though the reader of p. 259 might conclude that the 
overtones of most vibratmg systems, indudmg bells, were harmonic. 

The subject-matter includes those portions of physics which may best be studied at 
school by the average pupil, so that this publication, at a time when school, scholarship 
and university syllabuses are in the melting pot, is very welcome. For effective teaching, 
the book would need to be supplemented by a historical and biographical background. 

M. D. w. 


Sechsstellige trigonomeiriscke Tafeln, by H. Brandenburg. Pp. xxiv+304 
(Leipzig: Lorentz, 1932; photographic reprint published under licence by 
T, W. Edwards, Ann Arbor, Mich., U.S.A., 1945.) *5.00. 

This is a reprmt of a well-known table. It gives the sine, tangent, cotangent and 
cosine, for angles in a quadrant at interval 10 seconds, to six decimals (except for tangent 
and cotangent for a few degrees), with differences and proportional parts (pp. 30-299). 
Prelimmary tables give the cotangent, for every second up to 3®, to at least seven figures 
(pp. 2-24), and sines and tangents, at mtervd 10 seconds up to 1®, to seven decimals 
(pp. 26-28), At the end are given the values of n ^ 1/n!, (w/2)*^ and (w^/2)®/?! 1 for w=0(l)20 
(p, 300), tables for convertmg sidereal mto mean solar time and vice versa (pp 302-3), 
and for converting angles into tune (p« 304). 

The preface is given in seven languages. 

Some errata (supplied by Dr. L J Comne) are printed on p iv w G B. 


CORRIGENDA 

Page 231. The legend “Colours of sunhght and daylight” appeanng under figure 5 
should be transferred to p. 235, under figure 9. 

The pomt in figure 7 marked “ SB(2) 20% Tm 24-1 ” should be marked 
“ SB(2) 20® c. Tm 24-1 


Page 233 
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ABSTRACT. The analos:y cf superconductivity and liquid helium II has been analysed 
on a purely empirical basis Frictionless transport is considered to be the fundamental 
phenomenon It has been concluded that the “ superconductive electrons and the 
“ superfluid *’ helium atoms form an aggregate in momentum space of zero thermal energy 
(s-state). The ss-^particles occupy a set of lo'west quantum states which is separated from 
the thermal states by an energy gap ; they have zero entropy, but an appreciable zero- 
point energy The observed specific-heat anomalies are due to a lifting of z-particles 
over this gap. The transport phenomena are caused by a diffusion of z-particles under 
their zero-point momentum This zero-point diffusion does not result in dissipation of 
momentum. It explains why frictionless transport is independent of the strength of 
external forces and explains also the critical transport rates (threshold value and film 
transfer). Bose-Einstem condensation fails to account for these charactenstic features 
because it does not lead to a zero-pomt energy of the condensed phase A number of 
expenments to test the hypothesis are suggested 

§1 INTRODUCTION 

S OME years ago J G. Daunt and the author (1942) drew attention to the 
strong similarity between the phenomena of superconductivity and liquid 
helium II, which becomes apparent when we consider quite generally 
the properties of particle transport m these substances. In both cases we 
encounter frictionless transport which obeys similar rules m spite of the fact 
that the particles are atoms m one case and electrons in the other. This, together 
with an equally striking similarity in the entropy functions (Daunt and Mendels¬ 
sohn, 1945) has led us to advance the hypothesis that both phenomena are 
caused by much the same mechanism. We have described this mechanism as 
the appearance, at finite temperature, of particles which are energetically at 
absolute zero and do not exchange momentum with the remainder of the substance. 
In view of the peculiar way in which the thermally unexcited particles are separated 
from those in the higher quantum states—^they do not form a separate phase— 
we have described the assembly of these particles as an aggregation. 

It is the aim of this paper to discuss in more general terms * the hypothesis 
of the basic identity of superconductivity and liquid helium, and the properties 
of the aggregation of particles at the lowest quantum levels. It must be emphasized 
that these considerations are not based on any particular theoretical conception 

A detailed discussion of the energy state of the electrons in superconductors has recently 
been given elsevvhere (Daunt and Mendelssohn, 1945) and a detailed account of the coi responding 
phenomena m liquid helium will be pubhshed later 
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but that an attempt is made to deduce the properties of the fnctionless state 
empirically on the basis of the existing experimental evidence. 

§2. FRICTIONLESS TRANSPORT 

Let us first consider the position as regards the experimental facts.* In 
the case of liquid hehum the last years before the war had brought to light a 
considerable number of seemingly unconnected phenomena, the most staking 
of which are : extremely low riscosity, very high heat conduction and, in some 
way related to the latter, a thermo-mechanical effect (sometimes called the 
“fountain effect”) which constitutes a flow of helium in the direction of the 
higher temperature. In addition there are the transport phenomena in a film 
of thiVIrnftgs about 5 X 10“* cm. which covers all solid surfaces in contact with 
liquid helium II. The somewhat unsatisfactory state of the experimental 
material is due to the fact that internal friction and heat transport in liquid 
helium II are evidently very comphcated processes. The efforts to determine 
such properties as viscosity and heat conduction have consequently led to complex, 
and in many cases contradictory, results. On the other hand, the film transfer 
which at first si^ht appeared to complicate matters has proved to be of great help 
since the phenomena in films seem to present a much simplified picture of the 
transport effects in the bulk liquid and have the added advantage of yielding well 
reproducible results. 

With regard to superconductivity, the position is more satisfactory on account 
of the greater wealth of confirmed expenmental results. Smce 1933, when it 
was discovered that zero resistance is coupled with zero magnetic induction, 
there has been a tendency to describe superconductivity as a purely magnetic 
phenomenon, some authors going so far as to consider the disappearance of 
resistance to be due to complete diamagnetic polarization. Such an explanation 
IS, however, hardly tenable in view of the recent determination of the Landc 
factor by Kikoin and Goobar (1940), which shows that the super-currents are 
caused by movement of free electrons and are not merely simulated by electron 
spin. We stress this point since it will appear from our discussion that super¬ 
conductivity 18 primarily an electric and not a magnetic phenomenon. The 
connection between electnc and magnetic effects in superconductors has been 
expressed in rigorous form by the work of F. and H. London (1935). Their 
fundamental equation which connects the magnetic field with the current density 
does not, however, imply, as has sometimes been assumed (Burton et al., 1940, 
p. 320), that the magnetic effects are the primary ones. The London theory is a 
phenomenological one which does not differentiate between cause and effect. 

We have already given a short summary of the corresponding phenomena 
in superconductivity and liquid helium (Daunt and Mendelssohn, 1942), and 
It is not intended to discuss the analogy here in greater detail. Our hypothesis 
implies that the fundamental phenomenon in both cases is that of friclionless 
transport, and we shall now consider the experimental justification for this state¬ 
ment. In superconductors the evidence is provided by the classical current- 

* Summanes of the phenomena m liquid hehum have been given by Darrow (1940) and Jones 
(1940). A descnption of supeiconductivity has been given by Shoenbeig (1938) and a summary 
of recent wotk by Jackscm (1940) 
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The frictionless state of aggregation 

potential measurement (figure 1 d) in which part of an electric circuit is super¬ 
conductive. An ammeter in the circuit indicates a flow of electrons through the 
superconductor while a voltmeter shows zero potential between any two places 
of the superconductive part of the circuit.* Thus we have a transport of par¬ 
ticles—electrons—through the superconductive metal in which no energy is 
dissipated. The corresponding effect in liquid helium II is illustrated by the 
transfer of helium atoms m a film over the wall of a beaker (Daunt and Mendels¬ 
sohn, 1939 a) (figure 1 b). If the level inside the beaker is higher than outside, 
helium atoms are transferred out of the beaker until the difference m level has 
disappeared. The most remarkable fact about this transfer is that in contra¬ 
distinction to the action of a syphon the rate of transfer is independent of the 
length of the path and of the difference in the height of the levels. This goes 

}\ 

3 
r 

-I 


bUTER LEVEL 
TIME 

a 

Figure 1. Experiments showing fnctionless transport, (a) in a superconductor, and {h) in a 
film of hquid helium II A sudden change in the level difference does not affect the rate 
of transfer 

SO far that when the level difference is suddenly changed, no change at all is 
observed in the rate of transfer. Here again we have a transport of particles— 
m this case helium atoms—^without friction, for friction would make the rate of 
transfer dependent both on the difference in potential and on the length of the 
path which the atoms have to traverse. The same phenomenon has been observed 
in flow of the bulk liquid through capillanes (Allen and Misener, 1939 ; Johns, 
Wilhelm and Smith, 1939) although not so clearly defined because it is partly 
^masked by viscous flow of the liquid as a whole. However, in veiy fine capillaries 
(~10~® cm.) the result is practically identical with the observations on films, and 
for wider capillaries it can be expressed in the form 

r=i?-f7zAP, .(1) 

where r is the total rate of transport (volume/time), R the rate due to frictionless 
flow and nAP the amount transported by viscous flow under the pressure difference 
AP. The value of R and its dependence on temperature in the finest capiUanes 
have been found to be of the same order as in films. This means that, as in super¬ 
conductors, we are faced with the fact of frictionless transport through the rest 
of the substance. There is some evidence that both in superconductors and in 
liquid helium the frictionless transport shows a preference for the geometric 

^ The most accurate determinations (usmg persistent currents) show that the resistivity of a 
superconductor is less than lO"®® ohm-cm. 
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surface of the substance—a phenomenon which will be discussed later, and which 
does not affect our general argument. 

The experiments thus show that there are “superconductive” electrons and 
“superfluid” hehum atoms which move through their respective “container 
substances ” without friction. When usmg such terminology we must, however, 
keep in mind that we cannot distinguish between individual electrons or individual 
bftlinm atoms, and that these terms can only be used m allotting a certain number 
of particles to a given set of energy states. In the present case the particular set 
of states IS distinguished by the fact that the electrons or hehum atoms in this set— 
we will call them z-partkles for short—do not dissipate momentum. 

It must be pointed out straight away that the z-particles do not form a separate 
phase in either case. Apart from the lack of any direct expenmental evidence 
to this ^ect, the thermodynamic functions, which we shall discuss later, show 
clearly that the appearance of the z-particles is not accompamed by a phase change 
in coordinate space. It has even been impossible to detect any mcrease in spatial 
order to account for the observed decrease in entropy which is linked with the 



Figure 2. The peculiar position of the “ aggregate ” of z-particles ; they exhibit no interaction 
with the rest of the substance, but strong interaction with an external force 

appearance of the z-particles- There is, however, another way m which the 
assembly of z-particles is distinguished from any other assembly of spatially 
disordered, freely mobile particles belonging to a particular set of states. This 
IS shown by figure 2, which illustrates diagrammatically the relation between 
the z-particles, the “contamer substance” and an external force (magnetic field, 
gravitation) acting on* the z-particles. There exists no interaction between 
the z-particles and the rest of the substance, but a strong mteraction between 
them and the external force, which means that the z-particles react to it as a 
separate aggregate. More than this, the z-particles assume under the influence 
of such an external force the aspect of a spatially ordered aggregate whose degree 
of order can become manifest in macroscopic dimensions (e.g. the magnetic field 
of a persistent current). It seems therefore convenient to descnbe the z-particles 
as forming a particular state of aggregation—since we wish to avoid the term 
phase —^which we will call the frictionless state of aggregation (z-state). 

It must be stressed that this term does not of course refer to the supercon¬ 
ductive metal or liquid hehum as a whole but only to the assembly of z-particles, 
ne. the ‘‘superconductive” electrons and the “superfluid” helium atoms. As 
the temperature of the substance is raised from absolute zero, the z-state weakens 
* As will be seen in § 5 the conception of an " accelerating ” force has to be qualihed, since 
It seems possible that all fnctionless transport is due to zero-pomt momentum, the actmg force 
providing space order rather than acceleration. 
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and finally disappears. We will show in § 3 that this phenomenon can be 
described as a gradual decrease m the number of z-particles with increasing 
temperature. The frictionless state shrinks until, at the transition point or 
the A-point respectively, the last z-particle disappears. In superconductors an 
indication of the change in population of the z-state is given by the threshold 
curve which measures the number of electrons that can be transported without 
friction in a given time over a superconductive surface of given dimensions at 
different temperatures. We have determmed a similar quantity for the frictionless 



Figure 3. Critical transport rates (a) in liquid helium, and (b) m a superconductor (tm). 

transport of helium atoms in films (Daunt and Mendelssohn, 1939 a). It is 
significant that this “ rate of transfer”—^the number of helium atoms transported 
without friction in unit time over a helium surface of given dimensions at different 
temperatures—was found to depend on temperature only. Figure 3 gives a 
typical threshold curve and the rate of transfer in companson. These functions, 
which merely give the amount of z-particles collected in umt time, contain of 
course an unknown average velocity. If this velocity is mdependent of the 
temperature, as appears likely (see § 5), the curves can be regarded as indicating 
directly the relative number of z-particles as a function of the temperature. 

§3. THERMAL ENERGY OF THE FRICTIONLESS STATE 
The gradual disappearance of the frictionless state of aggregation is accom- 
pamed both in superconductors and m liquid helium II by an excess specific 



Figure 4. Specific heat (a) of hqmd hehuni, and (6) of the free electrons m tm. 

heat (figure 4). In superconductors it has been possible to separate the specific 
heat which is due to the electrons from that caused by the lattice vibrations 
(Daunt, Horseman and Mendelssohn, 1939). It has sometimes been assumed 
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that this excess specific heat, which is caused somehow by those particles parti¬ 
cipating in the anomalous state, must imply heat exchange between a system of 
these particles and the rest of the substance. The point has been discussed in 
the case of superconductors (Burton et al., 1940, p. 298). The mechanism 
sketched in figure 2 on the other hand makes it very difficult to account for such 
an mteraction. In fact, our defimtion of the z-particles—^and this definition was 
denved from experimental results—^would not allow direct thermal interaction 
with the “ container substance ” unless we provide for it by additional assumptions. 
Any such assumption, allowmg energy exchange in one case and prohibiting it in 
another, would moreover be highly artificial. 

This obvious discrepancy requires an explanation and it raises the question 
of the energy state of the z-particIes, 1 e. of the heat content of the z-state The 
specific heats given m figure 4 refer of course to the contributions by the z-particles 
and by the normal particles, and it is clear that information on the thermal state 
of the z-particles by themselves must be obtained by experiments of a different 
character. 

Such experiments have been earned out both for a superconductor and for 
hquid helium II. In the superconductor this is the determination of the Thomson 
heat (Daunt and Mendelssohn, 1938); the experiment and the result have been 
discussed m detail elsewhere (Daunt and Mendelssohn, 1945). The fact that 
the Thomson heat of a persistent current is zero means that the superconductive 
electrons do not exchange thermal energy with the rest of the substance. This 
leads to a pecuhar consequence when we consider what must happen in a ring of 
superconductive metal with a persistent current runnmg in it, which is warmed 
up from absolute zero. Since the electrons in the current are not in heat exchange 
with the lattice, they must remam energetically at absolute zero although the 
substance as a whole warms up. 

An idea as to the thermal state of the superfluid helium atoms can be obtained 
from any experiment w’hich causes their separation in space from the liquid as a 
whole. W e have seen in the last section that, while there exists no space order 
generally, an external force has such an ordermg influence (see figure 2). In 
determining the Thomson heat in a superconductor we have therefore made use 
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Figure 5 The mechano-calonc effect in -which a separation of z-particles occurs. A flow 
of liquid hehum 11 through a powder “ filter ” is accompanied with a heating of the hquid 
at the entrance and a cooling at the exit 

of the influence of the magnetic field, and in the case of hehum we can use gravi¬ 
tation as the acting force. In the experiment shown in figure 1 b superfluid 
helium atoms were separated by surface flow. If the heat content of the superfluid 
helium atoms, like that of the superconductive electrons, is smaller than that 
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of the normal particles, the liquid drained off must be colder than that inside the 
beaker. We have earned out an experiment of this type (Daunt and Mendels¬ 
sohn, 1939 b), using for practical reasons the flow of hquid helium II through 
tightly packed fine powder mstead of flow over an exposed surface. A diagram¬ 
matical sketch of the method is given m figure 5. As was expected, a heating 
was observed at the entrance of the liquid into the “ filter” and a cooling at the 
exit. H. London (1939) has smee given a general thermodynamical interpre¬ 
tation of this mechano-caloric effect. Under the assumption of complete rever- 
sibihty he obtains the following relation between the pressure (p) under which 
the liquid is forced through the power plug and the entropy difference (AS") 
between the hehum flowing wdthout friction and the bulk liquid : 

.( 2 ) 

where p is the density of the liquid. Our experiments (which had to be suspended 
in 1939) were of a preliminary character only, but the (dpldT)-vabies obtained * 
j lelded a large entropy change indicating that the superfluid helium atoms seemed 
to have lost all thermal energy.f Fortunately the experiment has smee been 
repeated by Kapitza (1941), using a narrow gap instead of the powder plug. He 
could not only confirm the existence of the mechano-calorific effect and demon¬ 
strate with greater accuracy the complete loss of thermal energy suffered by the 
superfluid atoms, but by measuring independently the heat change connected 
with the effect, he has shown that the process is reversible. 

It has to be adnutted that we cannot yet establish the complete loss of thermal 
energy with the same accuracy for the superfluid helium atoms as in the case of 
the superconductive electrons.^ Particularly the specific heat at low tempera¬ 
tures (Pickard and Simon, 1945) has been interpreted as corresponding to a 
“lattice entropy” (cf. H. London, 1939) while fnctionless transport has been 
assumed at the same time. We will return to this question, which is not at all 
clear, in § 4. For the present we shall neglect this hypothetical residual entropy 
which, as the expenments show, does not mterfere with fnctionless transport. 

The experimental result that m a “container substance” which has a finite 
temperature, the z-particles remain energetically at absolute zero but have 
momentum, leads to the simple but somewhat surprismg conclusion that they 
must move without friction. For friction is the dissipation of momentum and 
any particle eng^ed in a process involving friction must therefore suffer thermal 
excitation. This means that the observation that z-particles remain thermally 
unexcited while being capable of translatory motion is in itself sufficient to 

The work will be published in detail later, 

t Allen and Reekie (1939 a) have obtained (d^/dT)-values from the thermo-mechamcal (fountain-) 
effect which is the theimodynamic reverse of the mechano-calonc effect. These values arc of the 
same order as those from the mechano-calonc effect, but agam not accurate enough to detenmne 
the exact entropy loss. 

t Our conception of the properties of the z-state suggests that when a rotating mass of liquid 
hehum is cooled below the A-pomt, a fnctionless current of z-particles will be set up which will 
persist when the momentum of the theimally exated particles has been dissipated The decay 
of this persistent hehum current will provide an equally sensitive measure for die factional 
resistance of the superfluid atoms as its electnc counterpart does for the resistances of the flow of 
superconductive electrons. 
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explain the phenomenon of fnctionless transport It seems permissible to speak 
of the entropy of the z-state since this state, as will be seen, forms a separate phase 
in momentum space, and it is clear that this entropy could not retain the value 
2 ero—^as we know it does—when the state is agitated, unless this agitation does not 
involve friction. 

The realization that the entropy of the fnctionless state is zero at once removes 
the discrepancy with which we were faced when considering the excess specific 
heat of the z-particles. It also answers the question as to the significance of the 
entropy change accompanying the weakening of the frictionless state with 
increasing temperature. There exists no direct thermal interaction between 
the z-particles and the rest of the substance—the specific heat of the z-state is 
zero. The observed specific heat is clearly due to an excitation process in which 
z-particles are lifted into thermally excited states. When this occurs, they cease 
being z-particles and cease to be available for frictionless transport. 

The anomaly in the specific heat connected with this change (figure 4) exhibits 
the familiar pattern associated with “cooperative** phenomena like ferro¬ 
magnetism, rochelle-electncity and order-disorder transformations. The latter 
in particular have been made the subject of detailed statistical treatment, the 
methods of which have been applied to other phenomena, as for instance molecular 
rotation in solids. However, no general statistical treatment has yet been 
developed which can be rigorously applied to all these changes without regard 
to the particular physical process involved. Simon (1930) who first investigated 
these “ quantum jumps ’* in solids has generalized them as excitations of internal 



Figure 6. (a) Degree of order, and (ft) excess speciHc heat of different alloys (theoretical) 

(1) Type AB with short range order, (2) type AB with long lange order, and (3) tjpe ABj 
with long range order Eq is the total energj' of the transformation required to change 
the alloy from complete ordei to complete disorder (Cf Fowler (1936) , Nix and 
Shockley (1938)) 

degrees of freedom. The large amount of experimental data gathered in the 
last twenty years exhibits all stages of specific-heat anomalies ranging from the 
uninfluenced Schottky curve over A-points to transitions involving a latent 
heat. This fact is important for our particular problem, since it shows that nc 
clear-cut distinction is possible with regard to the mechanisms of the various 
excitation processes, and that to describe an unknown physical process on the 
strength of the observed specific-heat function as an order-disorder transformatior 
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or a rotational change has little meaning. It usually means only that the par¬ 
ticular statistical treatment can be apphed, but it discloses nothing with regard 
to the nature of the process. In the case of the order-disorder transformations 
It has been possible to connect the theoretically determmed states of order with 
specific-heat functions, which approach the observed ones, for a non-cooperative 
(short-range order, AB) type,* a cooperative (long-range order, AB) type, and 
a highly cooperative (ABj) type. Figure 6 illustrates the pomt that the type ot 
the change is not indicative of its nature. The degree of order—^the inverse of 
the entropy—is a function, and in certain cases a direct measure, of the population 
of the lower state. 

Considenng the apparent lack of space order and the high symmetry of both 
the electron and the helium atom, w'e are forced to assume that the degrees of 
freedom lost by the assembly of z-particles are those of translatory energy. There 
is nothmg unusual in the fact that at fimte temperatures some particles in a sub¬ 
stance are energetically at absolute zero. This is actually true for a proportion 
of the atoms in any sohd at low enough temperatures. However, in the case of 
the z-state we deal with freely mobile particles. The nature of the phenomenon 
of fnctionless transport is therefore the manifestation of an eflfect predicted by 
Nemst (1926) when he extended the third law to systems with freely mobile 
particles, i.e. gas degeneracy. 

§4. THE ENERGY SPECTRUM 

While thus fnctionless transport is connected with gas degeneracy, this 
does not mean that it is a necessary consequence of it. In fact, the free electrons 
m the Sommeifeld model are in a highly degenerate state without exhibiting 
fnctionless transport. The existence of z-particles, capable of translatory motion 
but retaining zero entropy, requires therefore not only degeneracy but degeneracy 
of a particular type. The particular qualification necessary for frictionless 
transport becomes apparent when we consider the term system of the Sommerfeld 
model (figure 7 a). A contmuum of energy states is filled at absolute zero up to 
the level (L) which divides a completely filled set of states (A) from a completely 
unoccupied one (B). At finite temperatures an accelerated electron can and will 
dissipate energy, smce it can be lifted to any place above (L). If we wish to 
allow for fnctionless transport, we must prohibit states bordering (L), so that no 
dissipation of momentum can take place ; i.e. we must introduce a gap in the 
term system (figure 7 b), As we have pointed out elsewhere (1945), in super¬ 
conductors this gap forms the limit of the Fermi distnbution at absolute zero. 
It follows from the considerations discussed in the precedmg sections that such a 
term system in which the continua (A) and (B) are separated by a gap in the 
energy spectrum must be characteristic not only of a superconductor but of 
any other z-state. (The only other case known is, of course, liquid helium II.) 

The existence of the gap signifies a separation in momentum space between 
the particles in (A) which carmot dissipate momentum and those in (B) which 
are thermally excited and acceleration of which results in friction since they can 

* This function, a Schottky curve, has been observed by Simon (1926) in a number of pure 
metals , the nature of the change is unknown Other examples of dns type of anomaly are the 
paramagnetic salts and sohd ortho-hydro^n. 
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be lifted to any higher state in the continuum (B). We can therefore speak of 
a “ condensation ” m momentum space, the z-particles forming the “ condensed ” 
This phase forms the frictionless state of aggregation. Neither m 
superconductors nor m liquid helium is this a condensation to zero energy m the 
model sketched above. This means that neither case'corresponds to a Bose- 
Emstem condensation since both have an appreciable zero-point energy. As 
mentioned in §3, it is by no means clear what happens to the “condensed” 
helium atoms m the liquid. The assumption that the rise in the total entropy 
of liquid helium below 1° K., which Pickard and Simon found to be proportional 
to T®, is due to “lattice vibrations” can be brought m accordance, though with 



Figuie 7 Terni systems (a) of the elections m a nonnal metal, and (p) as suggested tor the 
elecbons m a super-conductor or the atoms m hqutd helium A is the zero-point cneigy. 


some difficulty only, with the phenomenon of frictionless transport, since it may 
be argued that the vibrations excited at these temperatures refer to large aggregates 
of atoms. On the other hand, the available data on the mechano-calonc effect 
seem to indicate that the total entropy disappears,* which would mean that we 
cannot separate the entropy of hquid hehum into an anomalous and a normal 
part and that even at fairly low temperatures the overwhelming part of the specific 
heat is made up of the excitation of z-particles. More experimental data are clearly 
needed to settle this point. Apart from accurate determinations of the mechano- 
calonc effect, the necessary information can probably be obtamed by measuring 
the coefficient of expansion below 1° K. The observed decrease in density with 
decreasing temperature is an anomalous effect due to “ condensation ” of z-particles 
and if at the lowest temperatures “ lattice vibrations ” are predommantly respon¬ 
sible for the entropy change, the coefficient of expansion should agam change its 
sign. 

The suggested term system removes the difficulty, which has sometimes been 
emphasized m the case of superconductors, that the z-particles appear to be not 
m thermal equilibnum with the rest of the substance. Such a state would of 
course not be stable. The reason why they remam energetically at absolute zero 

* At I'-S K, for instance, the observed difference between the entropy of the z-particles and 
the entropy of the whole liquid (dS m formula (2)) is 5 x 10“® cal /g., while the total entropy 
has been calculated (Simon, unpublished) as 5 04x10“®cal./g The extrapolated “lattice 
entropy” (6=15, Pickard and Simon, unpubhshed) of 3 8x10”® cal./g is too big to be accommo¬ 
dated m the difference between the first two figures. 
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even if the container substance has finite temperatures, is simply due to a lack 
of heat quanta large enough to lift z-particles over the gap. As the temperature 
of the substance is raised, the proportion of large quanta increases until the gap 
becomes insignificant. The shape of the specific heat curves (figure 4) indicates 
that the transition is not uninfluenced by the number of particles in the higher 
state, since it does not follow a Schottky function (figure 66,1), but mdicates a 
cooperative phenomenon like ferromagnetism or the influence of long-range 
order on an order-disorder transformation. The rough term system given in 
figure 7 b does not, of course, allow conclusions to be drawn as to the shape of the 
specific-heat curve, because it is completely empincal and no assumptions are 
made about the density of states above or below the gap. It must be emphasized 
that, smce our considerations are based entirely on experimental observations, 
no theoretical explanation for the existence of such gaps in the energy spectrum 
can be given. 

§5. ZERO-POINT DIFFUSION 

So far our account has given no explanation of two outstanding characteristics 
of the z-state, the breakdown of frictionless transport when a critical rate of 
transport is exceeded and the high heat-conduction of liquid helium 11. Both 
phenomena are, as we shall see, mtimately connected. When investigating the 
high heat-conduction of the hehum film (Daunt and.Mendelssohn, 1939 a), 
we were able to show that this also was due to a transport phenomenon, the fiow 



Fijjure 8. The rate of flow surfece of hquid helium II is unaflfocted by the apphcation of heat to 
the film. This can be explained by the assumption that the z-paitides diffuse under their 
zero-point momentum. 

ot super-fluid helium atoms towards the place where heat was supplied. We 
then suggested that the heat conduction in the bulk hqmd would probably be due 
to a similar though rather more compheated convection process. That this is 
actually the case has since been demonstrated by Kapitza (1940) m a number of 
experiments showmg the existence of a counter current of liquid hehum m a 
capillary under a temperature gradient. For an investigation of the mechanism 
of the process let us revert to the simple case of the hehum film (figure 8), 
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We obsen'ed that the rate at which helium is transferred out of a Dewar 
^essel IS not affected when heat is applied to the film outside the vessel. This 
not only demonstrates that the observed high heat-transport through the film is 
entirely due to a transport of helium atoms, but also that this process must evidently 
be isothermal, since a heating of the film at one place would have resulted in 
heat flow into the vessel by conduction. The salient features of the film transfer 
discussed above (§2) show that only z-particles are engaged in the movement and 
the heat supphed to the film must be taken up as heat of excitation which lifts the 
z-particles into the continuum of energy states and evaporates them. Heat is 
of course gained by the helium inside the vessel owing to loss of z-particles, 
but the same gain of heat occurs whether the film is heated or simply allowed to 
drop off. This explanation could be proved by an experiment (Daunt and Men¬ 
delssohn, 1939 b) in which heat was supplied to the inside of a Dewar vessel 
where the concentration of z-particles was thus decreased (figure 9). In this 



Figuie 9 When heat is supphed to the inside ot the vessel, the concentration of z-particles is 
decreased and zero-pomt diffusion takes place along the film from the bath into the vessel 

case a transfer of z-particles into the vessel must take place, resulting, as was 
actually observed, in a rise of the liquid level mside the vessel. The observed 
effect clearly corresponds to the “ fountam phenomenon ” discovered by Allen 
and Jones (1938) in the bulk liquid. The comparatively simple conditions of 
our experiment now allow an mterpretation of the whole set of effects connected 
with the heat transport m liquid helium II. 

The important pomt in the experiment shown in figure 8 is that there is no 
“accelerating force” which drives the z-particles to the place at which heat is 
supplied. It IS a striking feature of the experiments that, as was pomted out 
(Daunt and Mendelssohn, 1939 a), a transfer always takes place to those parts 
where the film (i.e z-particles,) is removed. Since the z-particles do not exchange 
energy with the rest of the substance, the force distnbuting them evenly over the 
available surface must be their own zero-point energy. The heat transport 
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in a film of liquid helium II is thus simply due to the d^usion of z-pccrttchs under 
their zero-point momentum. 

In the bulk liquid, this zero-point difiiision will manifest itself as the tendency 
of the z-particles to take up a statistical distribution within the space occupied 
by the “contamer substance”, and a macroscopic movement of z-particles must 
take place whenever this statistical distribution, i.e. the thermal equilibrium in 
the substance as a whole, is disturbed. It may be argued that such a “ diffusion ” 
process of a set of particles having zero entropy would be in contradiction to the 
third law. This is, however, not the case smce the substance as a whole has finite 
entropy, and the experiments on helium II (Kurti and Simon, 1938) show that 
at very low temperatures, where the total entropy becomes small, the thermal 
changes associated with the flow phenomenon disappear. It is sigmficant that 
the assemblies exhibitmg the z-state—^liquid hehum and metal electrons—are 
distinguished by their high zero-pomt energy. The fundamental importance 
of the mfluence of zero-point energy on the phenomena m helium has been 
emphasized by Simon (1934), who pointed out that its high zero-point energy is 
responsible for the existence of k'gufd helium at absolute zero. 

Our explanation of the heat transport in helium II is therefore the opposite 
to the one given by Tisza (1938) on the basis of the h 3 q>othesis that hquid helium 
is a Bose-Einstein gas. He attributes no momentum to the unexcited particles 
and explains the flow of heat as due to an osmotic diffusion of the excited particles 
m the bulk hquid under a temperature gradient. It is diflEicult to see how such 
a model in which the flow of unexcited particles only appears as a compensating 
displacement current can account for the fountain phenomenon. Quite apart 
from the fact that this model or a similar one proposed by F. London (1939) 
can never lead to isothermal heat transport, it is in direct contradiction to the 
expenment of figure 8, since there is no bulk liquid for the diffusion of excited 
particles. Such a diffusion of excited particles as visualized by Tisza may of 
course take place as a secondary process m the bulk liquid, and, particularly 
for cases of large heat flow with wUch the diffusion by zero-point energy cannot 
cope, become the preponderant feature.'* This is probably the explanation for 
the pecuhar negative fountain effect observed by Allan and Reekie (1939 b). 
The mversion point of the fountain observed by these authors will be due to the 
equilibnum between the two rates of diffusion. The striking high heat-conduction 
of the bulk liquid for small heat flow and in particular its dependence on the 
strength of the heat flow cannot however be explamed by Tisza’s model, while it 
agrees well with the process of z-particle diffusion‘Outlmed above. 

The conception of zero-point diffusion of z-particles immediately leads to 
an explanation of the critical rate of frictionless transport. Taking again the case 

The establishment of a temperature difference m hehum II, therefore, depends on two 
limiting factors, the rate of heat supply and the removal by osmotic and hydrostatic pressure of 
excited particles The latter is no problem m our expenment (figure 8), nhere they are simply 
evaporated or drop off, but is important m the bulk hquid The usual type of heat conduction 
experiments, employing capillanes closed at one or bodi ends, is thus bound to give results fer 
too complex for mterpretation, since it is quite impossible to separate the two limiting hictois. 
A more thorough discussion of the heat-conduction process m helium II will be given by 
J G. Daunt and the author later. 
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of the helium film, it is clear that no rise of temperature will take place as long as 
the z-particles which are excited by the heat supply can be replaced by diffusion. 
This rate is limited by the number of z-particles per unit volume (depending on 
temperature) and their zero-pomt velocity. Once this rate is exceeded, fnctionless 
transport breaks down. 

It seems reasonable to assume a similar process of zero-point diffusion for the 
superconductive electrons, since m superconductors, too, we are faced with a 
critical rate of frictionless transport, i.e. the threshold value. When applying 
these considerations to the superconductive electrons we amve at an interesting 
conclusion. A current set up by zero-point diffusion of electrons must be 
essentially different from a normal current since the momentum of the flowing 
electrons is derived solely from collisions * as in the case of helium atoms. This 
means that the cause of a normal current, the accelerating force of the electric 
field, does not appear at all in the process. This peculiar phenomenon of a 
current m zero electric field is of course exactly what has been observed in super¬ 
conductors (figure 1 a) According to our conception there should be another 
phenomenon, so far unobserved, by which a super-current is distinguished from 
a normal one. Since it is set up by collisions, the speed of propagation of 
a (heat) impulse should be diflferent, the maximum speed of a signal depending 
on the zero-point velocity of the highest level in A (figure 7 b). The super¬ 
current will also be distinguished by having (in a conductor of uniform 
cross-section) uniform charge density. 

Thus zero-point diffusion seems to explain the cunous analogy from which our 
considerations originated (1942), i.e. that to the absence of potential differences 
in a superconductor there corresponds the absence of temperature differences in 
the helium film The conception of zero-point difiiision also removes at once the 
difficulty of understandmg the independence of the transport rate of z-particles 
of the strength of external forces, e.g. the pressure head in helium It is clear 
that our statement (made in §2) concerning the action of an external force on the 
z-state has to be quahfied Indeed it seems doubtful whether in any of the 
transport phenomena a true particle acceleration occurs. It appears that the 
action of external forces on z-particles is rather that of creating a certam type 
of (space-) order than of accelerating particles. 

To illustrate this point we consider an element {dx) of a long cylinder on the 
surface of which frictionless transport of z-particles can occur. This model 
corresponds to a superconductive wire or to a solid rod covered with the helium 

* When we use here the ordinary kinetic picture of momentum transfer by colhsion, it is 
merely done to distmguish the process of zero-point diffusion from that of acceleration by a macro¬ 
scopic field of force. It has, however, to be remembered that zero-pomt diffusion is bound to 
differ from an ordinary diffusion process by the fact that while momentum is exchanged, it is not 
dissipated, and it is doubtful whether the terms “ mean free path ” and “ average velocity ** can 
be used in their accepted meamng Retainmg such a kmetic mterpretation of zero-pomt energy, 
It appears that m systems with high zero-pomt energy there must be a considerable dispersion of 
velocities An mdication of this seems to have been observed by Ganz (1940) when he found 
that the first mdication of a heat impulse travelling through hquid hehum was propagated with a 
speed of rwlO* cm /sec , while the speed of the maximum of the impulse was only r«^10 cm /sec. 
Incidentally, the secondary maximum observed by him may have been due to Tisza*s diffusion of 
excited particles discussed above. 
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film. If at some place outside {dx), z-particles are removed, zero-point diffusion 
must take place and a macroscopic flow of z-particles in the ^-direction will 
occur. This process entails no actual acceleration of z-particles but merely a 
greater mean free path in the ^-direction. The flow of z-particles is accompanied 
in the case of electrons by the appearance of a magnetic (but not an electnc) 
field and in the case of helium atoms by a moment of inertia. The states of flow 
and rest are thus energetically different but, as the experiments show, of equal 
(zero) entropy. If we make {dx) part of a closed ring, the state of flow, if once 
started, will persist since there are no means of energy dissipation and we arnve 
at a metastable state accompanied in superconductors by a persistent magnetic 
moment and in helium II by a persistent moment of inertia The former pheno¬ 
menon IS well known, and it should be possible to detect the latter, particularly 
if these considerations can be extended to a tube filled with the bulk liquid. 

Another way of describing this phenomenon is to say that the momentum 
of frictionless transport is not dissipated because it is zero-point energy. 

§6 SURFACE TRANSPORT 

In our 1942 paper, we have drawn attention to the peculiar tendency of the 
z-particles to move along the geometncal surface of the substance. As a tentative 
explanation it was suggested that this surface transport may be caused by the 
fact that the acting force only penetrates the substance to a certain depth and that 
below this depth no movement of z-particles will take place. It may also be that 
the disturbance of the structure of the “container substance” produced by the 
surface facilitates the thermal excitation of z-particles, a process about which 
nothing is known so far. In this case the depth of penetration should be to some 
extent independent of the particular type of disturbance and in some way be a 
measure of the limit of the free path of z-particles. 

In superconductors the phenomenon of surface transport is a well-established 
fact, but m the case of liquid helium the evidence for it is not so strong. In view 
of the similarity of the transport phenomena in the film with those in the bulk 
liquid (Daunt and Mendelssohn, 1939 a ; Allen and Misener, 1939) it has been 
suggested that the film may extend below the liquid level and give rise to a transport 
of z-particles along the solid walls in the liquid. Subsequent experiments by 
J. G. Daunt and the author (1939 b), Allen and Reekie (1939 b), and Kapitza 
(1940) indeed seem to strengthen this view, but it must be pointed out that some 
of the results can be explained equally well by zero-pomt di&sion of z-particles in 
the bulk liquid. A surface flow of superfluid hehum atoms which is analogous 
to the skin effect m superconductors does not however necessitate a higher con¬ 
centration of z-particles near the walls as is postulated in the model suggested by 
F. London (1939). A decision as to whether and to what extent the fnctionless 
transport in liquid helium is confined to the walls of the container has to be left 
to further experiments. 

§7 BOSE-EINSTEIN CONDENSATION 

The conception of the fnctionless state of aggregation at which we have 
arrived in the preceding sections was reached merely by conclusions from the 
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existing experimental evidence and does not contain any theoretical hypothesis. 
Even so, a fairly consistent model could be obtained, the chief characteristics of 
which are those of a quantum liquid condensing in momentum space ; i.e. a set 
of freely mobile particles of zero thermal energy but an appreciable zero-point 
energy which is separated from the continuum of thermal states by an energy 
gap. In 1938 F London attempted to explain the A phenomenon of liquid 
helium in terms of the condensation of a Bose-Einstein gas, and it is interesting 
to see how far such a model can be used as a theoretical basis for the interpretation 
of our empirical conception of the z-state. 

The chief difficulty is of course that Bose-Einstein statistics is not applicable 
to electrons m metals. However, as has been pointed out by Lmdemann (1932), 
both Bose-Emstein and Fermi-Dirac statistics refer to idealized cases and it is 
quite possible that an intermediate treatment may prove equally applicable to 
electrons and helium atoms (cf. Daunt and Mendelssohn, 1945). 

It is evident that the high zero-pomt energy of both liquid helium and the 
metal electrons plays a most important part in the behaviour of the z-state whereas 
the (ideal) Bose-Einstem gas has no zero-point energy. This is clearly the reason 
why Bose-Einstem statistics has failed to provide an explanation for the pressure- 
independent flow* and the isothermal heat transport in helium films. The 
process of zero-point diflfusion which we have introduced in order to explain 
these phenomena does not exist in the ideal Bose-Einstem gas. Gogate and 
Rai (1944) have recently compared ovir rate of transfer of superfluid helium 
atoms in films (figure 3 a) with the velocity f of “ non-energetic ” particles denved 
from Bose-Einstein statistics and have found a fairly good agreement for the 
temperature dependency except for the lower temperatures. In their calculation 
they use the population of the lowest energy state as given by Bose-Einstem 
statistics to be 

n' = n[l-{TIT,n .(3) 

where n is the total number of particles per unit volume, the A-point and <7 
has the value 3/2 A much closer agreement can however be obtained, as we 
pointed out recently (1945), by using the value 5 for a, and this is the value sub¬ 
stituted by F. London (1939) in his modified theory of Bose-Einstein condensa¬ 
tion. It may appear at first as if this remarkable agreement would provide a 
strong support for the application of Bose-Einstem statistics, but actually the 
contrary seems to be the case. The value (a=5) was chosen by London not on 
any theoretical grounds, but merely as the value which happens to fit the observed 

^ Tisza has tned to explain this phenomenon by the accompanymg thermal effects, while F. 
London postulates a dependency on the square root of the acting force. Both alternatives have 
been clearly disproved by the experiments (Daunt and Mendelssohn, 1939 a). 

t In doing this, they tacitly assume the applicabihty of the quantum-mechanical formula 
V'^hlnid for the zero-pomt velocity of mean free path, where m is the mass of the helium atom 
and d the mean free path This is very temptmg, particularly smee adoption of the film thickness 
as \"alue for d leads to a velocity value of the same order as the effective velocity observed m the 
film transport (~10® cm./sec). The agreement is, however, deceptive, since the zero-pomt 
energy of hquid helium calculated by the same formula gives a value 10* times too small We 
have therefore adopted the mterpretation of the film thickness as a limit (correspondmg to the 
lowest levels of A, figure 76) of free path, given at the end of the first paragraph of §7 of this paper. 
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specific-heat curve of liquid helium.* As was shown in § 3, there exists a quite 
general statistical relation which is entirely independent of the particular type of 
statistics employed and which connects the population of the lower energy 
state .with the excess specific heat. This relation simply states the fact that the 
population of the lower state determines the change of the degree of order and with 
It the excess specific heat in any thermal excitation of a degree of freedom. The 
case has been thoroughly discussed for order-disorder transformations and for 
molecular rotation (cf. Fowler, 1936). The agreement between the observed 
rate of transfer and equation (3) has therefore nothing to do with Bose-Einstein 
statistics, but merely re-states, and incidentally confirms, the experimental fact 
that the rate of transfer measures the population of the z-state in helium. 

Thus while Bose-Einstem statistics fails to account for the excess specific 
heat of liquid helium and for the characteristic properties of flow and heat transport, 
the question arises whether it has any bearing whatsoever on the z-state as it is 
observed in liquid helium and superconductors. It seems that the position can 
be summarized as follows . the experiments show that both electrons and helium 
atoms can pass into a state in which they are capable of frictionless transport. 
These z-particles are energetically at absolute zero even at finite temperatures— 
they have zero entropy. The existence of particles in the lowest set of quantum 
states does not in itself lead to frictionless transport; it is necessary that these 
states should be separated from the rest of the energy spectrum by an energy 
gap. That means that a condensation ” m momentum space must take place if 
the fnctionless state of aggregation is to appear, but this need not be a condensation 
mto a state of no zero-point energy as in Bose-Einstein statistics. According to 
our considerations (§5) zero-point energy is necessary for the appearance of 
frictionless transport, and in fact no condensation to zero velocity takes place in 
superconductors and probably not m liquid helium either. The undisputed 
merit of Bose-Einstein statistics is that, while it cannot be ngorously applied to 
either superconductors or liquid helium, it is the only statistics so far developed 
which provides for a condensation phenomenon at all; and by mtroducing it 
F. London was the first to interpret the A-phenomenon in terms of gas 
degeneracy. 

The problem of liquid helium has been approached more recently by Landau 
(1941) who, instead of introducing a specific theoretical model, considers quite 
generally the quantization of the motion of liquids. He arrives, taking mto 
account the expenmental results, at two sets of hydrodynamic equations for the 
description of liquid helium. In its present state the theory appears still too 
general to present a rigorous model of liquid helium and it fails to account for 
the essential features of the transport phenomenon, as for instance isothermal 
heat transport, pressure-independent flow and the two components of the fountain 
effect. Its great advantage is that, in contra-distinction to the Bose-Einstein 

* It IS interesting that this purely empirical modification, mtroduced by Lfondon to allow for 
the ** umdealty of his model, constitutes an approach to our suggested term system (figure 7 h)* 
It has been shown that the adoption of (ff=5) instead of (a=3/2) seems to produce the 
postulated gap m the energy spectrum of hehum between the set of groimd states and the 
thermally ezcitedlstates. 

PHYS. SOC. LVII, 5 zt 



K. Mendelssohn 


388 

model, It does not require modification of an already existing framework but 
seems to be capable of application to the case under consideration by mere 
specialization. 

§8 CONCLUSION 

The picture of the z-state denved from the experimental facts is far too 
consistent to permit us to dismiss the similarity between superconductivity and 
liquid helium II as merely accidental or superficial Summanzing our conclu¬ 
sions, we arrive at three salient features of the fnctionless state of aggregation : 
(a) The z-particles are energetically at absolute zero. {V) The zero-point energy 
IS divided by an energy gap from the thermally excited states, (c) The transport 
phenomena are caused by a diffusion of z-particles under their zero-point 
momentum 

(a) is fairly well established by direct expenment. The term system sug¬ 
gested by us to account for (6) is a very rough model and we can hardly expect it 
to yield more than a qualitative explanation, particularly as all evidence for the 
existence of the gap is indirect, (c) is of course closely connected with (a) and 
the fact that fnctionless transport is only observed in certain metals is explained 
by (i). (c) is strongly suppported by all the available experimental evidence 
and appears to provide a very satisfactory explanation for the transport phenomena 
m superconductors and liquid helium. The conception of zero-point diffusion 
would seem to be the most important conclusion reached in our considerations. 

The foremost application of these considerations will be to provide a working 
hypothesis for expenmental research in a field where so far nearly all important 
progress has been achieved by accidental observations. It is clear that our 
model can be tested by a great variety of experiments, a number of which has been 
indicated in this paper. Apart from the application to experimental work it is 
hoped that the above considerations will also aid the development of a theory 
of superconductivity and liquid helium. The most serious gap in this respect 
is the lack of a kinetic interpretation of a system of freely mobile particles with 
no thermal but finite zero-point energy. 

Finally one may ask whether the z-state is realized an 3 rwhere in the world 
except in the laboratory. The high densities in stars and possibly m some of 
the planets may provide suitable conditions for its appearance in macroscopic 
dimensions. Such a high concentration of particles also occurs in the nuclei 
of heavy atoms which have been described by Bohr and Kalckar (1937) as droplets 
of quantum liquid, and Teller and Wheeler (1938) have drawn attention to 
a resemblance between the term system of liquid helium and that of the nucleus. 
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ABSTRACT The doubly-refractive properties of a weak solution of benzopurpunn 
were used in a study of the onset of turbulence when the hquid flowed through a long 
horizontal glass pipe A beam of polarized l^ht was arranged to traverse a diameter 
of the pipe remote from the ends, the nicols being set to give extraction when the hquid 
was stationary. The emergent light fell on a photo-cell, which was connected through an 
amplifier to a cathode-ray tube 

With umdirectional flow, photographs of the trace on the screen showed a steady 
straight line when the velocity was small. Disturbances appeared at a Re3molds number JR 
of about 1970 , and complete turbulence was established when R attained a value of 2900 . 

With forced oscillating flow, the trace at low veloahes was a sinusoidal curve, on 
which, at a critical Reynolds number, small superposed ripples were observed Even 
when the motion was greatly increased the intricate traces recurred perfectly, but this 
phase finally broke up into complete turbulence as soon as the amphtude of the surface 
movement m the bottles at the ends of the pipe reached a certain limit 


§1 INTRODUCTION 

C ERTAIN colloidal solutions exhibit the property of streaming double 
refraction. Most of the quantitative experiments which have been 
earned out on this phenomenon have been concerned with the problem 
of the shapes of the particles m solution, and they have been performed in the 
well-known concentnc cylinder apparatus More recently, however, this pro¬ 
perty has been used by Alcock and Sadron (1934) to provide a means of measuring 
the velocity distribution in various kinds of laminar flow. The properties of 
many liquids, suitable for the purpose, have been examined by Weller, Middlehurst 
and Steiner (1942), who gave numerous references to previous work. Andrade 
and Lewis (1926), who used rotating cyhnders, remarked that the onset of tur¬ 
bulence was favoured by the presence of colloidal particles, but apart from a 
brief note by Hauser and Dewey (1939), no trace has been found of any attempt 
to use the method deliberately for detecting turbulence. However, the under- 
lying pnnciple appeared promising for the purpose and worth detailed attention. 
Accordingly both unidirectional and forced oscillating flow in a arcular pipe 
were examined by this means at the Engmeenng Laboratory, Oxford. Many 
investigators*agree that, in the former, laimnar flow breaks down at a Reynolds 
number of about 2100, calculated with the pipe diameter and with the mean 
velocity of flow. On the other hand, no previous information is forthcoming 
concerning forced oscillatmg flow. 

* Cf. Goldstwn ( 1938 ). 
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§2. THE WORKING LIQUID 

The best knovm colloidal solutions possessing the required properties are 
vanadium pentoxide (V 2 O 5 ), the red dye benzopurpurin 4B and certain clay 
suspensions. The first two contain filamentous particles; when stationary, 
the filaments are oriented at random owing to thermal agitation, but when in 
slow motion they cause the liquid to exhibit doubly refractive properties if viewed 
at light angles to the direction of flow. It appears from a review by Edsall 
(1942) of the present state of knowledge that there is a general measure of agree¬ 
ment amongst physical chemists concerning the nature of this effect. In steady 
laminar flow, the filaments as they are carried with the stream rotate about axes 
perpendicular to the direction of streaming, but they do so with an angular 
velocity which is a minimum when they he along the stream. Thus at any instant 
there will be more particles in this position than in any other. This explanation 
also shows why these solutions, unless highly diluted, exhibit non-Newtonian 
effects, such as the distortion, examined by Lawrence (1935), of the parabohc 
velocity distribution in laimnar unidirectional flow in a pipe. For it is clear 
that the filaments, as they whirl along, must be comparatively far apart if no 
mteraction is to occur. 

Thus for the present purpose it was necessary to select a solution sufficiently 
weak to show no appreciable anomalous properties, yet strong enough to exhibit 
measurable optical eifects. After some preliminary tests, 0*25% benzopurpurin 
solution was chosen because it combines ease of preparation m quantity with a 
comparatively powerful double-refraction effect. The solution was prepared 
2 1. at a time ; 0-5 gm. of the powder was ground up m a mortar with a httle 
distilled water, and the volume was made up to 0 5 1. After a slight -warmmg 
the powder was completely dissolved, giving a clear red solution which was then 
diluted to 21. The alternative procedure of adding the powder to the full volume 
of water was found to be ineffective ; the powder then refused to dissolve even 
on boihng. A solution of 80 gm. of potassium sulphate in 900 cc. of distilled 
water was then made, and 200 cc. of this was added to each 2 1 . of benzopurpurin 
to form the working liquid. The salt solution causes the dye molecules to aggre¬ 
gate to particles of a size suitable for the double-refraction phenomenon, but 
larger quantities throw out the dye as a flocculent precipitate. The aggregation 
is caused by the electrical effects of the monovalent kation; the presence of 
kations of higher valency, derived, for example, by corrosion, must be guarded 
against m view of their powerful coagulatmg effect. Certain parts of the 
apparatus had to be made of metal, therefore the sulphate was used in preference 
to the more corrosive chloride. 

One disadvantage of benzopurpurin as a working liqmd is the change of its 
properties with time. For a few hours after mixmg it was found to be inactive. 
On the first day after mixmg its optical power was sufficiently strong for the 
experiments to proceed, but this increased too much during the day’s work 
for the results to be entirely satisfactory. To avoid this difficulty, observations 
were then confined to the third and to the seventh days, over which the rate of 
development was slow. The growth of the particles depends upon the tem¬ 
perature, but this could not be kept constant; hence the optical properties of 
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the hquid on the two test days was not the same m successive sets of experiments. 
The liquid remamed active for periods longer than a week, but it gradually 
became cloudy and therefore unsuitable 

When it was desired to interpret the observations in terms of Reynolds 
numbers, considerable difficulty was experienced because the kmematic viscosity 
of the working fluid was not free from uncertainty. Mark (1940), who described 
a benzopurpunn solution as “elastic”, explained that its viscosity is maximum 
at very low shearing stresses, dimimshing in an exponential manner to a steady 
Newtoman value as the shearmg stress is mcreased These effects were dis¬ 
covered in the workmg fluid, although it was so dilute. Experiments were made 
with a viscometer of the Couette type, in which the diameter of the outer rotating 
cyhndncal surface was If m. and that of the inner cylinder (hung on a torsion 
wire) was | in. At a mean velocity gradient of 3 sec.~^ the viscosity of the three-day- 
old fluid was fotmd to be 36% in excess of that of water, while at 9 sec.~^, the 
limit of the apparatus, the correspondmg value fell to 21%. At a very high 
velocity gradient, estimated at 800 sec.“^ observations with an Ostwald (capillary) 
viscometer gave the excess of kinematic viscosity as only 3%. The experiments 
to be described lay in a comparatively small intermediate range, and the onset 
of turbulence in umdirectional flow was at a mean velocity gradient of about 
17| 8ec.~^. The density of the working fluid was ^ % greater than that of water. 
On the assumption that the excess of kinematic viscosity diminished exponentially 
with the mean velocity gradient, logarithmic plottmg of the above results showed 
that at 17i sec.~^ the excess was about 9%, and, as no sensible change could be 
detected after seven days, this figure has been used m all the calculations. 

It should be borne m mind that the viscosity of these anomalous solutions 
is known to depend partly on the previous mechamcal history of the solution ; 
vigorous treatment breaks up temporary linkages of the particles and for a time 
reduces the viscosity. Now in the unidirectional flow experiments the working 
liquid passed contmuously through a centrifugal pump, and the oscillating 
flow apparatus was operated as violently as possible for a few nunutes at the 
commencement of each senes of tests. Therefore viscosities deduced from 
measurements made under the quiet conditions in the Couette viscometer were 
probably somewhat higher than those obtaimng m the experiments. Support 
for this view is provided by the unidirectional flow tests descnbed m §4. There 
it was found that the cntical velocity occurred at a Reynolds number of about 
1970, which is slightly lower than that estabhshed by other methods. 

§ 3 . THE OPTICAL APPARATUS 

The horizontal glass pipe, through which the liquid passed, was 15 ft. long 
It was made up of three 5-ft. lengths accurately fused together, the mean internal • 
diameter of the central length being 0‘94s m. At the central section, distant 
95 diameters from the ends, the flow was examined by means of a photo-electric 
cell. The source of light was a 125 w. tungsten arc lamp (pomtohte), the hon- 
zontal beam from which passed successively through a convex lens (to make 
the beam parallel), a cell containing a solution of ferrous and copper sulphates 
(to absorb injurious heat rays), an adjustable stop set at about ’/ss “i* diameter. 
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the first mcol or polanzer, a diameter of the pipe, and finally the second nicol 
or analyser The axes of the nicols were fixed at 90" to each other, both being 
at 45° to the axis of the pipe. In order to preserve the approximately parallel 
nature of the beam,a rectangular glass cell full of distilled water was fitted round 
the section of the pipe which was under observation. 

When the liquid was stationary, with the dye filaments oriented at random, 
the only light which emerged was that due to lack of parallelism m the beam, 
causmg unequal reflection losses of the components of the plane-polarized light 
along and across the tube, with consequent imperfect extraction by the nicols. 
But, on putting the liquid into motion, the double-refraction effect caused the 
emergent beam to increase in strength. It fell on a photo-electric electron 
multipher, consisting of a caesium photocell whose pnmary emission was mag¬ 
nified about 2 5 X10 * by seven stages of secondary photo-emission controlled 
by crossed electromagnetic and electrostatic fields It is free from raertia effects 
in rapidly varying hght. The output of the multiplier was led through a single 
stage of valve amplification, having a voltage gain of about 20, to the Y plates of a 
gas-focused cathode ray tube, the screen of which had a long after-glow. Thus, 
even at the very low velocities of sweep which were used, it was possible to compare 
the traces of successive cycles. The time base was of orthodox type, a condenser 
being charged through a pentode valve and discharged by contacts mechamcally 
operated by the piston rod of the reciprocating pump described in §5. In 
order to secure the necessary stability, all potentials were supphed by dry batteries 
and accumulators. With a Leica camera, 56 photographs of unidirectional 
flow were obtained and 123 of oscillating flow , those reproduced in figures 2, 
5 and 6 were taken at approximately half gam, which was found to be the most 
suitable ratio because at full gain, in spite of many precautions, the trace was 
disturbed by stray fields. The zero level of the trace was radicated by projecting 
the images of spots or arrows on to the screen. 

In order that a satisfactory companson might be made between the two types 
of flow, no adjustment was made to the glass tube or to the optical apparatus in 
the course of the work detailed in the following pages. Owing to the difficulty 
of obtainmg a circulating pump, the experiments on oscillating flow were performed 
first. Here, however, the work will be described in the reverse but logical order. 

§4 THE BREAKDOWN OF UNIDIRECTIONAL LAMINAR FLOW 

As shown diagranuuatically in figure 1, the inlet end of the glass pipe was 
joined by hose and a short length of 1-in. stainless-steel pipe to an aspirator 
bottle A. The outlet end was similarly connected to glass tubing leading to the 
large bottle B ; this served as a reservoir from which the pump C drew its supply. 
The pump was of the centrifugal type, driven by an electric motor; its interior 
was chromium-plated and, to give additional protection, the plating was coated 
with bakelite varnish. The dehvery from the pump passed either to the bottle A 
through glass tubing and an 1 l-ft. length of 1-in. stainless-steel pipe or back to 
the bottle B through a by-pass. Thus the flow through the glass pipe was tur¬ 
bulent at entry ; it was effected by gravity only, and any pulsations developed in 
the pump could not reach the section under observation. The flow was con- 
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trolled bv means of pinch-cocks on the by-pass and near the outlet end of the glass 
pipe, and also by altering the speed of the pump. No difficulty was experienced 
in maintaining constant conditions. The apparatus required a charge of about 
8 1. of working fluid. 

To measure the flow, a stainless-steel onfice-plate was inserted at D, and open 
glass stand-pipes fixed to a vertical scale were connected to both sides of it. In 
view of the limited supply of working fluid, it was thought preferable to use tap- 
water when determining the coefficients of discharge of the orifice at various 
rates of flow In order that the observers should not be biased in any way, this 
calibration was not done until all the photographs had been obtained. 

Observation revealed, and the camera recorded (figure 2), that at low velocities 
the trace on the screen was a horizontal straight line, which moved upwards 
further from the zero level when the velocity was increased. The zero with the 



Figure 1 Elevation of die unidirectional flow apparatus 

tungsten arc on and the liquid stationary is indicated on the photographs by 
two spots ; when the light was turned off, the trace descended only by an amount 
approximately equal to its own breadth. The sweep was set to operate at the 
constant speed of 20 c /min At higher velocities of flow, momentary oscillations 
occurred, evidently due to the “ flashes ” described by Reynolds. As the velocity 
was still further increased, the disturbances became more numerous and the 
frequency of the ripples went up. Fmally a velocity was obtained when the 
trace was always m a state of agitation. 

With the three-day-old liquid, photographs were secured of complete steadi¬ 
ness at a Reynolds number R =1970, and of disturbances at i? = 2270 But a 
closer “ bracket *’ was obtained after seven days, therefore a selection of photo¬ 
graphs from this test is reproduced in figure 2, where (i) and (ii) show the steady 
straight hues at Reynolds numbers of 750 and 1900. At R = 1970 there were 
two “flashes” m five minutes, but attempts to photograph them were unsuccessful; 
however, a picture (iii) taken during the intervening periods shows that the steady 
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(v) i?==2620. (vi) ii=2910. 

Figure 2, Breakdowa of laminar unidirectional flow. 
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line was slightly bowed. At jR«a2030 the disturbances were marked, a period 
of rippling and its termination being shown on (iv). At higher velocities the 
quiet penods were shorter and the rippling more violent, although even at /? = 
2620 (shown in v) the bursts of turbulence did not often last longer than two 
cycles. In this phase the trace in an inactive period was seldom perfectly hori¬ 
zontal, and the approach of a turbulent spell could often be detected by a gentle 
fall of the line. Ati?=2910 (vi) really quiet intervals never occured, and turbu¬ 
lence was completely established, while at still higher velocities the amphtude 
and frequency of the npples further mcreased. 

These results show at once that the apparatus gives much the same value of the 
critical Reynolds number as that obtained by earlier methods, but further informa¬ 
tion may be obtamed from the photographs. Figure 3 gives the distance of the 



Figure 3 . Deflexion of txace m unidirectional flow, 
o After 3 days. • After 7 days. 


straight traces from the zero with no flow plotted against R. Little reliance 
can be placed on pomts beyond the critical value because, as explained above, 
the Ime m a quiet period was not often truly horizontal, and these measurements 
are therefore dubious. Conflnmg attention to laminar flow, we see that in the 
three-day tests the deflexion was Imearly dependent on R, and this suggests 
little orientation of the particles at the very low tangential stresses set up in such 
a wide pipe. Had the orientation been complete, the curve would have become 
horizontal; in the seven-day tests it did in fact tend to do so, but the onset of 
turbulence cut off the fimsh of the process. These ideas are confirmed by the 
observation that, when the flow was stopped, the deflexion of the trace did not 
immediately fall to zero, from which it follows that the particles cannot have been 
very small. Thus the low degree of orientation must be attributed either to lack 
of anisometry in the particles, which seems improbable m view of their known 
filamentous shape, or to the small tangential stresses. 

The investigation having for its mam object the detection of turbulence, no 
attempt was made to analyse the turbulent vibrations, but it may be remarked 
that the laminar flow evidently broke up into vortices not much smaller than the 
cross-section of the hght beam used. Only if the vortices were considerably 
less than this would the double refraction be reduced to zero, and this was not 
observed. 
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§5 THE BREAKDOWN OF OSCILLATING LAMINAR FLOW 
It IS desirable first to examine theoretically the nature of forced oscillatmg 
laminar flow in a pipe— a. problem which has been attacked by Southwell and 
his collaborators, e,g Christopherson, Gemant, Hogg and Southwell (1938). 
They considered a U-tube (composed of a honzontal pipe coimected at 
each end to a bottle) in which the motion was maintained by a pulsatmg 
air pressure. Being concerned principally with establishing the basis of their 
method of viscometry, they concentrated their attention on the relation 
between the amplitudes of the applied pressure and of the surface movement in 
the bottles. Here, however, we are mterested m the distnbution of horizontal 
displacements over a cross-section of the pipe which results from a measured 
amplitude of the surface movement in the bottles Accordingly Southwell’s 
analysis has been extended. The details are relegated to the Appendix, but the 
results are shown in figure 4. This is a vector diagram drawn for the motion 



Figure 4 Theoretical distnbution of displacement in laminar oscillating tlow. 


in the IS-ft. pipe of water at 15° c. at 8 and 20 c./mm, these frequencies being 
the slowest and fastest used in the experiments. The direction of the line Ox 
represents the amphtude in the bottles. The curve is graduated in terms of the 
ratio of the radius r under consideration to the radius a of the pipe, and the 
magnitude and phase angle of the honzontal displacement are given by the straight 
line drawn from 0 to the curve. The distnbution of these displacements has a 
kind of inverse analogy to the well-known dun effect which occurs when high- 
frequency altematmg current passes through a solid circular conductor. It will 
be seen that at 8 c./min. the liquid within a radius of about 0*4 a oscillates with 
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litde relative movement. At 20 c./min. this radius is increased to about 0-6 a ; 
it is only at frequencies beyond the scope of the experiments that almost the 
whole of the liquid oscillates virtually as a solid plug with large shearing stresses 
close to the wall. It should be noted that the ratio of the horizontal displacements 
in the pipe to the amplitude in the bottles is independent of the latter when the 
other variables are unchanged. 

In the first set of experiments the glass pipe was connected at each end to an 
aspirator botde of diameter 5 6 in. In one bottle, off which the top was cut, the 
movement was measured with a stainless-steel hook gauge, surface disturbances 
bemg ehminated by perforated bakelite baffles. The other bottle was joined 
by rubber tubing to a single-cylmder reciprocatmg pump of diameter 3 m. 
and stroke If in., from which the valves were removed The piston was actuated 
by a Scotch crank dnven through reduction gearing by an electric motor, so that 
Its motion was truly simple harmomc. It was found that if, on starting, the rubber 
tubing was connected when the piston was at the middle of its stroke, no creep in 
the excursions of the liquid took place. The amplitude of the motion of the 
liquid was controlled with four bottles (serving as capacities), joined singly to 
the connexion between the pump and the aspirator bottle; they could be turned 
on or off at will, and the effective volume of one could be finely adjusted by 
partially filling it with water. To satisfy the requirement that the pressure 
imposed on the working liquid should vary in a sinusoidal manner, the pressure 
changes in the air were kept small and nearly isothermal by runnmg the pump 
only at very low speeds. The apparatus required about 5 1. of working hquid. 

The method of test was to take a senes of photographs at constant pump speed, 
the amplitude of the movement in the aspirator bottles being varied by means of 
the capacities. The surprismg fact at once emerged that over a considerable 
range the trace at each amplitude, although considerably agitated, recurred 
exactly for an indefimte length of time. The break-up of this phase at 13 c./min. 
is illustrated by the series shown in figure 5, in which a^e indicated the travels 
measured in the aspirator bottle and the Reynolds numbers. The latter will 
now be formed with the maximum velocity of the motion, with the simplifymg 
assumption that the velocity was uniform over the cross-section. The zero 
at no flow is here indicated by the tips of the arrows. The first photograph 
shows recurring flow at a travel of 0-55 cm.; the ends of the stroke correspond 
to the undisturbed portions of the trace, which, as in the unidirectional experi¬ 
ments, did not instantly descend to zero when the velocity became very small. 
At 0-80 cm., (li), the trace still recurred The next photograph records two con¬ 
secutive cycles, the only difference which can be detected between them being 
the short-circuit of the prominent mverted W on the right. Again, the ends of 
the stroke may be distinguished by the quieter motion there, which, bemg slower, 
caused a thickening of the trace. Finally, at 1 61 cm., (iv), the diagrams did not 
recur, although the differences between them was not marked, but at still greater 
travels the motion of the trace was wildly irregular. These results indicate 
that under certain conditions a recurring system of vortices was formed, which 
was destroyed when the motion became too violent. The available information 
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concerning the region of breakdown is summarized in table I, in which the 
results of the one-day test (mentioned in § 2) have been included. 


Table 1. The breakdown of recurring turbulent flow 


Age of fluid 

c .min 

Travel (cm) 

R 


One day 

20 

0 Q7 

6360 

Recurring 

>> 


1-^0 

8480 

Almost recurring 



1 41 

9220 

Not recurring 


16i 

1 24 

6840 

Recurring 

}> 

»» 

1 52 

8360 

Not recurring 


13 

1 03 

4610 

Recurnng 

•> 

99 

1-39 

5880 

Almost recurring 


99 

1-51 

6750 

Not recurrmg 

Three days 

20 

0-98 

6500 

Recurring 

>> 

99 

1*32 

8800 

Not recurrmg 

>> 

13 

1 08 

4840 

Recurnng 

99 


1-39 

6190 

Not recurnng 

Seven days 

20 

0-95 

5810 

Recurnng 

>9 

» 

1-32 

8050 

Not recurrmg 

99 

13 

0 80 

3480 

Recurnng 

99 

)) 

MO 

4790 

Almost recurrmg 

99 

99 

1 25 

5460 

Almost recurrmg 

99 

99 

1 61 

6990 

Not recurrmg 


No correlation can be discovered among the values of R, but there are indications 
that it was the travel which was the determimng factor. Allowing for the diffl- 
culty of estimating when recurrence was perfect, it may be suggested that a travel 
of about T25 cm. was the criterion of breakdown. 

Attention was then concentrated on the first signs of turbulence. With a fresh 
charge of hquid,the trace at very slow flows was seen to be a smooth sinusoidal 
curve indicating laminar conditions. Ais the amplitude was mcreased, small 
ripples appeared at first, but later the harmonic nature of the picture was broken 
up into the form indicated in figure 5 ( 1 ). These experiments were found difficult 
and unsatisfactory because under some conditions the travel did not remam 
steady. Consequently suspicion fell on the apparatus used to mamtam the 
motion. It has been pointed out by den Hartog (1940) that, if a forced oscillation 
is maintamed with a spring of varying stiffness as coupling, the resulting motion 
may be unstable. In the experiments, the damping was considerable owing 
to the destruction of kmetic energy when the liquid entered an aspirator bottle ; 
free oscillations w'ere in fact nearly dead-beat. Thus the power required to 
dnve the apparatus, and consequently the compression and varying elasticity 
of the intermediate air, seemed unnecessarily large. Moreover, at 20 c./min. 
the travel required for laminar flow was too small to be measurable with reasonable 
percentage accuracy ; and when the frequency was halved m order that a wide 




(i) Travel 0 55 cm , Max jR=2400 (u) Tia\el 0 80 cm , Max R = 34SQ. 



(ill) Travel 1 25 cm , Max jR=5460 (iv) Tra\el 1 61 cm , Max “6990 


Figure 5 Breakdown of recurring oscillating 
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(0 Travel 4-39 cm , IVIav. 7^=730. (n) Travel S 83 cm , Max /?=980 



Till) Travel 6'25*'cm , Max i?=1050. (iv) Travel 8 22 cm., Max. i?—1360. 


Figure 6. Breakdown of laminar oscillatmg flow. 
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range of conditions might be investigated, it approached so closely to the natural 
period that sufficiendy small travels were unobtainable. Accordmgly the 
aspirator bottles were replaced by vertical glass tubes, 19 in. long and only If in. 
in diameter, the lower portions of which were bent through an easy right angle. 
A carboy was suostituted for the four capacities, and the resistance to the motion 
of the air was reduced by increasing the diameter of the connecting tubing from 
} to f in. The travel was measured with a horizontal telescope mounted on a 
cathetometer. 

As expected, these modifications greatly reduced the damping, and tests 
were made at frequencies both above and below the natural penod, but the 
difficulties mentioned above did not disappear. A test after three days<at 20 c./min. 
showed, after a considerable wait, a smooth sinusoidal curve at i?=890. At the 
next stage, a recurring trace with slight superposed npples was obtained after 
allowing it a long time to settle, but the travel never became absolutely steady . 
Its mean was 2 51 cm. (corresponding to which R is 1050), but the excursions 
varied by about I mm. at each end. These irregularities m the travel contmued 
up to i? = 1320, accompanied by ripphng of increasing violence, but at and beyond 
7? = 1480 no trouble was experienced m quickly obtamii^ both recurring traces 
and steady travels. Other observations made it clear that it was the Reynolds 
number, not the travel, which was the cnterion of the onset of turbulence and of 
irregular travel. This conclusion is supported by the illustrations displayed in 
figure 6, which were taken with fluid seven days old at a speed of only 8f c./min. 
Although the sweep unfortunately gave trouble at this point, ( 1 ) shows that at 
12 == 730 the trace was smooth. The displacement of the trace being greater than 
in the three-day tests descnbed above, at 12 = 800 and 920 it was just possible to 
detect faint ripples, but they are too small to be seen on the necessanly small 
scale to which the photographs arc reproduced here. At 12=980, (li), the npplmg 
was more marked ; at 12=1050, (lii), however, the difficulty of obtaining steady 
travel again commenced, although the trace recurred. The irregularities were 
at their height at 12 = 1240 . here the trace apparently settled down quickly, 
but then a spasm occurred and the trace slowly changed its form, not settling 
down to its origmal shape until 20 min. had elapsed The recurring diagram, 
(iv), at 12=1360 was taken after 15 min., the last 5 min. being steady, but at and 
beyond 12=1610 no further trouble was encountered. 

The results suggest a critical value of 12, not very sharply marked, at about 
800. The existence of a zone of irregular travel at slightly greater values of R 
may be attributed, not to the drive, but to the formation of small eddies, prin¬ 
cipally at the ends of the pipe. These would erratically increase the small 
viscous resistance to motion, and, when sufficiently large, would cause a noticeable 
vanation in the travel. At greater amplitudes they would become more numerous 
and possess an almost constant mean value, and under these conditions a steady 
travel would again be obtained. It thus appears that the onset of turbulence 
can be detected, although in a less sensitive manner, simply by examining the 
uniformity of the travel. 
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§6 CONCLUSIONS 

(i) Considerable difficulty was encountered m securing a satisfactory com¬ 
promise between the conflicting requirements of the various parts of the apparatus 
A \vide pipe and a narrow beam of light were employed so that the lens effect of 
the former was s mall Thus the emergent beam was sensibly parallel, and it 
was possible to obtain good extinction with the analyser. The disadvantage of 
the wide pipe was a very low cntical velocity, occurring at such small shearing 
stresses t^t a slight anomaly in the viscosity of the working liquid, with its 
attendant distortion of the velocity distnbution, was present If, to avoid these 
effects, the workmg liquid had been a weaker solution, even more sensitive elec¬ 
trical apparatus would have been necessary. 

(ii) With unidirectional laminar flow, the trace was a horizontal straight 
line At a Reynolds number of 1970, brief disturbances appeared, which became 
more numerous and violent as the velocity was mcreased. Thus the indications 
of the apparatus were in fair accordance with the results obtained by other 
methods. Completely developed turbulence was shown to set m at a Reynolds 
number of about 2900. 

(in) With oscillating laminar flow, the trace was a smooth sinusoidal curve. 
At a certain Reynolds number (derived in an approximate manner) recurring 
npples appeared, which suggested the formation of a steady system of vortices 
Over a small range of slightly higher Reynolds numbers the motion of the liquid 
became slightly erratic owmg it is thought, to the formation of eddies which 
irregularly increased the viscous resistance. Under much more vigorous con¬ 
ditions of flow the recurring traces broke up, indicating complete turbulence, 
and this point was found to depend upon the travel of the liquid. 
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APPENDIX 

Oscillatory horizontal displacements in the ^pe 

An expression is required giving the distribution of horizontal displacements 
over the cross-section of the pipe m terms of the amphtude of the surface move¬ 
ment in the bottles. 
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We adopt the notation used by Southwell and his collaborators (loc. cit.), 
and refer to their results by inserting the numbering of their equations at the left- 
hand margin of the page. Let p be the externally applied pressure, x the displace¬ 
ment m the bottles, v and 3 ; the horizontal velocity and displacement in the pipe 
at radius r. The uniform cross-section of the bottl^ is denoted by A, a is the 
radius of the pipe, [l and p are the viscosity and density of the liquid, 2h is the 
length of the pipe, and^ is the acceleration due to gravity 
We assume that 


(4) 


rp = Pc'"*, 
«=JS'c‘"*, 
L®=Fc'“*, 
y=Yef^,^ 




where P, X, V and Y are complex, and V and Y are functions of r only. Then 


it was proved that 

( 8 ) 

V = 


r where 

(5) < 

Land 


ft® = — inpifji.. 

(9) But 


X = ^Q, 
gp 

( 10 ) and 


\ 2Jfka)]-n^_g' P 

, kaJo(ka)j J g 2 /)A«®’ 

(7) where 


, wa® 

s—g-g- 


Hence, on integrating (ii), we obtain, after some reduction, 


Yg'_[ 2J,ika)]-^/ J,{kr)\ 

Xg 1 kaJoika)} Jdka)) 


+ 5, 


( 111 ) 


where P is a function of r only. It is evidently zero when a steady state of oscil¬ 
lation has been attained. Now ft® is a pure imaginary, hence we introduce a 
quantity z given by 

( 12 ) z*=-k*a*. 

Then (in) may be written 


zi:= /i _ ^i(w®) i-^ A _ Mio>vt) \ 

Xg \ tzVtMizVt)! \ MizVi)/ 


(iv) 


Here s and co are real, and they are given by 





<0 = r 
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The evaluation of the nght-hand side of (iv) may be performed in two parts. 
The first term reduces to 


C{z)—tD{s)y 


and A(z\ = - B(z \- f ® 

and A(z) 2V{z)' 2 Viz) 


Biz) 


. (y) 

The modulus of this vector is [{C'(af)}2+{Z)(ar)}®]^ and its phase angle d is given 
by tan0= —Diz)lCiz). Numerical values of these expressions can be obtained 
with the aid of the tables given by Russell (1914). The second term in (iv), 
which gives the displacement distnbution over the cross-section, may be expe¬ 
ditiously dealt with by wnting it in the form 


1 Mo(a») 

M,{z) 


and making use of McLachlan’s tables (1934). 

The diagrams of figure 4 can then be constructed. Taking OX to represent 
the direction of the vector Jf, we set off OP of length [{C'(ar)}^ + {2)(5r)P]^ at the 
phase angle 0. For vanous values of r/a, rays from P are drawn of length 
[{C(;8:)]^ + {D(;3r)}2]iMo(w)/Mo(;8^), the angles between them and OP being 
{0o(«t>) Lastly, the curve jommg the ends of the rays is drawn in. 
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ABSTRACT. From a pair of axial magnification formulae, exact addition equations are 
derived in this paper for the axial spherical abei ration and curvature of field for cential 
and sagittal rays produced by any number of centred spherical surfaces whatever their 
individual separations. 

For a ray of initial semi-aperture Ui and final semi-aperture Uq passing through media 
of refractive indices tzj . . . . the condition for zero axial sphencal aberration is 

S npUpCp (sm Up 4- sm Jj?— sin Ip* — sm Up') == 0 , 




where cp is the distance of the ^th intermediate paraxial object point from the centre of 
curvature of the jpth surface 

For zero Petzval cuivature and an imtial semi-angle of field 9 , the condition is first 
gnen in the usual approximate Petzval fomi with the addition of a corrective term 

+ tan* I - (^- tanl 0 

npUprp [ 2 p ^ / J 

p=l 

A more simple alternative form, however, is S 837 tan J ^3>=0, where 8 p is the deviation 

P^Q 

of the central paraxial ray at the pth surface. 

An addition equation is also given for the sagittal astigmatism. 


§1. INTRODUCTION 


E xact values for the aberrations of the image formed by compound optical 
systems of centred spherical refracting surfaces are usually obtained by 
trigonometrical ray-tracing, and the removal of the aberrations, although 
supplemented by well-known approximate formulae m many cases, thus depends 
in some degree on a trial-and-error process, in which values for the unknown 
radii of curvature are first assumed and then modified or adjusted until the 
selected aberrations are removed. 

The object of this paper is to show that so far as the axial spherical aberration, 
the curvature of field for central rays (Petzval curvature), and to a lesser degree 
the sagittal astigmatism, are concerned, exact addition formulae can be derived, 
containing a minimum number of variables, which, when equated to zero, give 
the direct conditions for the absence of these aberrations. 

It is hoped that the publication of these formulae may, in combination with 
PHYs* soc. Lvii, 5 27 
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the well-known use of the sine condition for the pre-determination of coma, 
indicate useful means of estimating m advance the magnitude of the several 
aberrations m any given system, and at the same time encourage further develop¬ 
ment along these Imes. 

§ 2 . THE AXIAL MAGNIFICATION FORMULAE 

The formulae developed in this paper are based upon a pair of axial magnifi¬ 
cation formulae connecting {a) the successive intercepts A/ and A/' cut off 
respectively before and after refraction by a pair of paraxial rays, and (i) the 
corresponding mtercepts AL and AL', when one of the pair is paraxial and the 
other of finite semi-aperture U. 

For infinitesimal lengths dl and dV it is well known that the relation for 
paraxial rays is 

dr = -mHU 
n 

but for intercepts of finite length, this equation is an approximation only. 

The exact equation of transfer for a pair of paraxial rays is 

A/'=—TwmoAZ or n'u'u^^M'=nuu^, .(1) 

where m and »io are the Imear magnifications at the respective extremities of the 
length AZ', u and «o are the angles between the respective paraxial rays and the 
axis before refraction, and u' and a'o are the corresponding angles after refraction. 
This equation may be deduced from the familiar paraxial formulae 

ff'^-gg'^^-gogo and flg=mflgn=n'nioln, 
remembering that AZ'=^'—where the distances g, g^, g', g^ are measured 
from the principal foci/and/' respectively. 

It is sometimes convenient to substitute m for m^, by putting g+AZ for g^, so 
that 

m v+AZ , AZ . wiAZ 

g g f 

whence 

mo~ m'^ f ’ 

similarly 


Substituting the value of Mq above in equation (1), 


AZ'=^j«2AZ^l-^^^, 


an equation which will be useful later on in the paper. 

Next, let one of the rays be of finite aperture U cutting the optical axis in B 
and B' before and after refraction at distances C and C from the centre of curva¬ 
ture of the refracting surface (see figure 1). Let b and b 'denote the corresponding 
intersections of the paraxial ray at distances c and c' from the centre. Finally, 
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let Jq* represent the position of the paraxial image of B, and cf its distance from 
the centre of curvature. 



Figure 1 


OB 


OB'=C'. 


Ob =c. 

bo'b'=-<d/'. 

Ob'=c', paraxial image of b 

B'b'=-4=longitudinal spherical 

Obo'=^o'> paraxial image of B 

aberration 


Then, using AL' and AL in place of A/' and A/ in order to indicate that one 
of the image-forming rays is now of finite aperture, and denotmg the magnifica¬ 
tions at b', bo' and B' by m, Wq and M respectively, we have, from equation (1), 


AL'=-mwio' 

n 

where A is the longitudinal spherical aberration of the image of the point B for 
semi-aperture U. 

Substituting c^jC for in the preceding equation, we have 


AL'=-jb% AL+^ 
n C 

n' C+A ^ ^ 

= -m — ^H^L+A 




Since -g; = 


n 


Again, since ~ mm^b^L—td\ 


ri AL 

—WZ-r- 

n C 


Co A/' 


Hence 


AT, ” AJTAT ^ y, «MsmZ7 o' ^ 

AL'= —j»MAL+ -7 A== ■ , , . rrt AL+ —A. 
n Co n u' sin U' c/ 


.(3) 


In a system of centred spherical refracting surfaces, the AL' of one surface 
becomes the AL of the next, and the U' of the one surface the U of the next. 
Equation (3) may therefore be extended to 


p-i 


nfuf sin UfALf = njUi sin U^ALi+ S n^/Up' sin Up'Ap-^. 


3 >=a 


■-op 


(4) 


27-2 
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If in equation (4) a substitution can be made for the in terms of the 
known elements of the ^th surface, we have available an addition equation for 
spherical aberration. By a happy accident, as will be seen in the next section, 
we can not only substitute a simple expression for -4^, but also get rid of all the 
troublesome quantities of the type 


S3 SPHERICAL ABERRATION OF A RAY OF FINITE APERTURE U, 
PRODUCED BY A SINGLE SPHERICAL SURFACE, SEPARATED BY 
MEDIA OF REFRACTIVE INDICES n AND n' 


In the present section, departing from accepted procedure, the radii of 
cur\’’ature of the refracting surfaces are treated as unknown quantities to be 
subsequently determined, and the formula for spherical aberration is based, in 
the first instance, on the semi-apertures U and U' before and after refractions. 
These are selected as known quantities and may be said to determine the shape 
of the system. 

It only remains to fix a single linear constant (conveniently represented by 
paraxial c')*to determine the scale^ after which all other linear quantities are 
uniquely determined, including the curvature of the surface and the spherical 
aberration 

By definition we have 


A C' —r' Tzsin U mi nu /aw' — sin U'\ 
C “ «' sin C/' “ «V " sin U' ) ’ 


if sin U^au. 

If u be taken so that a = 1, the preceding equation becomes 
A sin U'= (sin U* since 7iuc — n!u!c\ 

Alternatively this may be written: 

A sin U* = (sin L^+sin 7—sin 7' —sin 17'), .(5) 

for, as a = l, w' = w+z —z' = sin LT+sin 7—sin 7', where i and 7 represent the 
angles of incidence for the paraxial and marginal ray respectively, and z' and 7' 
the corresponding values for the refracted ray. 

The expression within the brackets will henceforth be designated as A(C7i7'). 
Its value for any given ray of semi-aperture U and J7' before and after refraction 
may be readily determined (by interpolation if necessary) from a set of specially 
prepared tables* m which the value of sin 7-sin 7' is tabulated for standard 
values of the deviation 7)= [/'- 17=7—7', and for the relative refractive index 
n'/«. 


Alternatively sin 7—sin 7' may be replaced by 2 -£'=S, so that L{UU') 
= [(m + S) —sin (Z74-7))], the value of 7), in terms of 8 bemg given by the series 

+ i \ I I • • - . + etc. 


77)® 


‘( 7 *'- 77)5 


'{n'-ny 


.( 6 ) 


For if -we expand J in terms of sm /, and I 'm terms of sin we have 
/=sin/-^sin®/+^.| I sin®/. . . . etc., 
and similarly for I'. 


* The w nter prepared some time ago a set of such tables, covermg deviations between O'" and 12" 
and values of log n'/» between 18000 and 22000 
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Hence 

/ ^3 8 \ 

= ^ 73 —+ since sin/'=^,, sin/ and i=sin/. 

ft* fl*^ 

Then equation ( 6 ) follows, since h = i — i' = — 7 — 1 , = -^ 8 ®; 

„'B n' ’ (n -ny 

* and so on. 

The series in equation ( 6 ) is rapidly convergent for small values of 8 , but for 
the rapid evaluation of A( UU') it is quicker to pick out from a table of logarithmic 
sines a pair of values for log sm / and log sin F, which differ by log n'jn, while 
I and r differ by the required deviation U'— U. 

§4 AXIAL SPHERICAL ABERRATION OF THE MARGINAL RAY AFTER 
REFRACTION BY J-CENTRED SPHERICAL SURFACES 

We can now substitute in equation (4) the value of A found in equation (5) 
above, noting that the Cq' in the former equation corresponds to the c' m equation 
(5) for each successive surface. 

Hence 

W sin sin A(U^Uf) .(7) 

p=sq 

In the absence of initial spherical aberration, the condition that the final 
ray U^' shall be free from spherical aberration is 

s'v<VA(f4,j7^0 = O. .(8) 

Thus the general procedure in building up a system free from axial spherical 
aberration is first to define the path of the marginal ray through the system by 
specifying the U' of each successive surface (the of the ^th surface bemg 
identical with the of the preceding). These deviations having been chosen 
in accordance with the requirements of achromatism and the desired an gular 
magnification of the system, factors are then selected representing the partial 
product nfufcf for each surface, m such a way as to make the algebraic sum, on 
the left-hand side of equation (7) zero. This selection must of course be con¬ 
ditioned by other practical requirements of the system, such as the lens thick¬ 
nesses, the separations of the individual lenses, and the intersection heights, as 
well as by the need to remove other aberrations. 


§5 CONTROL OF COMA 

Control of coma will normally be achieved by the well-known apphcatiun of 
the sine condition. With an initial xti=sm C/, it will merely be necessary to see 
that final uf = sin Uf. 

In the early stages of laymg out the system, however, uf has not been deter¬ 
mined, its exact value bemg dependent on the linear quantity c, and we only 
know the product uc. If, however, we write 


hp — ripUpCp and 


* sin XIj,' 
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For 


•(9) 


then the ratio of the magnification Mp of the marginal ray to the magnification 
nip of the paraxial ray is 

+ . (^g-i + -^a>-i) 

h{h+K^){h + K^){h+K^) . {kp + Kp_:d ’ ■' 

which must be equal to unity if the final coma is to be zero. 

.. . 

■ ■ . {■•%■) 

('>a(-a(-<a.(-a 

■{'•a('*a(‘*a.(-w 

which reduces to equation (9) when and Kp are each zero, which will always 
be the case if the initial and final spherical aberration be zero. 


§6 SPECIAL CASE WHEN THE REFRACTING SURFACE IS PLANE 
OR OF EXCEPTIONALLY LARGE RADIUS OF CURVATURE 

When r is very large or infinite, c is also very large or infinite, while sin I is 
equal or nearly equal to -sin U and sin F to -sin U'. Hence A(UU') tends to 
vanish identically. The following substitute formula for nucA(UU') may 
then be used:— 

Smce nuc^nn^ and sin sin £//r, sm /' = c' sin V^\r^ we have, substituting 
in equation (5), 

nuc[€\n C/4- sin/—sin F — sin C/')=«n{sin C/( 14-c/r) — sm U\ 14* ^^7^)} 

- m(L sin C/- L' sin C/'), .(10) 

the rs cancelling out. 

This formula gives more accurate results for large radii and can be used for 
a plane surface. Otherwise it is less convenient as it involves two linear constants 
instead of one. 

To conclude this section it may be observed that the advantages in the use 
of equation (6) will be found more apparent m the case of separated compound 
lenses than for thin systems of conventional type, where the possibilities of 
combination of glasses and surfaces have been thoroughly explored. 

Even where trigonometrical methods are preferred, however, the quantity 
nncA{UU*) should still be formed for each surface parallel to the other work, 
since it is so readily calculated from the available elements. It shows at once 
how much each surface is contributing to the total spherical aberration, reveals 
the necessity for adjustments at an earher stage, and shows to what extent the 
spherical aberration has accumulated beyond the power of subsequent surfaces 
to reverse. 


§ 7 . CURVATURE OF FIELD FOR CENTRAL RAYS 
The formation of images by thin pencils passing through the centre of curva¬ 
ture of each refracting surface can seldom be realized in practice. The Petzval 
surface on which such theoretical images would be formed is, however, of con¬ 
siderable practical importance, since the distance of the real intersections of the 
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image-forming rays, before or behind this surface, is the measure of the degree 
of astigmatism introduced by the refracting system, and, as is well known, the 
formation of a plane anastigmatic image of a plane object requires as a first 
condition that the Petzval curvature shall also be zero. 

The Petzval curvature for indefinitely thin pencils of central rays may be 
defined by the well-known formula 

where r^ is the radius of curvature of the pih refracting surface, and Y-^ are the 
rectangular coordinates of an extra-axial object point, referred to an origin B 
on the optical axis where it is cut by the object surface, and xf and Yf are the 
corresponding rectangular coordinates of the ^th image of the point x^Y^ referred 
to the/>th paraxial image of B as origin. 

This equation is an approximation only, and although for most conjugate 
positions of object and image and a fairly small angle of field it gives sufficiently 
accurate results, with the development of wide-angle systems and of less con¬ 
ventional types there would appear to be good grounds for replacing, wherever 
possible, the approximate Seidel conditions with exact formulae. Coma is 
already taken care of by the sine condition; an exact addition equation for axial 
spherical aberration has been supplied in a previous section; summations are 
now given for the Petzval and sagittal curvatures^ 

An exact form of the Petzval equation for a single surface follows from equation 
(2i), viz., 

For, following the well known method for finding the Petzval equation, with 
B as origin, let a?, Y (figure 2) be the coordinates of an extra-axial point in the 



Figure 2 . 

object surface and x , Y* the coordinates of the corresponding extra-axial image 
point fonned by an indefinitely thin pencil of central rays. With centre at the 
centre of curvature of the refracting surface, describe arcs through the points 
xY and x'Y'. Let h and h' be the respective depths of curvature of these two 
arcs. We then have 

M=x-h, Y'IY=m. 

Substituting in the above equation for Ai' and AZ, we have 

x'-h' = ^m^x-h)(^l-m^^). 



F. Gilbert Brozcn 


Dividing by n'Y'^=n'm^Y^ and transposing, 


- h {-L. - _i-\ 

n'Y'^ nY^ Y\n'Y' nY) 


{x-hY 
’*» nY^f ’ 


since h'Y=h'IY'. 

2Ch 

Remembering that Y'!‘Y= C'/C and C', I ' = C/i', and that = yg » 


n'Y'^ nY~~ 2 nn'i « ® 


[x-Kf 

y® 


Again, if B is the semi-angle of field, - = tan so that, finally, 

.<“) 

Smce the x' n'Y'^ of one surface corresponds to the xjnY^ of the next, the 
exact position of any image point formed by indefimtely thin central pencils in 
the Petzval surface after q refractions is given by the formula 

.( 12 ) 

X 

If the mitial object surface is plane then —^ is zero. 

’h.Y X 

The nght-hand side of equation (11) then becomes 

This can vanish. 

(а) For a plane refracting surface, i.e. r= oo. 

( б ) When the object is at the centre of curvature of the refracting surface, 

i.e. when m — njn! and tan| 0 =l. 

Combining these two conditions, it will be seen that the virtual image of a 
plane object formed by a plano-convex lens of focal length -F at a distance 
(«' — n)Fj?i' from the object has no Petzval curvature, although by the approximate 
formula the curvature is IjnF. This relative position of object and image is 
approximately realized at the field lens of a Huygenian eyepiece and in the front 
combmation of some microscope objectives, thus assisting m the flattening of 
the field in such cases. Unfortunately, m a cemented plano-convex achromatic 
lens, the tendency of the crown is to neutralize this advantage, unless the refrac¬ 
tive index of the glass of lower dispersion is at least as high as that of the flint. 

Equation (11) consists of a principal term representing the usual Petzval 
sum with the addition of a corrective term for each surface. However, the exact 
condition that the Petzval sum may be zero can be expressed in a simpler form 
by dividing the axial magnification formula (1) by Y' instead of by and 
replacmg A/ and AZ' by {x-h) and (»'—A') as before. 

Then for a single surface we have 

“'I 7 =« f + («'-«)p = - 8 tani^.(13) 

where 8 is the paraxial deviation for a ray of semi-aperture u and u' before and 
after refraction. 






Exact addition formulae for aberration and curvature 
For a succession of spherical surfaces the formula becomes 

= ^ 8j,tani5p, .(14) 

3>“ff 

so that if the object and final image surfaces are each to be plane, 

S 8j,tanJd^ = 0. .(14 tf) 

p-a 


§8 ADDITION FORMULA FOR SAGITTAL ASTIGMATISM 
By using equation (3) a condition similar to equation (13) above may be 
obtained for the curvature of the sagittal field. 

Dividing by n'F'sin F''=MFsin F, and again substitutmg {X'-H') for 
AL' and {X—H) for AL, and transposing, we have 


,X' X , , , , n'u'c'A(rV') 


= a^-8tan4'F + 


n'u'c'A(VV') 
nYsmV ’ 


.(15) 


using capital X and capital H, V, V and T in place oix,h,u,u' and 6 to distinguish 
the sagittal ray. 

Then for a succession of q surfaces 

Vfs . - ’i'8 tan. iT + .(>«) 

-I g -*1 p=q 3>*=(Z F p 

The final term in equation (16) has one serious disadvantage. It has already 
been stated that in the sphencal-aberration formula (5), the scale of each element 
of the complete system is determined by a single Imear constant c'. This constant 
agam appears in equation (16), but there is no longer complete freedom of 
selection. 

Although the scale of the system as a whole is still open, the relative scale as 
between the separate components has already been pre-determined by the 
selection (in conjunction with the paraxial deviation 8) of the angular subtense 
of the field presented to each surface, thus fixing the positions of the centres 
of curvature and leaving no remammg latitude m the radii after these have 
produced the prescnbed deviations 

It IS therefore desirable to expand this term as follows:— 

n'u'c'A(VV') ^ nucA(VV') ^ ^ A(FF0^C+Jg-H ^ 


»' Y' sin F' nF sin F 




= « (cosec .T + f - tan .(17) 

smT \ V / 


For the prelimmary work it will be sufiBcient to take — “j -A(FF') cosec'F 

sm F 

as the approximate value of the above term. The remaining corrections can be 
applied at a later stage. 

Any combmation of the second and third terms on the nght-hand side of 
equation (16) will give a flat field for sagittal rays provided the total sum is zero; 
but to ensure that the sagittal image is formed m the Petzval surface, equation 
(14) must also be satisfied; or, a little less precisely, the two sums in equation 
(16) must be separately zero. 
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ABSTRACT The method consists essentially in the measurement of the time fora 
quarter Mbration of a short wire clamped at one end. The wire breaks a circuit as it 
starts Its transverse vibration, and is made to strike a very light lever and open another 
circuit just as it completes one-quarter of its first vibration The time between the two 
events is measured ballistically. From a knowledge of the time of vibration, the length, 
the diameter and the density of the wire. Young’s modulus can be readily calculated 
The method is particularly suitable for thm wires havmg a diameter of the order of 
0 015 cm. and a length of about 2 cm The results are consistent to a few per cent 
Companson of the results with the accepted values for five different wires shows a good 
agreement 


§1 INTRODUCTION 

I ORD Rayleigh (1926) correlated the frequency of transverse vibrations 
of a bar with its Young’s modulus, and the correlation was used, pro- 
bably for the first time, by Prosad (1929), who maintained the vibrations 
electrically, and determined the frequency chronographically by connecting to 
the free end an attachment for which an end-correction was apphed. This 
correction amounted to more than 200% for lengths of the order of several cm. 
The mean results of Prosad differ by about 5% from the results he obtained by 
the fiexural method, while his curves suggest that a divergence of about 15% 
from the average is possible. 

In the present work, the frequency is calculated from the time of one-quarter 
of a vibration of the wire. 

§ 2 . EXPERIMENTAL DETAILS 

A length of a few cm. of a thm straight wire is used. One end of the wire 
is rigidly clamped, and the other end can execute lateral vibrations. It is 
arranged that as the free end of the wire is released from a depressed position 
it breaks a circuit, and just as it reaches its normal position it opens another 
circuit. The time interval between the two events is measured by a condenser 
circuit described by Klopsteg (1920). 

The principle will be understood by reference to figure 1 The two contacts 
Ki and Kg are opened in quick succession at the beginnmg and the end of the 
short interval to be measured. Then the battery is reversed, Kj short-circuited 
by Kg, and the two-way key Kj put to the galvanometer side. If the setting of 
the resistances R and S has been right, the galvanometer throw will be zero, and 
the interval will be given by 


t=CRlQg^RIS. 
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The contact Kj^. The wire X under test is clamped at C (figure 2) by means of 
two plane-edged aluimmum jaws which can be tightened on the wire by nut and 
screw. The rigid clamp forms one terminal A of the contact. The clamped 
end of the wire is sharply defined by the plane edge of the clamp. The free end 



Figure 1 . The pniiciple of the method. 


K of the wire can be depressed and kept in a constrained position by means of a 
stout mckel wire D havmg a small, flat, horizontal edge, with which it makes 
good electrical contact. D is connected to the second terminal B. 

The contact at K is made at the extreme edges of X and D, so that when D 
IS suddenly pulled outwards by means of an electromagnet or an attached thread, 



Figure 2 The contact Ki. 


the break of the battery-circuit of figure 1 is abrupt and the current drops 
immediately to zero. 

The position of D can be adjusted both horizontally and vertically by means 
of the screws E and F, and thus measurements can be carried out for various 
lengths of X and for vanous amphtudes of vibration. 

The arrangement is fitted on an ebonite base G, which itself is fixed centrally 
on a levelhng table. 

The contact K^. The contact KI 2 has a very small inertia and at the same 
time has a reasonably low and fairly constant resistance (0*7 to 0-9 ohms). 

JOL (figure 3) is a fine steel wire (diam.=0-02 cm., length=5 cm.) pivoted 
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at O where a pin passes through a small loop m the wire. The pin is soldered to 
a copper plate P connected to a terminal screw T^. The end L is bent at right 
angles to the length JL, and a short thin platinum wire (diam. = 0 0075 cm.) 
IS soldered at N, where the lever rests on the plane top of the copper wire S, 
which is freshly but thinly amalgamated with mercury, and which forms the second 


M 



lead. A very thin, loose wire W of copper (S W.G. 40) is soldered between 
JL and the plate P to improve the contact between the lever and the terminal Tj^ 
It also helps, by the slight pressure it exerts, m keeping N and S in good contact, 
and thus the resistance between T^ and Tg is small. The whole arrangement is 
mounted on an ebonite base E, which is held by a fixed stand. 



Figure 4 The experimental arrangement. 


The vibrating wire X (figure 2) passes between E and JL, and is arranged 
to strike the lever normally at some point Q near the end L. As the lever receives 
the impulse, the contact between N and S is suddenly broken, and the point L 
is raised enough to come into the field of action of the small magnet M, to which 
it IS attracted, and thus the contact rem ains open. 

A force of a few centigrammes weight is sufficient to pull off the point N 
from S. 

The actual arrangement. For K 3 , K 4 and Kg of figure 1 we used mercury 
keys of the rocking type. They are constructed on one block of paraflBn wax. 
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and are all operated by a common handle H (figure 4), The lengths of the 
movable links between the mercury pools are such that on switching over from 
the first position to the second, the short-circuiting key K3 and the reversing 
key K4 are closed just before the discharge Kg. 

R and S are two large resistance boxes ; C is a standard mica condenser of 
capacity 2 0005 x 10~® F. ; G is a ballistic galvanometer havmg a sensitivity of 
2 scale divisions per micro-coulomb, and a deflection of about 1/10 of a scale 
division can be detected ; the battery B has a constant e.m.f. of about 32 volts. 

Adjustment of the test wire. The position of the unconstrained test wire, 
which is situated normally with its free end below the end of the lever, is carefully 
adjusted by levelling until it starts to raise the lever, and the contact Kj is just 
broken. The break may be judged by viewing the tip N and its image on the 
bright amalgamated surface of S through a ens (figure 3). A white background 
assists m producing a distinct view. The right position may be located to within 
much less than corresponds to a 20° rotation by one of the screws of the levelling 
table supporting Kj. This rotation is equivalent to a linear displacement of less 
than 1/200 of the smallest amplitude of vibration we used, which is about 3 mm. 

On account of the very small inertia of the lever, the test wire is not appre¬ 
ciably bent as it starts to raise the lever. This is especially so for short lengths 
of the test wire, since the bending vanes directly as the cube of the length. 

When the “ zero ” position of the test wire is exactly located, it is depressed 
to the point D (figure 2) to close the contact Ki- Care is always taken that the 
depression of the free end does not exceed 1 /6 of the length used. For this depres¬ 
sion, the mitial amplitude of vibration may be regarded as small, and the wire will 
not change its zero position. 

By virtue of the large velocity of vibration near the mean position, an error of 
s % of the amplitude arising from a slight error in locating the test wire will pro¬ 
duce one of only-ar % in the time of one-quarter vibration, or an error of ^« % 
rr ^ If 

in Young’s modulus 

§ 3 . THE METHOD OF MEASUREMENT 

With Ka closed (figure 4), observations are made by first approximately 
adjustmg the position of the test wire, and then closing Ki and taking trial values 
for R and S. On releasing the test wire, the contacts Kj and Kj will be opened 
in succession after a quarter vibration. The keys Kg, K4 and K5 respectively 
are then immediately switched over by the handle H. If G shows a deflection, 
readjustment of the resistances R and S is made until the deflection is reduced 
practically to zero. It is generally sufficient to change one of the resistances only, 
and keep the other constant at a suitable value. The test wire is then exactly 
located, and the final adjustment of the resistance is made to give zero deflection 
exactly. 

The values of J? and <S are now recorded, and a new balance is obtained with 
other values of the resistances, the zero position of the test wire being always 
checked durmg the final adjustments. An average time can thus be obtained. 

If the contact Kg has a small resistance r, then 

# = C(i?+r)log.|. 
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The frequency of transverse vibrations will be given by 

1 

" At 

LfOrd Rayleigh (loc, cit.) has shown that, for lateral vibrations of a bar of 
length /, density p and Young’s modulus Y, the frequency is given by 

where k is the radius of gyration of the section about an axis perpendicular to the 
plane of bendmg, and m is an abstract number whose value for the gravest mode 
of vibration of a clamped-free rod is 1*8751. 

For a circular wire of radius a,k=ia, and hence 

c? 

from which it will be seen that for a given wire vH^ is a constant quantity. 

The length of the wire between the clamped and the free end is measured by 
callipers, and its average diameter is measured by a micrometer screw gauge. 
The density is determined from the mass and the dimensions of the sample ; 
frequency determinations are made for vanous lengths of the wire, and the mean 
value of is obtained and used for calculating F. 

§4. RESULTS 

Typical results are given in tables 1, 2 and 3, where the c.g.s. units are 
used throughout. The data m table 1 show the accuracy with which the 

Table 1. Accuracy in measuring the time 



R (ohms) 

S (ohms) 

t (sec.) 

Average t 

1500 

699 

0-00229 


1250 

514 

0-00222 

0 00226 

1000 

322 

0-00227 


750 

00 

0-00225 1 




Table 2. Effect of change of amplitude 


JR (ohms) S (ohms) t (sec) 


0-002734 

0-002741 



0-002738 


0 002715 



























Table 3. Results of the measurements 
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adjustments can be made and the time measured. The observations were made 
on a constantan wire of length 5-535 cm. and radius 0-0273 cm. 

The maximum departure from the average is less than 2%. 

The figures in table 2 show the effect of change of amplitude on the time of a 
quarter vibration. The observations were made on a nichrome wire of length 
5-13 cm and radius 0-01812 cm. The times for two widely different ratios of 
amplitude {A) to length (/) are given. 

It will be seen that for the ratios of A;l given, the effect of change of amplitude 
does not exceed 1 %, which is of the same order of magnitude as the experimental 
error. However, the ratios of AJ we actually used in our determinations were 
always less than 0-16. 

A summary of typical results at room temperature (18° c.) for six different 
wires is given in table 3, where l"o stands for Young’s modulus by the author’s 
method, and Ya stands for the accepted value (Kaye and Laby, 1928; Childs, 
1943) 

The table shows how far the results of different observations on the same 
wire are concordant among themselves. It will be also noticed that, in general 
there is a good agreement between the observed and the accepted values of the 
elasticity. 

§5 CONCLUSIdN 

When measures are taken to secure good clamping of the test wire by a massive 
support, small inertia of the lever, high electrical conductivity at the contacts 
Ki and K2, small area of contact with the tip of the lever, exact location of the test 
wire, good insulation of the various keys, and sudden break of the battery circuit 
by Ki, the method appears to be very useful in measuring, with ordinary laboratory 
equipment, Young^s modulus of elasticity, particularly for thin and short wires. 
No correction is required, and the wire need not be especially shaped or adapted 
The average result will give a good measure of the true modulus of elasticity. 

I wish to express my thanks to Dr. M. A. El-Sherbini for his valuable help 
and advice during the progress of this work. 
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ABSTRACT A method is described which permits the computation of the contributions 
made by the individual surfaces of a lens system to the tangential aberrations of the final 
image for a pencil of finite aperture and obliquity It employs the transfer coefficients 
previously described and forms part of a general development of the trigonometrical 
method of design When applied to pencils of small aperture and small obliquity it gives 
an analysis of the surface contributions in exact agreement with known primary methods, 
and thus provides an extension from the anal3rsis of the primary to the trigonometrically 
determined aberrations. In particular, expressions arc derived for the contnbutions to 
the chromatic aberrations made by any component of the system which are simple functions 
of the dispersion of the component. 


§ 1 . INTRODUCTION 

I N the course of the design of an optical system it is frequently of considerable 
value to know the contributions which each surface makes to the image 
aberrations. Methods of computing the surface contributions to the 
primary aberrations are well known, but, for aberrations other than these, no 
general analysis into surface contributions is available. Using the properties of 
the differential transfer coefficients developed in Part I of this paper, it is possible 
to solve this problem for the tangential aberrations of a system. We proceed to 
develop a trigonometrical method of computing the surface contributions char¬ 
acteristic of a lens system for a given aperture and position in the image field. 


§2. THE CONTRIBUTIONS TO THE LONGITUDINAL AND 
TRANSVERSE CHROMATIC ABERRATIONS 

In Part I an expression is derived for the longitudinal chromatic aberration 
of the system at a given zone in the form 




where 


dLJ^_ 




1 




.(67) 

.( 68 ) 


dN^ 

the summation being extended over all the components of the system. Each 
term in the summation in (67) represents the contribution made by a component 
to the longitudinal chromatic aberration of the final image. Thus for the general 
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component, h, the tngonometncally determined contnbution to the longitudinal 
chromatic aberration, which we denote by TLchC^^ is given by 

.(69) 

If the surface contributions are required rather than the component contributions, 
it IS obvious that they may be easily obtained. Each term in the summation of 
equation (69) is derived from a pair of terms as seen in equation (68), the two 
members of each pair refemng to single surfaces. Hence the longitudinal chro¬ 
matic aberration may be expressed as a summation over the mdividual surfaces 
of the system if desired. For each air-glass surface there is a single term, while 
for a cemented surface there are two terms each of which involves the partial 
dispersion of one of the glasses forming the contact surface. The term, or the 
sura of the two terms, relating to each surface gives the contnbution of that 
surface to the final value of Lch'. For the paraxial chromatic aberration we 
have similarly 

fcA' = S^^(i\r,-iV,),. .(70) 

whence = ^(JV,-iV,)». .(71) 

In Part I an expression was also derived for the transverse chromatic aberration 
for a given obliquity in the form 

Teh' = S (iV,-iV,),. .(72) 

This expression is based on the trace of a principal ray of the desired obliquity 
using the refractive indices of the intermediate colour d. The subscript V 
indicates that the plane in which the ordinates, H\ are measured is a fixed plane. 
It is convenient to use the paraxial image plane for this purpose. In a manner 
similar to that followed m the case of the longitudinal aberration, it may be shown 
that the tngonometrically determined contribution to the transverse chromatic 
aberration for the general component, A, is given by 

TTchC^ = 1“^]^ (JV,-iV,),. .(73) 

If the surface contributions are desired, the equation (72) may be rearranged as 
a summation over the surfaces in a manner similar to that already discussed in 
the case of the longitudinal aberration. 

The contributions made by the components of the system to the final 
chromatic aberrations are frequently of great value in practical designing, bemg 
much more useful than the contributions made by the surface of the system. 
Their value lies in the fact that they are such simple functions of the dispersions, 
and it is often possible to improve the achromatism of the system by a change of 
glass at one or more components after inspection of the values of the contri¬ 
butions. 

In the accompanying table, the results of the computation of the contributions 
made by the surfaces of a photographic objective to the paraxial longitudinal 
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chromattc aberration and to the transverse chromatic aberration at two obliquities 
are compared with the corresponding values for the contributions to the primary 
chromatic aberrations as calculated by the method of Conrady (1929). 


Table 


Surface 

TlchC' 

Conrady 

IchC 

TTchC' 

Conrady 

TchC' 

TTchC' 

Conrady 

TchC 

1 

3 5406 

3 5406 

-0*0086 

-0 0083 

-0 0223 

10 ° 

-0 0210 

2 

3*8759 

3 8759 

0 0778 

0*0767 

0*2138 

0 1931 

3 

—6 6646 

-6*6646 

-0 1331 

-0*1313 

-0*3659 

-0 3304 

4 

0 4251 

0 4251 

0 0723 

0 0713 

0*1949 

0 1795 

5 

-2 0300 

-2 0300 

0*0101 

0*0099 

0 0271 

0 0250 

6 

0 0052 

0 0052 

-0 0124 

-0 0122 

-0 0341 

-0 0308 

7 

1*6591 

1 6591 

0*0034 

0 0034 

0 0089 

0*0086 


In the first place it will be seen that the contributions determined by the two 
methods lead to identical results for the longitudinal aberration. Secondly, 
the table shows that at an obliquity of 4° the values given by the two methods are 
in fairly close agreement, the small difference being due to aberrations of higher 
order than the primary, which are already present. As the obliquity increases, 
the two sets of values diverge further, as is to be expected. At very small obliquities 
the two sets of values would be m exact agreement. It will thus be seen that a 
perfectly general trigonometncal method of calculating the surface and component 
contnbutions for the chromatic aberrations of a system has been established. It 
IS accurate, as may be checked by full ray-traces, and when applied to the paraxial 
region and to pencils of small obliquity it gives results in exact agreement with 
existing primary theory, thereby becoming a satisfactory extension of known 
methods. 


& 3. THE SURFACE CONTRIBUTIONS TO THE SPHERICAL ABERRATION 

In the ray-trace of the axial pencil we have traced rays incident at certain 
zones of .the lens system. In the image formed after refraction at surface i of 
the system, there is, for any such zone, a spherical aberration given by 

LA.'=:i;'-L,', 

which may be expressed in angular measure as 

AA,'=LA,'sm 17 , 75 / 

=LAf' sm U; cos -X,').(74) 

The angle AA/ measures the departure of the ray from the ideal direction after 
refraction at the surface i. If the ray could be turned through an angle JET,' = 
—AA 4 , the spherical aberration behind the surface i would be reduced to zero, 
and the effect at the final image would be the introduction of an amount of sphencal 
aberration opposite to that introduced by the actual refractions over the first t 
surfaces of the system. In other words, the shift of the intersection point of 
the axial ray with the principal axis in the final image space due to this imaginAH 
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rotation of the ray through the angle dJJ’ — — AA/, at surface will provide a 

measure of the sum of the spherical contributions of the first i surfaces of the 

% 

system. We shall denote this quantity by the symbol S TSC , the letters standing 
for the trigonometncally determined sphencal contribution Hence 


i.TSC 

and the indmdual contnbutions from the surfaces are given by 

TSC; = S TSC-'^TSC. 


..(75) 


.(76) 


This gives a general trigondmetncal method of analysing the surface contribu¬ 
tions to the final spherical aberration. Little additional calculation is involved 
when the general methods outlined in these papers are employed, for the necessary 
transfer coefficients are already obtained in the main computation. The only 
limitation to the accuracy of the method is that differential transfer coefficients 
are used to calculate the effects m the final image-space of the rotations, dXJ', 
of the ray. If the latter are large, the transfer coefficients vnli not predict their 
effects accurately. This difficulty is met to a very large extent by using appro- 
pnate second-order correction terms, as developed in the previous paper. If 
dlJ^ is the change m the direction of the final emergent-ray due to the rotation 
of the ray through dUl behind surface i, then the shift of the intersection point 
along the pnncipal axis is by equation (46). 

8I,j' = C(l7/)cosec dVl{\~caX Uj^dUj^) .(77) 

and with due attention to the sign of the longitudinal aberration this leads to 

S TSC' = C(U,') cosec UjJdU/il -cot U^'dU^') .(78) 

This equation (78), incorporating the correction term, should take precedence 

i 

over the earlier equation (75) and be used for the normal calculation of S TSC. 
The separate surface contributions then follow from equation (76). 


§4 THE SURFACE CONTRIBUTIONS TO THE DISTORTION 

From the results of the trace of an oblique pencil through the lens system we 
can obtain the value of the distortion for this obliquity in the images formed after 
refraction at the successive surfaces of the system. In the usual linear measure 
this is 

and in angular measure 

AD,' = dist,' cos UpJS'j,rf, 

= dist,'cos^U'pM'-X^„). .(79) 

This angle, AD,' measures the departure of the principal ray from the ideal 
direction, as regards distortion, after refraction at surface t. If we could swing 
the pnncipal ray through an angle — AD,', we should restore the ray to 

its ideal direction and thereby remove from the final image the amoimt of distortion 
introduced by the refractions at the first i surfaces of the system. The effect 
of such an imagined rotation then is to introduce into the final image an amount 
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of distortion opposite to that contributed by the first i surfaces of the system, 

% 

an amount which we denote by — S TDC'. Hence we have 


-'ZTDC'^ 


dHpff jTu _ \T\' 

wr ~ wr ' ’ 


that IS. TDC = - I^AD/, 

oU^ 

and the contribution from the surface i is given by 


TDC /=S TDC -'ZTDC. 


(80) 

(81) 


Equation (80) is adequate provided the angles dUp„ are small. Improved 
accuracy is obtamed by using the second-order correction term ; the difference 
m the amount of computation involved is so little that the corrected equation 
(82) given below should be used as a matter of course. Using equation (49) 
of the previous paper, and omittmg the subscript pr, as all the symbols refer 
to the principal ray, we obtain finally 

S TDC = C(U,%rfsec UfdU/(l+taii Uj/dUf) .(82) 


§5. THE SURFACE CONTRIBUTIONS TO THE TANGENTIAL COMA 

We begin by computing the value of the tangential coma for a pencil of given 

obliquity in the images formed after refraction at the successive surfaces of the 

system. If we choose to regard the a and b rays of the pencil as aberrant, then 

It IS the displacement of their intersection point, Ab, from the intersection point 

Pr which afilicts the system with coma. If after refraction at surface i we could 

swing the a and b rays until both passed through the point Pr, the tangential 

coma originally present in the image behmd surface t would be removed. Such 

a swing of the rays would also leave the curvature of the tangential field unchanged. 

The effect of such an imagmed rotation of the rays on the final image would be 

the introduction of an amount of tangential coma opposite to that contnbuted 

by the first t surfaces of the system, that is, an amount which we denote by 
\ 

—S TCC. Thus we have a basis for the derivation of equations for computing 
the contribution of each surface of the system to the tangential coma of the 


final image. 

The angle through which the a ray must be rotated is 
dU'„,= - comay, cos U'JS'„ 

= -comai.,cos2 .(83) 

The correspondmg angle for the rotation of the b ray is 

dUl, = - comaj., cos2 -X/\. .(84) 


In order to calculate the contributions at the final image we must follow the shifts 
of the intersection pointsAb and Pr in the final image space due to these rotations. 
The shifts are 









424 


F. D. Cruickshank 


( 86 ) 

(87) 

( 88 ) 


It then follows that 


fJJJ' = 

aJiab 

dljQ^^ tan 

I^TCC' = dH;,^-dH'„ 


dm 


bti 


dH'pr = 


pr) 


and the contribution made by the surface i is given by 

TCC,' = S TCC - sVcC'. 


(89) 


As m the previous case, it is generally advisable to use the second-order correction 
terms. It will be easily seen that the modifications necessary in equations 
(85) to (87) are that the first term on the nght-hand side of (85) and (86) is multi¬ 
plied by [1—cot(£/a'— m')ijidmiJi, and the second term by the corresponding 
quantity [l-cot(C/„'- 

The essence of the foregoing method is the computation of the effect at the 
final image of a change made in the refracted rays behmd surface t, the change 
bemg such that the coma present behmd this surface is removed. Another 
change which would remove the coma m the image behind the surface z is a swing 
of the principal ray until it passes through the pomt Ab,. It may seem more 
logical to make the changes in the directions of the rays a and b, because we regard 
coma as due to the aberrant behaviour of the outer rays of the pencil, but it is 
simpler to make the change of the prmcipal ray for the purpose of calculating 
the coma contributions, as it mvolves less than half the amount of computation. 
The fact that the contnbutions computed either way are m close agreement 
confirms the validity of the general method. The angle through which the 
principal ray must be rotated to remove the coma behmd surface i is 

dUpr, = comaj^ cos UpJSp„ 

= comai., cos2 U'pJ(L'„^ -^pA- .(90) 

Followmg out the effect m the final image space of such a rotation we have 

i:rcc'=-|^9Ui„. .(9i) 

An additional advantage of the second method is the ease with which the cor¬ 
rection term may be applied. As in the case of distortion, we obtain 

S TCC = - C{U:)prScc U'prkdU’p^ (1 +tan U^dU'p^j,) .(92) 

Finally, then, we use equations (90), (92) and (89) for the computation of the 
contnbutions to the tangential coma. 


§6. THE SURFACE CONTRIBUTIONS TO THE CURVATURE OF 
THE TANGENTIAL FIELD 

The curvature of the tangential field is measured usually by the distance of 
the mtersection pomt Ab from a plane at right angles to the axis through the 
focus of some chosen axial ray. This ray is usually the extreme ray of an axial 
pencil having the same relative aperture as the obHque pencil. Thus 
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As long as the point Ab lies in the plane through the intersection point of the 
ray m with the principal axis, the curvature of the tangential field would be zero 
according to the last equation, but the coma would be profoundly affected by 
the jBT' co-ordinate of the point- Considering the curvature as quite distinct 
from the coma, we could say that in a comatic system the ideal location of the 
point Ab as far as curvature is concerned is in the plane of the m focus at a point 
distant (coma) 2 i' from the intersection point. Pm, of the principal ray with this 
plane. This analysis of coma and curvature may appear somewhat arbitrary, 
but so are most measures and analyses of the aberrations of a system. We propose 
to use the above ideas as a basis for determining the surface contributions to the 
tangential curvature. 

From the results of the ray trace we calculate the tangential curvature of the 
image formed after refraction at successive surfaces of the system. Considering 
the rays a and b after refraction at surface t, a rotation of each ray so that their 
intersection point Ab, now lies in the plane of the m focus at a point distant 
(coma)y, from the point Pm, would remove the curvature originally present 
in the image behind the surface i. The effect of such imagined rotations would 

be to introduce at the final image an amount of curvature opposite to that intro- 

% 

duced by the first i surfaces of the system, that is, an amount — S TXC\ This 
leads, as before, to a measure of the surface contributions. 

The angle through which the a ray must be rotated is 

U'a-tan U’j,„)cos U'JS'„, 

=Zi,(tan C/;-tan Ul,„) cos® -X^'\ .(93) 

with a corresponding expression for the rotation of the b ray given by 


rfC/i.=Zi..(tan J7;„-tan Ui,) cos^ -X^') .(94) 

The effect of such changes m the directions of the rays on the curvature of the 
final image is given by 

dX^' = dU,, = + .(95) 

and then S TXC' = - dL'aj, .(96) 

and TXC: =S TXC - ‘sVzC'. .(97) 


The correction term to be applied to equation (95) is exactly similar to that for 
equation (85), already noted. 
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A SYSTEM OF TRANSFER COEFFICIENTS FOR 
USE IN THE DESIGN OF LENS SYSTEMS: 
IV. THE ESTIMATION OF THE TOLERANCES 
PERMISSIBLE IN THE PRODUCTION OF AN 
OPTICAL SYSTEM 

By F. D. CRUICKSHANK, 

University of Tasmania 

MS. received 26 February 1945 

ABSTRACT. A knowledge of the transfer coefficients for the aberrations permits the 
changes m the residual aberrations of the system to be calculated for any small departure 
fiom specified dimensions Provided the changes m the residuals are small m com- 
paiison with the residuals themselves, the effect of the depaiture &om the specified 
dimensions will be negligible Hence the calculated values of the transfer coefficients 
provide a basis for the estimation of the limits witlim which each dimension of an optical 
s>stcm must be controlled m the workroom if systems havmg uniform characteristics are 
to be produced. 


§1 INTRODUCTION 

I N the production of an optical system, serious imperfections may be intro¬ 
duced by failure to achieve the curvatures and other dimensions specified 
in the design. On the other hand, the cost of production may be increased 
considerably by striving to attain the specified dimensions within limits which 
are unnecessarily fine. It is thus an important part of the designer’s work 
to specify the limits within which each quantity must be controlled during 
production. It is proposed now to exaimne this problem in the light of the 
analysis developed in the preceding papers of this series, and it will be shown 
that a method of estimatmg tolerances of this kind may be obtained which links 
on logically and conveniently with the general method of final design which 
has been developed. It is to be emphasized that the tolerances under considera¬ 
tion are not those which are generally termed “optical tolerances”, which have 
relation to the amounts of residual aberrations which may be permitted in a 
system which aims at a certam standard of definition in the image. The present 
considerations relate to the degree of control to be exercised in the optical shop 
in the production of a given system if a uniform product is to be produced. 

The final design of a system always represents more or less of a compromise. 
It is characterized by certain residual aberrations which have been calculated 
during the final stages of the design, and which experience, or the performance 
of a carefully built prototype, shows to be compatible with satisfactory image 
definition. The whole success of known methods of design depends on the fact 
that the mathematical analysis of the aberrations gives a fairly reliable guide to 
the actual physical aberrations of the system when constructed. In the course 
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of production, any variation from the specified dimensions will result in a variation 
in the actual residual aberrations, but production will be satisfactory provided 
these variations are small compared with the residual,aberrations themselves. 
Hence it is reasonable to base a system of estimating tolerances on the calculation 
of the effect on the residuals of a departure from the specified value of each 
quantity in the system. The reliability of these tolerances will be of the same 
order as the reliability of the design methods as a whole. The system of transfer 
coefficients developed m Part I provides the machinery for the method, little 
additional computation being required. 


§2. THE TOLERANCES FOR THE CURVATURE OF 
EACH SURFACE OF THE SYSTEM 

In Part I it is shown that it is possible to calculate a transfer coefficient which 
measures the rate of change of any aberration with the curvature of any surface 
of the system. These coefficients are calculated normally for the purpose of 
the final differential correction of the system. They are now available for the 
further purpose of estimating the tolerances permissible during production. 

If we use the symbol A' to denote any of the tangential aberrations of the 
system, then the calculated values of dA'jdc reveal the effect of small changes of 
curvature on this aberration. After a close scrutiny of these quantities, tolerances 
may be set by assigning a permissible curvature variation at each surface such 
that the sum over all the surfaces of the effects on the residual aberrations due to 
the occurrance of such variations shall not exceeed some specified fractions of the 
values of the residual aberrations. If a curvature tolerance, ±dc„ is Selected 
at each surface in this way, the corresponding tolerance m the radius of curvature 
is ± dCj, It is often convenient to express the tolerance in terms of the number 
of fringes across a surface of a certain diameter. It is easily shown that the 
difference in curvature, dc, between two spherical surfaces of curvatures c and 
c + dc, which show x fringes across a surface of diameter 2a when placed together, 
is given very closely by 

= .(98) 


Writing dA Jdcj foi the change in the aberration A' per fringe change in curvature, 
we have for any surface 


dA' dA' A 


dcf dc 




,(99) 


Equation (99) provides the necessary basis for the estimation of the curvature* 
tolerances. 


§ 3 . THE TOLERANCE IN THE AXIAL THICKNESS OF A COMPONENT 

OR AIR SPACE 

The thickness of a lens is a quantity which is much more difficult to control 
m production than the curvatures of its surfaces, so that the question of tolerances 
becomes very important. For any component the transfer coefficient, dA'Jdd^ 
for its r^ smface specifies the change of the aberration per unit change of axial 
thickness. In accordance with the signs we have used, a negative d-change 
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increases the thickness of the component. Formally, then, we mtroduce an 
axial thickness coefficient, dA'jdt, defined by 


M 

dt, 


r /^\ 

WsA’ 


.( 100 ) 


the subscript k referring to the general component and the subscript 2 denoting 
the second, or rear, surface of that component. Thus, without further compu¬ 
tation, a set of coefficients is available for the estimation of the tolerances for the 
thicknesses of the components and air spaces. We make use of them by assigning 
to each component and air space a permissible thickness variation such that the 
sum over all the components of the effects on the residual aberrations due to 
such variations shall not exceed some small fraction of the measures of the residual 
aberrations. 


§4. THE TOLERANCES FOR THE REFRACTIVE INDEX AND 
DISPERSION OF THE GLASSES 

It was shown m Part I that for any monochromatic aberration, A', tKere 
may be calculated a differential coefficient, dA'f BN which measures the change 
of this aberration in the image formed by the system per unit change of refractive 
index of the component, h, of the system. These coefficients provide full infor¬ 
mation as to the limits within which the refractive index of each component must 
be controlled for satisfactory production of the system, and permit a system of 
tolerances to be established. As before, we assign a permissible variation of 
the refractive index to each component such that the sum over all the components 
of the effects on the residual aberrations due to the permitted variations is less 
than a prescnbed small fraction of these residuals. As regards the variation 
of the dispersions of the glasses, the coefficients, dLch'jdPt, and ^Tch'j^P,^, 
developed in Part I furnish the basis for tolerances, but generally speakmg, the 
variation of the dispersion of a glass between successive melts is negligible, so 
that these tolerances are seldom required. Frequently a more serious effect of 
the variation of refractive mdex is the resultmg change in focal length of the 
system. This is dealt with in the next section. 


§5. THE TOLERANCES FOR THE CONTROL OF THE 
FOCAL LENGTH OF THE SYSTEM 


It IS often important to ensure that the focal length of a particular system is 
controlled withm fine limits during production. For this we must know the 
effect of the variation of curvature, tMckness, and refractive mdex on the focal 
length. From the results of the paraxial ray trace 




from a ray incident parallel to the axis at a heighty on the fihst surface. 


dc, 




Hence 


(101) 
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Corresponding expressions hold for df'jdn^ and df'jdd^. For the effect of thfc 
variation in the thickness of a component we have 




and the effect of refractive-index variation is given by 

ST_ df 1 


.( 102 ) 


9JV» dn^N, 


.,(103) 




The transfer coefficients in equations (101) to (103) are quickly computed as the 
values of dujJ/dc,, etc., have been calculated in the general computation for the 
paraxial ray. Thus a series of tolerances may be set quite simply for the control 
of the focal length of the system. 


§6 THE USE OF COMPONENTS OUTSIDE THE SPECIFIED TOLERANCES 

When a large number of optical systems of a certain type are being produced, 
a certain percentage of rejected components with dimensions outside the specified 
tolerances is inevitable. The intelhgent use of the information provided by the 
transfer coefficients calculated during the design enables some at least of these 
rejects to be sorted into sets of optics which will give a satisfactory performance. 
Components rejected on account of non-spherical figure are excluded from our 
considerations 

The rejected components are classified according to the type and amount 
of their departure from specified dimensions. For each aberration a limit is 
set for the additional amount of this aberration which can be admitted on account 
of departure from exact specifications. This will be some small fraction of the 
calculated residual aberration. A table is prepared which sets out the aberration 
changes for departure from the specified dimensions in terms of the units used in 
the workroom. The trained worker then derives from this table the amount 
of each aberration mtroduced into the system if a certain reject component. A, 
is employed. A study of the transfer coefficients in the table will now reveal 
whether some departure from dimensions of another component, B, will introduce 
amounts of the various aberrations which will compensate those mtroduced by A, 
and thus bring their totals within the limits prescribed. If this is possible, a 
reject of type A is paired with B, etc., and m this way use may be made of the 
rejected components. This kind of attempt to salvage components is probably 
made in every optical shop by tnal-and-error methods or by bench tests. The 
use of a table of coefficients as suggested organizes such attempts intelligently, 
givmg a reliable guide to what is possible in this respect. 
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A SYSTEM OF TRANSFER COEFFICIENTS FOR 
USE IN THE DESIGN OF LENS SYSTEMS: 
V. TRANSFER COEFFICIENTS FOR THE ASTIG¬ 
MATISM AT SMALL APERTURE AND FINITE 

OBLIQUITY 

By F. D. CRUICKSHANK, 

University of Tasmania 
MS. received 26 February 1945 

ABSTRACT Transfer coefficients are developed which specify the changes of the 
positions of the tangential and sagittal foci in narrow pencils of any obhquity due to small 
changes in curvature, reftactive mdex, and axial separation which may be made withm 
the system 

§1 INTRODUCTION 

I N the preceding papers of this series, transfer coefficients have been 
developed for the tangential aberrations only of a lens system. To com¬ 
plete the development it is necessary to establish a means of handling the 
astigmatism in a similar manner. The full solution of this problem, however, 
requires the extension of the foregoing methods to the general skew trace. Not 
having had opportunity to gii^e much attention to this problem as yet, the wnter 
has used a simple analysis of the astigmatism at small aperture in pencils of any 
obliquity, checkmg the astigmatism at full aperture from time to time by the usual 
skew trace. This constitutes quite a useful des igning tool, as the changes in the 
astigmatism at small aperture due to changes wilian the system can be estimated 
for the differential correction process. The transfer coefficients for the shifts 
of the foci of narrow fans of tangential and sagittal rays are deduced, and this 
provides a basis for estimating the astigmatism changes produced by any altera¬ 
tion made within the system. 

§2 THE TRANSFER COEFFICIENTS FOR THE SHIFT OF THE 
TANGENTIAL FOCUS 

In addition to the principal ray of the oblique pencil of given obliquity, we 
trace another ray of the same obliquity close to the pnncipal ray and calculate 
for it the single surface coefficients and the transfer coefficients m the normal 
way. We denote this ray by the subscript cp, the letters standmg for chse 
principal ray. From the trace of the principal ray we have, as in ^ Part I, 
equation (45 a), 

* 
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The two rays pr and cp will emerge from the last surface of the system at different 
pomts, and it is obvious that we may specify the separation of the emergence 
points by 

¥prU = .(104) 

If a change is now made at some surface within the system, the two traced rays 
will emerge from points with a different separation and will intersect in the final 
image-space under a new angle. Thus if we can calculate the changes in 
and 8 C/ft' resulting from the alteration made within the system, we can calculate 
the new value of specifying the position of the tangential focus. 

Let us suppose that a small curvature change is to be made at surface i within the 
system. Differentiating equation (104), 


For the term on the left-hand side of this equation we have 

0 /’S*' \ _ ^Pepk _ ^Pprk 

dc^P^^'k)--^ ac, ’ 

and combining these two equations we obtain 

^_ 1 r{¥cpk 3ffprk\ f,(3U'cPk SUprk) 

dc, SUJ Lv dc, dc, J M dc. 9c. ) 


K _ 1 r(¥cpk ,,fdU'cPk 

9 i^ sc/ft'LVac. dcj ’‘{dc, dc, U' 


The correspondmg expressions for thickness changes and refractive-index changes 
may be written down, giving 

dd, 8C7ft'Lva^. dd,) ’‘{ddi dd, )} . 


3h'_ I r/8j>U ¥prk\'f.fdU’cpi 

dn, 8C/ft'LVa«. dn,J ’‘{ dtif 


dU'prk) 
dn, J 


It will thus be seen that the transfer coefficients for the t-focus require little 
calculation beyond the work involved in the trace and coefficients of the ray cp. 
If changes are made during the process of differential correction which are too 
large to be treated as differentials, an improvement in accuracy may be obtained 


by calculating the new values of dp^' and 81/ft' resulting from the change and 

deducing the new value of tj/ directly from them. Thus, for a 
8c,, we have 

curvature change 

^ m) = ^k + 

.(108) 

new (SC/ft') - sc/ft' -i- 8c,, 

.(109) 

and the change in the t-focus is given by 


S# ' _ ^Pk )a6v * t 

‘ (sy.'U 

.(110) 
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§3 THE EFFECT OF CHANGES AT A SINGLE SPHERICAL SURFACE 
ON THE FOCUS OF A NARROW FAN OF SAGITTAL RAYS 

The position of the sagittal focus behind the successive surfaces of a system 
IS easily calculated by the well-known ^-trace which is associated with the ordinary 
trace of the principal ray of the oblique pencil under consideration. We propose 
to use the normal relations of the ^-trace to develop the transfer coefficients for 
the sagittal focus. The position of the sagittal focus behind any surface of the 
system is given by 

N' _N'cosr-NcosI , N ,,,,, 

^ • . 


If we now write a = l/^, = .(112) 

and G = (N' cos I' - JVcos 1)/N\ .(113) 

equation (111) becomes 

a = Gc + na, .(114) 

This procedure clears the basic equation of reciprocals and makes it easier 
to handle in the subsequent differentiations. Let us suppose now that a small 
curvature change, is to be made at the surface i of the system. The effect 
on the s-focus behind the surface will be determined by the derivative 

oc^ oc^ dc{ 

The change a, due to a small change of curvature is of second order only, so 
that we may neglect the last term on the right-hand side of the above equation, and 
hence 

^ dG^ - -V 

+ . 


To be able to compute the derivative dcr^Jdc^ we require an expression for dGJdc . 
This may be obtained by differentiation of equation (113) and the refraction 
equation iV sin /= N' sin Thus, 

= -smi'^y- +»sin/ 

01 dl 

. yt COS I my 

= —sin J /I- =7 +wsin/ 

cosi 

= . 

Differentiation of the computing equation 

(L—r) sin U=r 8 inl 
3jf 

gives 5 - = L sin ?7/cos I, 


and hence we have 


= 

dc dl dc 


■ sin/' 


,/ .9C/'\LsinC; 
V du) cos/ 


= sm/'-5-. 
dc 
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The computation of dG/dc at any surface thus involves only one operation beyond 
the calculation of the ordinary single surface coeflGicientSj which will have been 
computed already for the principal ray. Two further operations complete the 
calculation of dcr'Idc. 

To determine the effect of a small change in refractive index at any surface i 
of the system, differentiation of equation (114) gives 


.(118) 


da,' , dG 

in which, by differentiation of (113), we have 

dG . ^,dr j 

= —sm/ X-cos/ 

on on 

. rt sin r r 

= —sin/-^ —cos/ 

cos/ 

= sm/Sr-cos/. 

on 

In this case only four operations are required to calculate da jdn for any surface 
after the single surface coefficients. 

Finally, if a small change is made in the axial separation of two consecutive 
surfaces of the system, differentiation of equation (114) gives 


,(119) 


dd, ^'dd^^dd; 


.( 120 ) 


Expressions for the two derivatives on the right-hand side of this equation may 
be deduced quite easily. Thus, differentiating equation (113), 

dG . j,dr , . rdl 

= —sm/Srrr + «smZ^^, 


dd 


dd 


dd 


= sm 


= sin 


= sin/' 


. .,(di_dr\ 

\dd dd) 

. j,fdi cos/ di\ 

\dd cos IddJ 


V dUjdpdd 


= sin/'sin ?7 


dU' 

dp 


.( 121 ) 


To obtain an expression for the second derivative we differentiate the transfer 
formula of the s-trace, which is 

= ^i-i — 
da, 1 dsi 


.( 122 ) 


and thus 


dd. 




dd, 

dDi 




ddi 


= .(.23) 

The last step follows simply from the well known relation between /)(_j and d,. 
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Often the bracketed expression may be replaced by unity with a good degree of 
approximation, and is accurately unity for a plane surface* Equations (120), 
(121) and (123) permit the calculation of dajdd at any surface of the system. 


H THE TRANSFER COEFFICIENTS FOR THE SAGITTAL FOCUS 
OF A NARROW PENCIL 

It now remains to develop a method of computing the transfer coefficients 
for o-'-changes so that the effect of a change within the system on the final value of 
or;/ may be determined Since G is a function of the angles of incidence and 
refraction, its value at any surface will change with change of the point of 
incidence. It will be found, however, that in general the change of G along the 
path of the pencil due to small alterations within the system has a very small 
effect on the transfer coefficients, and, on account of the simplification obtained 
by neglecting this factor, it is proposed to develop a set of transfer coefficients 
which leave it out of consideration altogether. 

Suppose that by some means a change da' is produced in the narrow pencil 
refracted at surface i To determine the effect of this change at the following 
surface of the system we require an expression for the derivative da^^Jda', 
We may write the transfer formula in (122) in the form 

= .(124) 

and hence =(1.(125) 

OCTj* 

The change which will result behind surface (i+l) must now be determined. 
From equation (114) we have 

= «<+!, .(126) 


whence 


- . 


and extending this expression surface by surface we obtain 


^0*2+3 

^^i+l 


and the relation between these transfer coefficients at successive surfaces is, 
therefore, 

da,' ao-/. 

We now have the complete framework for the computation of the transfer coeffi¬ 
cients. Equation (125) is used first to calculate dori+Jdcri for each surface except 
the last. Then at the last surface da^/jdaj/ and equation (128) is used to 

calculate daj/ldaj/_^y and the computation may be continued surface by surface 
through the system. Finally these basic transfer coefficients are used in conjunc¬ 
tion with the single surface coefficients, giving expressions of the form 

da^' _ 9<7*' 9o/ 
dc, ^ da/ dCf ’ 

and retummg to the quantity instead of its reciprocal, we have 

. 

with corresponding expressions for ds^'jdd^ and dsj^ldn^* 
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§5. A NUMERICAL EXAMPLE 

In the course of correctii^; a certain photographic objective having ten 
surfaces, a change of curvature of 0 001 wm made at the seventh surface, 

the radius of curvature of that surface changing from 1091 mm. to 521-78 mm. 
In a pencil of approximately 17® obliquity the following results were obtamed. 

= - 2112-5, = - 2416-0, 

9C7 9C7 

and hence 

= -2-113, = -2-416, 

giving 

ntvtsf — 47-273, newt*' = 47-661. 

Using the alternative relations (108) to (110) there was obtained 

dtf = - 2-335, 
new/*' = 47-742. 

A full trace of the altered system gave the final positions of the two foci as 
sf= 47-338, /*'= 47-801, 

which represents an accuracy of about 3%. 


A TRANSFER METHOD FOR DERIVING THE 
EFFECT ON THE IMAGE FORMED BY AN 
OPTICAL SYSTEM FROM RAY CHANGES 
PRODUCED AT A GIVEN SURFACE 

By a. L. M'AULAY, 

University of Tasmania 
MS. received 25 January 1944 

ABSTRACT. A transfer method is described depending on the mvanance of a function 
of the position change of successive foci of a narrow penal as it passes through an optical 
system. 

The method described is approximate, as the invariant is applied to wide pencils, but 
by reason of its speed it is a useful tool m design. 

§1 INTRODUCTION 

I N a paper by M'AuIay and Cruickshank (1945) a method is described by 
which the effect on the final image formed by an optical system may be 
computed when alterations are made at any surface of the system. The 
method naturally breaks into two parts. In the first part the changes which 
rays suffer as they pass through the surihce under consideration are evaluated, 
and in the second part these changes are transferred to the final image formed 
by the system, 
puys. soc. Lvii, 5 


89 



436 A. L. M'AuIay 

The present paper describes another method of transferring the changes 
produced at any surface to the final image. It is based on a theorem of a form 
simtlar to Lagrange’s, but is applicable to pencils of any obliquity.* If the 
theorem is applied to narrow pencils it is exact for differential changes, but in 
the use here described it is applied to wide pencils and is approximate. It has 
been used principally as a primary computing method where speed is more 
important than exactness, and it has been found of considerable practical value. 
It IS believed that its potentialities are gieater than the particular development 
discussed. 

§2 AN INVARIANT OF THE LAGRANGE FORM FOR OBLIQUE PENCILS 
The method deals essentially with pencils, not with rays. It follows the 
change in position of the successive foci of a pencil which suffers a small change 
in position due to an alteration made m the constants of one surface of the system 
through which it is passing. Figure 1 shows a narrow pencil ABC focusing 



Figure 1. 

at B after passing through the zth surface of the system. An alteration made to 
the ith surface causes the pencil to focus instead at B.* The co-ordmates of the 
change are zOj and Sj measured along and at right angles to the origmal axis of the 
pencil. They are given the positive sign when they have the direction shown 
in the figure, as this relates them convemently to the usual sign of U, the angle 
under an incident ray. If is the angle between the extreme rays of the pencil 
and Nj is the refractive mdex of the medium between the ith and thejth surfaces, 
it may be shown that 

( 1 ) Nys remains unchanged as the pencil is followed through successive 
surfaces in its original and changed form, and 
(u) also remams unchanged. 

The second relation holds, however, only if the change is such that a spherical 
wave remains spherical after the change. It is a useful relation for some purposes, 
but will not be further considered here. 

* This theorem, given m § 2, -was discos ered bj the author. The referee has pointed out that 
It was known mdependently fsee, e g, v Rohr, Formatum of Images m Optical Instruments, 
1920, p. 174), and no proof is therefore given here 
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It IS important to note that the change of a ray is not being followed. The 
are co-ordinates of the changes in the successive focal points of a pencil, but 
the actual rays which have been followed in the above argument change from 
surface to surface. Unless this point is kept clearly in mind it is easy to make 
serious mistakes when the principle is used as a computing tool 

Alternative statement of the prinaple. Figure 2 shows a pencil with its axis 



displaced a small distance It is evident that if a' is the angle through which 
the axis is displaced, 

Ky'z' =N'«:hp', 

o 

where S' is the length of the axis of the pencil from surface to focus, Zp' is the 
w’idth of the pencil at the surface and a' the angle turned through by the axis 
of the pencil due to the alteration. This form is often best suited for obtaining 
the value of the invariant at an altered surface. 

§3. APPLICATION OF THE PRINCIPLE TO THE TRANSFER OF 

DIFFERENTIAL CHANGES PRODUCED AT THE »TH SURFACE 

OF A SYSTEM 

In the paper by M'Aulay and Cruickshank quoted above, a change in the 
aberrations of an optical system due to an alteration of the rth surface was dis¬ 
cussed. The system is primarily analysed by considering six rays, three 
axial (marginal, zonal and paraxial) and three oblique {a, pr and 5). The same 
rays are considered in the method to be descnbed, but they are treated as the 
axes of SIX pencils. It is shown m the paper quoted that the change in angle 
under a ray refracted at a spherical suiface can be given as a function of the 
curvature or refractive-index change. In what follows, it will be assumed tEgt 
such a surface alteration has produced changes d U' in the angles under the refracted 
rays, and that these have been computed. 
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The transfer theorem is used to convert these dU to displacements s* per¬ 
pendicular to the directions of the changed rays in the neighbourhood of the final 
image plane. It is evident that ar' is very nearly the co-ordinate of the displace¬ 
ment of the focus of the narrow pencil which in the notation of the last section 
would have been wntten where k is the final surface. 

Approximate evaluation ofg'. The theorem is used m the form 
N'a'Bp' is mvanant through the system. 

This mvanant is found for the zth surface and used to obtain %' after refraction 
at the last surface by the relation 

where the refractive index after the last surface considered is unity. 

JV,' is available from the onginal data, a' is the change dU{ which has been 
supposed computed, and Sj^', the distance measured along the ray from the last 
surface to the final image, can easily be obtained from the trace. It remains to 
evaluate 8p//Spj'. 

It is here that the most senous approximation is made. The object is to find 
sufficiently good values of Sp' from the basic six-ray trace without much extra 




Figure 3 


computation. In the tracmg method used, the value of L' sm U' =p' is, inci¬ 
dentally, found for each ray. This is the perpendicular distance from the pole 
of a surface to the ray under consideration. 

Figure 3 (a) shows marginal, zonal and paraxial rays, f^re 3 (b), a, pr and 
b rays and the perpendiculars dropped from the pole on them. The following 
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values are taken for (^p'l^pk) • 

=pxip'^k, 

^Pz I^Pzk ~ pM lpMk> 

^Pw'^pMk — '^Plt ~Pz')t{pM' ~Pz)k~Pz'IPzk> 

^Pprl^Pprk ~ {pa ~Pb )l{Pa ~Pb )k> 

^Pa'Mk = (Pa -Ppr)l{pa -ppr)k 

+ W^Pa' ~Ppr)l(pa' ~Ppr)k ~ (Ppr ~Pb)/{Ppr '~Pb)kl> 
^b’l^Pbk = {P'pr-Pb)l{p'pr-Pb)k 

-ma-ppr)l{Pa-ppr)k-(ppr-pbWpr-pbl^ 

It IS evident that other extrapolations for the marginal, a and b rays might be 
used. The rather crude forms given are easy to compute and reasonably good. 

§4 THE ABERRATION CHANGES FROM THE z 

Spherical dberratuin and curvature. The aberration changes can be stated 
simply m terms of z'. The changes m spherical aberration and tangential 
curvature of field will be written down without further discussion as their 
derivation follows the same lines as that given by Cruickshank, Part I (1945). 
For spherical aberration 

dLit' = dl' - dLu = »a,7“' - cosec 

with an exactly similar expression for zonal spherical aberration. 

For curvature 

d[3ry'=(Vcos TJ^-ZjIcos. C4')cosec(l7„'- cosec 

The notation is that of Conrady’s Applied Optics and Optical Design or the 
papers quoted above. A change of sign, however, has been introduced for Xj!, 
and the signs for coma and distortion will also be changed. It has been found 
convenient m this work to adopt a positive sign for an aberration that arises when 
parallel pencils of small inclination to the pnncipal axis pass from air through a 
convex glass surface. 

Coma and dsstamon. The co-ordmate changes perpendicular to the principal 
rays can be used direct to estimate these aberrations. The change m coma is 
sufficiently well given by the change in distance between the principal ray and 
the median of the a and h rays. It is given by 

d(coma') =4,.- K».--8^6')8ec - ^b\ 

The treatment of change of distortion, involving as it does an imaginary ray 
not included in the trace, requires a htde more discussion. An ideal ray is 
considered which is identical with the prmcipal ray till it strikes the surface at 
which an alteration takes place. Subsequently this ray is treated as though it 
were refracted according to the paraxial form of the computing equations. The 
change in angle under the ideal ray after refraction at the altered surface therefore 
differs for that obtamed for the prmcipal ray. This change of angle is 
computed and is transferred to a sr' change m the ne^hbourhood of the final 
image, which is written z'prx ^nd is given by 

^PTtD —Pi ^ratiPx /Pak^ijc • 
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The change in distortion is now given in the same manner as the change in 
coma by 

4di8t') 
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THE RELATION BETWEEN THE BRIGHTNESS 
AND TEMPERATURE OF A TOTAL RADIATOR 

By E. F. caldin, 

Queen’s College, Oxford 

MS reieiicd 31 January 1945 , tn revised form \ArJune 1945 

ABSTBACT Values are calculated for the brightness of a’total radiator at temperatures 
between 2000^ K and 3120 K., using the standard C I.E. relative luminosity curve and 
the Planck radiation law A simple logarithmic equation is found to express the relation 
between bnghtness and temperature to withm ±1% over this temperature range. The 
ratio of the new mtemational candle to the hghtwatt is calculated from the results. 


§1 INTRODUCTION 

I T IS sometimes desirable to use an expression for the bnghtness of a total 
radiator as a function of temperature. From the literature it appears 
that nothing has been published on the subject since the adoption of the 
C.I E. relative luminosity curve m 1924. Hyde, Forsythe and Cady (1919) pub¬ 
lished some values of the bnghtness for the range 1700° K. to 2650° K. ; they used 
their own values for the relative luminosity function, however, and these differ 
from the standard values later adopted. They expressed the results m terms of 
a rather complex four-term equation. Nernst (1906) expressed the relation 
experimentally found between the bnghtness (fi) and temperature (T) of a. total 
radiator for the rai^ 1460° k. to 2280° K. by the followmg equation:— 

log5= -AIT+C, 

but the relative luminosity curve for the observer concerned is not recorded. 

Values for the bnghtness of a total radiator have been calculated from the 
C.I E. relative luminosity data and the Planck equation for fifteen temperatures 
ranging from 2000° K. to 3120° k. The following approximate formula, which 
has the same form as Nemst’s relation, has been obtained for the brightness of a 
total radiator over this temperature-range :— 

logio5=4 275 - 10860/T, .(1) 

where B is the bnghtness of the total radiator (lightwatts cm.~®) and T is its 
temperature (°K.). 
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§2 CALCULATION OF BRIGHTNESS 

The brightness of a total radiator at a given temperature is calculated from the 
equation 

J,V,dK, . ( 2 ) 

'IT J Q 

where B is the brightness (lightwatts /;rfA is the total energy flu’!£ 

per unit area from a total radiator (watts cm between the wave-lengths ^ ± ^ 

(microns), and V, is the value of the relative luminosity factor at the wave¬ 
length A, as given by the 1924 CI.E standard luminosity curve (Judd, 1931). 

The factor — appears because the brightness of an element of surface, i.e. 

1 

the ratio of intensity to projected area in a given direction, bears the ratio- 

TT 

to the total luminous flux per unit area from the same element of surface (assuming 
that the surface has the properties of a perfect diffuser) In the present case the 

expression V^dX. represents the total luminous flux per unit area of surface, 
J 0 

since It is derived from J;^dX, which represents the total energy flux per unit area 

1 f* 

for a small wave-length range. Hence the brightness is given by - Jx 

wJo 


The values of J;idA are derived from Planck’s formula, 

,._ CiA-°dA 

-JfOA gOJXP_l> 


(3) 


where and are constants and A, and T have been previously defined 
Convement tables for deducing values of B from equation (2) are those 
of Skogland (1929). These tables employ the values for and Cg given m 
the International Critical Tables, namely = 3-703 x 10“^ erg sec~^ cm"*"®, 
C 2 = 14330 micron degrees. The range of temperature considered is 2000° K. 
to 3120° K. ; this is covered in steps of 20° in table 1 and 80° m table 2 Table 1 
gives at each temperature, besides values of for a senes of wave-lengths, 

values of Josai^i to 3 sigmficant figures (umts- microns"®). From these latter 
values, taking Ci = 3 703 x 10 ~® erg sec~® cm+® and ^ 959=0 7570 (Judd, 1931), 
we calculate the value of a senes of temperatures, at intervals of 80°, 

from 2000° K to 3120° k. Skogland’s table 2 gives at each of these temperatures, 
for a series of wave-lengths from 0 40/* to 0-76 /* m steps of 0 01 /*, values for 
•/; F; '(«7F)n»\, where («7P")nja\ is the maximum value of at the given tem¬ 
perature. Reading off the values for Joae snd substituting the 

value already obtained for J 9.59 F 0 . 69 , we find for the given temperature. 

Table 2 gives also the sum of the values of at each temperature, i.e., 

7b// 

^ 0 40 /i 

the summation refemng to steps of 0 01 u. The values at the wave-length limits 
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are not more than about 0-03% of the maximum values, and the sum does not 
differ by more than 1 m 10* from 

'if 

Multiplymg the sum by 0-01, we obtam, therefore, a value (in microns) of 

which is accurate at least within 1 in 10*. Multiplying this by the value of 

f* 

{JV)aa. already found, we obtain the value of J^V^dX\ and hence, dividmg 

j 0 

by w, the brightness of a total radiator, at the given temperature 
§3 RESULTS AND DISCUSSION 

In the table below are given values for the bnghtness B, in lightwatts per 
sq. cm., and for logio^* at a series of temperatures from 2000° K. to 3120° K. 

The value of logjo B is found to vary nearly linearly with 1 / T, and the follovrang 
formula has been tested :— 

logio5=4*2750-10860 0/r. .(1) 

Values derived from this formula are given m the table and compared with 
the values directly calculated. 


Temperature 

(°K) 

Brightness B 
(lightwatts cm“®) 

IogioJ5 

(a) 

logioB 
calculated 
from eqn. (1) 

(b) 

Difference 

(aHb) 


0 0706 

2 8490 

2 8450 

+ 0*0040 


0-1137 

T05S6 

1 0538 

+0-0018 


0-1767 

1-2473 

T 2472 

+0-0001 


0-2665 

T-4257 

T4268 

-0-0011 


0 3910 

T5922 

1 5940 

-0 0018 

2400 

0-5595 

T-7478 

17500 

-0 0022 

2480 

0 7827 

T8936 

T 8959 

-0 0023 


1 0730 

0 0306 

0 0328 

-0 0022 


1-443 

0-1594 

0-1613 

-0-0019 

2720 

1-910 


0 2823 

-0 0014 


2 486 

0 3956 

0-3964 

-0 0008 

KSm 

3-192 


0-5042 

-0-0002 


4 040 

0-6068 

0-6061 

+0-0007 

3040 

5-060 


0-7026 

i 0 0016 

3120 

6 262 

0-7967 

0-7942 

-1-0-0025 


It is evident that the values of B are given within ± 1 % (an accuracy sufficient 
for many purposes) by the empirical equation (1). 

The effect on the formula (1) of using other values for Cj and may be 
noted. A change in Cj produces a proportionate change m all the values of 

r“ 

and hence in J^VidK, and so can be met by changing the constant 4*275 to 
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[4 275+logio(Ci/3-703)], where Q is expressed m ergsec.-^cm.+^x 10'^. 
A change in C 2 aiFects the temperature-dependent term; since exp(C 2 /Ar)>l 
for the ranges of temperature and wave-length concerned, it is only necessary 
to change the constant 10860 to (10860 x C 2 /I 433 O), where Cg is expressed m 
micron degrees. Thus if we adopt the recently suggested values of Birge (1941), 
namely Ci = 3-7430 x 10”® ergsec.“"^cm.+2 and C 2 = 14384*8 micron degrees, 
the relation becomes 

logio 5=4*279-10902/r. 

§4. PHOTOMETRIC UNITS* THE RATIO OF THE NEW 
INTERNATIONAL CANDLE TO THE LIGHTWATT 

It is possible to convert the above values of brightness directly from lightwatts 
per sq. cm. to “new international candles” per sq. cm., and to calculate the ratio 
of the new candle to the lightwatt, because the new candle is defined in terms of 
the intensity of a total radiator at a fixed temperature. This is of interest because 
the new candle is likely to come into force in the near future as the international 
umt of lummous intensity. By defimtion, the luminous intensity of a total 
radiator at the temperature of solidification of platmum is 60 new candles (Inter¬ 
national Lighting Vocabulary, C.I.E., 1938). The brightness in lightwatts 
per cm^ of a total radiator at this temperature (taken here as 2045 9^^ K. 
(Wensel, 1937) is found, by interpolation from the directly calculated figures in the 
table above, to be 0*0932. The ratio of the new candle to the lightwatt is thus 
60/0*0932 = 643 for the values of Q and used in computing the figures m the 
table ; and to convert the values given above for the brightness of a total radiator 
to new candles per cm^ it is only necessary to multiply each value by 643, or to^ 
add 2*808 to its logarithm. 
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Note added in proof. Mention should be made of the work of Ives (1926),. 
who calculated values of the brightness of a total radiator at temperatures from 
1200° K. to 10000° K. In these calculations, an approximate formula was used 
to express the C.I.E. relative-luminosity data, and errors of the order of 
1% are likely. The author was unaware of this work when the above paper 
was written. He has also been informed of a paper by W. Geiss (Licht, 
12, 33 (1943)), but has not been able to see a copy. 

REFERENCES 

Birge, R. T., 1941 Rev Mod. Phys 13 , 333. 

Hyde, E. P., Forsythe, W. E. and Cady, F. E., 1919 . Phys. Rev. 13, 45 . 

Ives, H. E., 1926 y. Opt. Soc. Amer. 12, 75 . 

Judd, D B., 1931 . Bur. Stand. J. Res., Wash., 6 , 465 . 

Nernst, W., 1906 . Phys. Z. 7, 380 . 

Skogland, J- F., 1929 . Misc. Pub. Bur. Stand., Wash., no. 86 . 

Wensel, H T., i937- J- Bur Stand. 6 , 1119 . 


PHYS. soc. lvii, 5 


30 



444 


REVIEWS OF BOOKS 

Waveform Analysis^ by R. G. Manley. Pp. vii + 275 and 3 plates. (London: 
Chapman and Hall, Ltd., 1945.) 2L. 

This book IS not a treatise on harmonic analysis m the conventional sense but, as the 
author correctly emphasizes in the sub-title and preface, a practical guide to the rapid 
interpretation of wave records. Its primary aim is to explain, agamst a backgroxmd of 
more formal analysis, methods, mvolvmg merely inspection and simple measurement, 
for estimating the frequency, amplitude and phase of the pnncipal harmonic components 
of a large class of complex wave-forms which occur especially in vibration engmeermg. 
There are ten chapters, entitled • I, Sine waves in combination ; II, General properties of 
hafmomc series , III, Basic analysts of recorded waveforms , IV, The envelope method ; 
V, Method of superposition ; VI, Fourier senes mathematical analysis ; VII, Numerical 
methods ; VIII, Mechanical and other aids to analysis , IX, Practical requirements for 
waveforms , X, Lissajoiis fibres 

Chapter I illustrates graphically and tngonometncally the S 3 mthesis of wave patterns 
(especially beats) from two or more sine components, and, together with Chapter II, 
provides that foundation of experience of the anatomy of \vave-forms which is necessary 
for a ready diagnosis of harmomc content 

Chapter III seems a little dilute, and might be made more concise with advantage, 
but It serves to pave the way to the actual measurmg of records and hence to Chapter IV, 
which forms the pivot of the book This chapter, essentially diagnostic m character, 
show^s how the construction of envelopes”, to touch the crests and troughs (or, more 
generally, to pass through any repeated charactenstic kinks) of the undulations, makes it 
possible to identify the harmonics and to determine their charactenstics A lucid explana¬ 
tion IS given of the surprising amount of information which may be extracted from a 
wave-form by an experienced interpreter without recourse to elaborate analysis The 
method appears to have especial application to the routine examination of vibrograph, 
stram-gauge and similar records which are nowadays obtained in certain mdustnes in 
numbers too great to permit of detailed analysis. A systematic procedure for applying 
the envelope method is developed in a number of tables somewhat reminiscent of chemical 
analysis 

For certain frequency ratios amongst the harmonics (such as 3 2 1), the envelope 
method fails Chapter V show's how it is possible to meet these cases by dividing the 
complete cycle of the given w^ave into a number of equal parts which, by suitable summation 
and differencing, permit partial, and in favourable circumstances complete, separation of 
the harmomcs 

It may be remarked that the envelope technique and similar simple methods, while of 
great service in resohing a w’ave composed of relatively few harmonics of comparable 
amplitude, do not promise so much help to the physicist, meteorologist and economist, 
who will still have to resort to Fourier, penodogram and correlogram analysis when con¬ 
fronted, as they frequently are, by w'aves havmg a long retmue of progressively dimmishmg 
harmonics 

The theoretical Chapter VI treats the formal representation of functions (includmg 
the usual examples of square and saw-tooth profiles) by Fourier series, and gives an adequate 
sketch of the mathematical background While very properly leaving full ngour to the 
mathematicians, it does somewhat more than merely gi\e plausible derivations of formulae. 
One cannot help regrettmg, however, that the nature of the book scarcely permits pre¬ 
sentation of the connection between the author’s penodic existence functions ” and their 
analogues, the Cauchy discontinuous functions Gibbs’ phenomenon at discontmuities 
IS treated briefly, and Fourier mtegrals are mentioned but not apphed. 

Chapter VII ghes a clear account of the numerical Founer analysis of waves specified 
by equidistant ordinates, including computation schedules for schemes using 24 and 
48 ordinates 
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Chapter VIII descnbes m detail a versatile drawing-table type of mechanical harmomc 
analyser, and briefly mentions alternative devices, mcludmg electrical filter circuits No 
attempt is made to survey the very rich field of mechamcal and electrical aids which now 

General comments on the practical problems of recording and allowing for response 
distortion are given in Chapter IX, and the book closes with a chapter on the characteristics 
of two vibrations compared by means of Lissajous figures. 

There are several appenices dealmg with mathematical points, a list of elementary 
tngonometrical formulae, a useful table of sines and cosines adapted to facilitate harmonic 
analysis, a glossary of terms, a bibhography and an index. 

A minor cnticism of the presentation is that elementary details of mathematical manipu¬ 
lation are occasionally given more fully than is necessary if the reader is sufficiently mature 
to appreciate the chapter on Fourier analysis , but this may encourage further readmg, 
and It would therefore be beneficial if the bibhography were somewhat enlarged Viewed 
as a whole, the book is well written and competently composed, and should be of con¬ 
siderable value to those concerned with vibration engmeering There are few misprmts, 
of which the most obtrusive is the insertion of the terminal ‘‘ s of Lissajous in L’Hopital. 
The printmg and binding are quite good M. s joisiES. 

Introduction a Vetude des champs physiques, by J. (tITANTER. Pp. iv4-251. 
(Pans* Dunod, 1941.) 

This book IS not an introduction to field theories as now understood, but a general 
treatment of steady-state boundary problems where the differential equation is that of 
Laplace or of Poisson, that is of problems m electrostatics, magnetism, heat conduction, 
capillarity or hydrodynamics The treatment is relatively elementary, and is confined 
m the mam to problems m two dimensions, or those with sphencal symmetry, so that 
there is no call to mtroduce Legendre functions, sphencal harmonics or Bessel functions. 
The French nation has given the world some of its greatest geometers, and the tradition 
of geometncal reasonmg has always been strong there, so that it is not surprising to note 
that, m this book, transformations from one co-ordinate system to another are seen from a 
rather more directly geometnc aspect than they usually are in books written by Englishmen, 
w'ho tend to see them as algebraic transformations 

After a prelimmary chapter m which conjugate complex functions and systems of 
orthogonal curves are considered, the book is divided mto chapters, each dealmg with 
some phenomenon m which Laplacian fields present themselves, begmnmg with electro¬ 
statics By takmg the potential due to a point charge, and that due to an infimte straight 
line fa point charge in two dimensions), other cases are built up, the most elegant being 
that of a circular cylinder surrounding two line charges of opposite sign, a case which is 
found when considering the case of four line charges, by notmg that there is one equi- 
potential which is circular A few cases are solved by means of conj’ugate functions, 
but these are generally introduced experimentally “ to find out what cases they will 
represent”, rather thm deliberately to solve particular problems posed beforehand. 
Even after the theorem of Schw^artz on the behaviour of functions at branch points has 
been introduced, httle use is made of it, though m fact it enables us to select with certainty 
the transformation appropriate to any plane problem with rectilinear boundanes. The 
chapter on magnetism finds its interest of course m doublets and other multiple charges, 
and does not carry the matter very far The field due to a sphere in a field which would 
otherwise be uniform is w’orked out, but the case, so dear to most text-book wnters, of an 
ellipsoid in a uniform field, is omitted The misprints m the middle of page 121, where 

IS omitted from the denominator of tivo successive equations, might mislead begmners 
In the section on hydrodynamics we have such problems as the flow past a cybnder, and 
attention is then turned to cases where there is a free stream-line, as when a jet issues 
through a slit No use is made here of the method devised by Kirchhoff of introducing 
a subsidiary plane m which the co-ordinates are the absolute magmtude and the direction 
of the velocity, but a great deal is extracted from the simple transformation, attnbuted to 
Joukowsky, cos 9 and >»=sm 6, which analysts would think of as 

w=(af-}-l/ar) This, with its inverse transformation, and the addition of different fields 
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of flow, yields an astonishing amount of information about flow round obstacles of practical 
interest, such as aerofoils 

The last quarter of the book is of a rather different nature, and considers the use of 
experimental methods for solving complicated problems—^measurements of electrical 
resistance of diagrams cut out of metal foil, or tracing potential Imes by means of probe 
measurements m an electrolyte, or plottmg out a field by means of iron fihngs above a 
magnet, for example The author has clearly had a very consideiable experience with 
these methods, and is able to give advice on experimental arrangements which must be 
of immense value to any who propose to use the methods Among them he includes 
the giaphical method in which a network of orthogonal curves is drawn freehand, so spaced 
as to divide the field approximately into squares 

There is no doubt that the book will be of \alue to many, m showing the essential 
unity of the diverse branches of physics with which it deals, in enabling them to devise methods 
for attackmg problems with which they are confionted, and as a book of reference, giving 
the solutions of many problems When we consider that it was published m France m 
1941, we can only imagine the difficulties which must have confronted authoi and pub¬ 
lisher, and must admire them for producing the book at all , that they produced such a 
good one must almost be a matter of wonder J H 

The Quantum Theory of Radiation^ by W Heitler. Second Edition. Pp. viii + 
272. (London and Oxford : Sir Humphrey Milford, 1944.) 20^. net. 

Ten years have passed smce the first edition of this book appeared, and it has clearly 
established itself m the interval as an authoritative treatment of its extremely difl&cult 
subject. Although progress, particularly on the expenmental side, has been steady, 
there has not yet been any spectacular advance which would call for a revision and 
re-wnting of the theory, and m fact the present volume does not differ essentially from 
the first edition, save for mterpolations here and there and an addition to the appendix 

One day, of course, a complete change of approach will be found, which will at one 
stroke give us a quantum theory completely in harmony with the postulates of relativity, 
and which will avoid the difficulties we find at present m connexion with the infimte 
self-energy of the point electron. Till this new formulation is made, it is difiicult to 
imagme any more useful, or more instructive, text-book than this, though we may at 
times wish that someone would wnte a simple text to ser\'e as an introduction to the 
subject j. H. A. 

Tables of Elementary Functions, by F. Emde. Pp. xii +181. (Leipzig: Teubner, 
1940; photographic reprint published under licence by J. W. Edwards, 
Ann Arbor, Mich., U.S.A., 1945.) $3.20. 

Sechsstellige trigonometrische Tafeln, by H. Brandenburg. Pp. xxiv+304. 
(Leipzig : Lorentz, 1932 ; photographic reprint published under licence 
by J. W. Edwards, Ann Arbor, Mich., U.S.A., 1945.) $5.00. 

It is regretted that, m the reviews of these two books m the July issue of the Proceedings 
(this volume, pp 368-370), no mention was made of the fact that the sole agent for these 
tables m Great Britain is The Scientific Computing Service, Ltd , of 23 Bedford Square, 
London W.C 1. 
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The American physiologist Hartline (1938) solved this techmcal problem for 
the first time by a very pamstaking method of microdissection. He used the 
excised eye of the frog, removed lens and cornea and lifted up fibres from the 
retina on to his electrode in the region where they converge to form the blind 
spot. This technique is extremely laborious, and I remember Dr. Hartline 
telling me once that every eighth experiment succeeded, provided, of course, that 
the experimenter had acquired sufficient skill to succeed at all. (For a review of 
Hartline’s work, see opt. Soc. Arner. 1940.) 

§2. MEASUREMENTS ON ISOLATED FIBRES 

Our own microelectrode technique is a great deal simpler. For work on 
colour reception it is essential that the technique for isolation of fibres should not 
be too difficult. It must be applicable not only to excised eyes but also to mamma¬ 
lian eyes m the living narcotized or decerebrated animal The microelectrode 
is a thin platinum wire, isolated with glass down to the tip. It is applied to the 
mside of an eye from which cornea and lens have been removed. The micro¬ 
electrode touches the fibres runnmg along the retina to the blind spot. A 
schematic picture is shown in figure 1 , referring to the rat*s retina This picture 



Figure 1. Diagram lUustratmg microelectrode on optic nerve fibre of rat Several receptors 
and bipolars converge to form the unit recorded from. (Granit, Acta Physiol Scand 2, 
1941 a.) 

also illustrates the fact that several receptors converge towards the smgle fibre 
isolated. There are few cones in the raf s retma. One cone and a much greater 
number of rods make up the convergence umt assumed to be isolated by the 
microelectrode. Such isolated fibres have very different properties. The 
records in figure 2 illustrate the simplest type : the isolated unit responds to an 
increase m intensity from the threshold upwards, with an increasing number of 
impulses at an increasmg rate of discharge. These particular records are from 
the eye of a guinea pig in which such umts form the great majority ; it was maxi¬ 
mally sensitive to green light around 530 m/A, as shown by figure 3. The ordinate 
of this curve is the inverse value of the relatiye quantum intensity necessary to 
elicit one impulse, as in the uppermost record of figure 2 . The animal was hght- 
ndapted. 

This experiment illustrates the main principles of the microelectrode espen- 
ment on colour reception. It is a technique for measuring the absolute threshold 
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to spectral light. In actual practice such experiments are not earned out photo¬ 
graphically, but the impulses, or, as we say, the spikes^ are amplified and led to a 
loud-speaker. The spectral energy is mcreased by means of a calibrated wedge 
until a sharp report is heard in the loud-speaker. Single fibres are not always 






Figure 2 Guinea pig Isolated unit vvith maximal sensitivitv in S30 m/u. respondmg to difterent 
intensities, increasing trom record to record down\\ards Uppermost Ime m each record 
=hght signal Time in 1/50 sec. between this and spike records Uppermost recoid at 
threshold strength, lo'wermost record at 10‘7 times threshold energy (Granit, Acta 
Physiol Scand. 

obtamed, and quite often one has to be content with a highly restneted discharge 
Since the threshold method always picks up the most sensitive fibre of all, this 
limitation is less senous than might have been imagined. In my latest expen- 
ments with the cat^s retina, single fibres were obtained in 60% of the cases. 



Figure 3. Spectral distribution of sensitivity of spike recorded m figure 2 
(Granit, Acta Physiol Scemd, 3,1942.) 

Success depends mamly on the success in making the microelectrode, and to 
some extent, of course, also on patience and practice. The animal must be quiet, 
for the slightest movement sufBces to shift the microelectrode. 

I have said that the fibre shown in figure 2 represented a simple type of 
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response. In the cat’s eye, for instance, the fibres respond to an increase of 
stimulus intensity in a very complex manner. Most fibres discharge to both 
onset and cessation of illummation. But the relative amount of on- and off- 
discharges varies a great deal with stimulus intensity. Light may inhibit the 
on-discharge m a certain intensity range and inhibit the off-discharge in another. 
The complexity of the response, as soon as the threshold strength has been 
exceeded, is something stupendous. Hardly two fibres can be said to be exactly 
alike. An instance is given in figure 4- The figures to the right above each 
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Figure 4. Cat Isolated spontaneously active element responding to progressively mcieasing' 
intensities of white light The numerals to the right show the estmcbon (densities) of the 
filter-wedge combmatiQn used in front of a lijht of 892 m.c. Marked as figure 2 
(Gxaait, y. Phystol 103,1944 ) 

record show the density of the neutral filter put into the beam of a white light'of 
892 m.c. In this case the fibre is spontaneously active all the time. The on- 
discharge increases with stimulus intensity (downwards), the off-effect mcreases 
first, is inhibited in record 3.09, increases a second time (record 1.38) and is 
ultimately completely inhibited at maxinud intensity (record 0.09). These 
complex effects are due to interaction in the extremely complex retinal switchboard 
of neurons and S 3 naapses from which the optic nerve fibres take off. Such 
phenomena must play an important role for discrimination and contrast effects, 
but they do not concern us here. Figure 4 merely serves as a warning against 
premature and over-optimistic simplification when one is dealing with a wonderful 
microcosm of a nervous centre such as the vertebrate retina. 

? 3. THRESHOLD MEASUREMENTS FOR COLOUR-RECEPTION ANALYSIS 
From the point of view of the analysis of colour reception we must begin with 
threshold measurements in the manner just described. For this imTnftdigtf. 
purpose it is immaterial how the discharge is modified by an increase of stimulus 
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intensity. We can always determine the energy necessary for a threshold response 
This IS the method that has been used in my analysis of the fundamental problem 
of colour reception, the problem raised with such clarity by the far-sighted genius 
of Thomas Young. 

The results of measurements of the energy necessary for a threshold response 
at various wave-lengths could be very easily interpreted, were it not for the fact 
that in most of the laboratory animals both rods and cones converge towards the 
same fibre, as in figure 1. Now the rods contam the extremely light-sensitive 
substance visual purple, which has maximum absorption around 500 mju. and a 
quantum yield, as determined by Dartnall, Goodeve and Lythgoe (1936), of 1, so 
that one quantum of hght destroys one molecule of visual purple. Its absorp¬ 
tion curve has been fairly well known since the work of Trendelenberg in 1904, 
and was first accurately determined with up-to-date technique of extraction and 
photo-chemical analysis by the late Dr. Lythgoe in this country in 1937, and 
almost simultaneously by several other workers. Schneider, Goodeve and 
Lythgoe showed in 1939 that the photosensitivity of visual purple agreed with the 
human scotopic luminosity curve, illustrating the distribution of brightness for 
a dark-adapted eye to a spectrum of low intensity. (For a full review of this 
work, see author’s summary, Granit, 1946). 

It is therefore not surprising that my method reproduces the same curve if 
the threshold energy in the spectrum is determined for fully dark-adapted eyes 
of animals containing rods charged with visual purple. Such measurements 
will be shown later. At the moment this point is taken up in order to emphasize 
that the visual purple distribution of spectral sensitivity is a serious complication 
in work with animals. Visual purple can be removed by light-adaptation, but it 
regenerates during the time the experiment is carried out in the dark, and so 
tends to raise the sensitivity in the green around 500 m/«. This, of course, is a 
consequence of the convergence of several receptors of mixed nature towards 
each optic nerve fibre as well as of the extreme sensitivity to light of visual purple 
But when we use our own visual purple mechanism in the dark, the spectrum 
appears colourless. An increased sensitivity to green around 500 m/r cannot, 
therefore, in the microelectrode experiment, be ascribed to a hypothetic “green 
response ” of the cones. In order to be able to do so we must make certain that 
we have not been engaged in measuring merely the photosensitivity of visual 
purple. The experimental work becomes somethmg in the nature of a fight 
gainst the absorption curve of visual purple, which tends to cover up the pro¬ 
perties of other receptors belonging to the convergence unit which has been 
isolated by the microelectrode. 

M THE DOMINATOR AND MODULATORS 

In order to illustrate one of the main findmgs, I shall therefore first draw 
attention to a curve from the eye of a snake which is lacking visual purple. This 
animal has a pure cone retina. In figure 5 the curve interrupted by dots refers 
to the snake (1943 b), the other curve to the frog’s eye (1941 c), which has been 
light-adapted so as to depress the activity of visual purple. The two curves are 
su£Sciently similar to support a conclusion that after light-adaptation the remainmg 
cones of the frog’s eye have behaved like the cones of the snake. I shall refer 
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to this broad cone curve with maximum around 560 mfjL as the domtnatof. Those 
familiar with the problems of vision will immediately notice that the dominator 
curve represents a distribution of sensitivity which is almost identical with the 
human daylight luminosity curve for cone vision, the so~c3lled photopic luminosity 
curve. Provided that an ammal’s eye possesses a sufficient number of cones, this. 
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Figure 5, Distribution of sensitivity ol dominator element in the retina ot snake (line interrupted 
b> dots) and frog (uninterrupted line) (Granit, Nature, Lond,, 151, 1943 ) 


curve IS alw'ays obtained, and represents the most common electrophysiological 
finding. It is lacking in the eyes of rats and guinea pigs (Granit, 1941 a, 1942). 
The guinea pig’s eye is said to lack cones altogether, the rat’s eye is said to 
contain about 1 % cones, apparently too few to be able to give the dominator. 

In a sense the dominator can be described as a physiological unit response, 
but It is veiy probable that several receptors have combmed to form this unit. 
We must remember that all optic nerve fibre units are convergence-units, as 
stated above. 

^\^len different optic nerve fibres are picked up, in the maimer described, the 
whole experiment is very much dependent upon statistical chance and good luck. 
These factors favour the dominator, but other types of curve are also sometimes 
obtamed. These are illustrated in figure 6. The curves are from eyes of different 
animals : rats (1941 a), guinea pigs (1942), frogs (1941 c), snakes (1943 b). First 
should be noted that they differ from the dominator curve in two important 
respects: they are much narrower and are spread over a large fraction of the 
visible spectrum. 

Neglecting for the moment the narrow curve with maximum around 500 m/A, 
which may be described as a narrow visual purple curve, the most strikmg fact 
demonstrated by figure 6 is the confinement of the narrow curves to three 
preferential regions of the spectrum. This is the more remarkable if one con« 
aiders that they are from different animals. I have called these curves the 
modulator curves. 

The most charactenstic red modulator had its maximum at 600 mfi. It 
was found in rats (dots), much to my surprise, since I took up the rat’s rod eye 
in order to find out what happens to the visual purple distribution of sensitivity 
when the eye becomes light-adapted. The result was that I found the red modu- 
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lator remaining, when the green end of the spectrum, occupied by the visual 
purple absorption, had disappeared below the instrumental threshold of the 
Hilger-Tutton monochromator used at that time. After some time in the dark 
the narrow curve with maximum at 500 m^Lt turned up. Later, during dark- 
adaptation, it expanded and assumed the shape of the typical visual purple 
absorption curve. I have since seen the same narrow curve in other rod eyes, 
but not in the cone eye of the snake. It is difficult to say whether it would play 
any part m human colour vision or not. Probably not, if central fixation is used. 
The rat’s red modulator may be due to the 1 % cones. Histologists, though not 
all, believe in cones in the rat’s eye. There was no dominator in this eye. The 
red modulator was also seen in the eyes of frogs, in the pure cone eye of the snake, 
and was indicated as a hump on the green curve in some very rare cases in the 
gumea pig. In the frog I found some modulators with maximum at 580 m/tt* 
These will be called yellow modulators. 



Figure 6 Distnbution of sensitivity of modulator elements from eyes of rat (dots), guinea pig 
(broken Ime), frog (Ime m full) and snake (Ime mtemipted by circles) In this figure and 
in figure 5 spectra of equal quantum mtaisity. The ordmates on either side of 560 mpi 
drawn down to mdicate dominator values (Gramt, Nature^ Land , 151, 1943.) 

Green modulators are found m all eyes between 520 and 540 m/t, even m the 
cone eye of the snake, but m this animal it proved impossible to separate them 
from die red modulator. Blue modulators around 460 TOft were found in the 
frog’s eye and in the pure rod eye of the guinea pig, but not in the cone eye of the 
snake. 

The general biological implications of these findings are clear enough. Nature 
has not taken the trouble to invent new mechanisms of colour analysis for every 
new species. It has, as it were, decided upon the principles to be used and then 
proceeded to use them with what, from our pomt of view, we might call a greater 
or lesser degree of perfection. The eyes of the different animals are probably 
adapted to the life and habits of the species concerned. With regard to modu¬ 
lators, the boimdanes between rods and cones do not seem to be very strict. It 
seems certain that dominators only are found in eyes with a lai^ number of 
cones. It is possible and even probable that red modulators are cones in the 
histological sense, but modulators in the short wave-lengths need not be cones. 
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Slue modulators must be rods m the histological sense, and it is doubtful whether 
blue modulators can ever be anythmg else. The experiments suggest that, on 
the whole, more attention should be paid to photochemistry than to histology. 
Histological and photochemical definitions as to what is a cone or a rod may 
disagree. Unfortunately cone photochemistry is still at the stage when it is no 
exaggeration to state that the less said about it the better. It is, of course, very 
difficult to extract substances from receptors which to all appearance are practically 
colourless. 

If I may state my own belief it is that the cone substances are modifications 
due to changes in the bonds linkmg the visual purple chromophore to its protein 
body. There is some evidence for this view which cannot be discussed m this 
connection (see Gramt, 1941 b). Some day those working on the photochemistry 
of visual purple will provide us with important clues to the solution of this riddle. 
Lythgoe made a beginning when, shortly before his death, he found that visual 
purple, regenerating from its photoproduct" transient orange ”, had its absorption 
curve shifted towards the long wave-lengths This work was never pubhshed. 

§5 NATURE OF THE DOMINATOR 

The microelectrode experiments now descnbed did not suffice to create that 
feehng of satisfaction with which the completion of a work properly should end. 
The element of statistical chance involved made them not only extremely tedious 
but also unsatisfactory; and what was the meanmg of the dominator, which 
was the most common finding m eyes contaming a great number of cones ? 
Could it be r^;arded as being formed by grouped modulators ? Those questions 



Figure 7. Lummosity curve detennined by Wnght (Nature, Loud , 151, 1943) with a small fovea 
patdi of low brightness. The circles illustrate the cat dominator ftata Gianrt (Aeta 
Pfgfsml. Stand. 5,1943 a.) Equal-energy spectrum. 

became more pressing when it was found that in some cases the dominator of 
the snake eye had a hump around 600 m/t and that all dominators in the cat’s eye 
had this same hump. Despite this it proved impossible to obtain red modulators 
in the cat’s eye, although this eye is more like the human peripheral retina than 
any other eye used in my worL 

At that time Dr. Wright published in Nature (1943) a brief note repotting the 
results of an experiment in which he had tried to imitate the microelectrode 
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method by measunng the lummosity curve of a very small patch of hght. He 
also found a hump on the foveal luminosity curve in the red around 600 m/*. 
Figure 7 shows Wnght’s curve. The circles refer to my own measurements of 
the cat’s dommator. This parallelism between two independent measurements 
with very different techniques suggested that the dommator might be a composite 
curve, besides suggesting that the human and the fehne mechanism of colour 
reception cannot be fundamentally different. It therefore became imperative to 
develop a method by means of which it would be possible to split the dommator, 
if It could be split. Considering that about 36% of the isolated fibres in the 
light-adapted cat’s eye gave the dommator, a successful splitting of the dominator 
would minimize the statistical element of chance mvolved in the process of 
hunting for simpler units of colour reception. For the new experiments I used 
Dr. Wnght’s well-known colorimeter (1934), drawn and constructed for this work 
by Mr. G. C. Newton. 

The prmciple of the experiment is illustrated m figure 8. The animal is 



Figute'8 Daik adapted cat Latge ciicles=: average distribution of sensitivity of isolated fibres 
in tbe optic nerve. Small black circles ^^Lythgoe’s corrected curve for visual purple 
absorption from J Phynol. 89, 1937. Spectrum of equal quantum mtensity. As to 
signifi c an ce of diagram and sym^ls, see text. (Granit, y NeurophysioL 8,1945.) 

fully dark-adapted so that the highly sensitive visual purple completely dommates 
and gives the curve P. This is based on some 1320 readings, averaged into 179 
values, agam averaged to give the large circles around the curve. The small 
black points are Lythgoe’s corrected curve for visual purple absorption, which is a 
little too low in the violet, as shown by Schneider, Goodeve and Lythgoe (1939). 
A slight effect of the dolninator makes my curve a little too high in the yellow-red 
region. 

If the eye be adapted to red, blue or green hght the curve P is reduced to 
py proportionate ordinates at all wave-lengths, since P represents the homo¬ 
geneous substance visual purple. Hence 

PlP^h. .( 1 ) 

But if there are any other colour-sensitive substances (M), preformed or pro¬ 
duced by visual purple, curve P does not drop to p but to some other curve, U 
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(figure 8). The modulators M are given by the difference between U and p, as 
evident from the diagram, or 

M= U-p. .(2) 

In this case p is unknown, but the equation can be solved by giving it the 
form 


M=U-Pjk 


( 3 ) 


P IS obtained before^ U after^ selective adaptation, and k can be obtained 
from (1) by finding the spectral region in which selective adaptation has caused 
the largest drop of sensitivity, since in this region there was no other substance 
than visual purple left to resist light-adaptation This region will generally be 
found in the place where the letter p is inserted in the diagram (figure 8). All 
quantities of (3) are now known, and the argument can be tested by experiment. 

Equation (3) was solved in 34 expenments on the basis of some 4000 observ- 
tions collected in 601 points on [/-curves. Some 60% of the [/-senes referred 
to isolated fibres, the rest to restricted activity In 29% the equation came out 
zero ([/=p), and hence the microelectrode had struck a unit with pure visual 
purple receptors. In the rest of the senes complex curves were obtained. 



Figure 9 Average effects of selective adaptation of cat’s eye, as descnbed m text 0=red adapta¬ 
tion, 0=green adaptation, blue adaptation. Spectrum ot equal energy (Granit, 
J Neurophysiol 8, 1945 ) 

Coloured adaptation was used because it was hoped that, for instance, red 
adaptation would suppress red-sensitive elements and give elements sensitive 
to other colours a chance to appear. The eye was left in coloured light for some 
time, this light then instantaneously mterrupted, and a test light from the spec¬ 
trum flashed in, 3 sec. after interruption of the coloured adaptation. This time 
was chosen in order to give the off-effect time to disappear or to diminish in fre¬ 
quency, so as to make it possible to hear whether the test light caused a fresh 
discharge or not. When the test had been carried out, the adaptmg light was 
agam switched on for a while until the eye was ready for a new test wiA some 
other spectral wave-length. For adaptation the Ilford spectral filters red, green 
and blue were used in the main senes, A minor number of experiments were 
earned out with the yellow and violet filters 

For a general survey of the M-curves from equation (3), figure 9 should be 
studied. This does not show any individual modulators, but merely the general 
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effect of adaptation to red, green and blue light as gross averages of the Af-curves 
obtained. The maximum for each individual experiment has always been 
given the value 100, so that the curves give an idea of the chance for a given point 
to reach a certain magnitude. 

It is seen that blue adaptation gave the most uniform results, so that only 
curves with maximum in the red were obtained. Red adaptation actually sup¬ 
pressed red modulators, but green and blue modulators made themselves felt. 
The adaptation to green had a still less selective character. There were humps in 
both the red, green and blue regions of the spectrum. 

Let us now present the same results in a manner which is easier to follow. 
The individual modulators from the three preferential regions have been picked 
out and averaged, independently of the kind of coloured adaptation by which 
they have been obtained The results are shown in figure 10, in which, also, the 
dispersion is indicated (outer contours) The narrow red modulators were of 
two types with maxima respectively at 600 m/x (red) and 580 m/x (yellow), the 
former type being the more common Most green modulators overlapped and had 



Figure 10. Averaged mdi\idual modulators (cat) as obtained by selective adaptation* #=red' 
modulators, 0=green modulators, D=blue modulators Outer contours mdicate dis¬ 
persion, see text. Spectrum of equal energy (Granit,y Neurophyswl 8, 1945 ) 

maxima at 540 m/i, some at 520 m/i, and two of them were of the t 3 ?pe previously 
described as narrow visual purple curves. These may be lacking in pure cone 
^es. These modulators were the ones seen before in different t 3 rpes of retinae, 
analysed by the earlier “chance” method. The blue region could be better 
anatysed with Wright’s colorimeter. Most blue modulators had their maxima 
at 460 m/t (blue), one at 440 mju (violet). They were very narrow bands. Errors 
of measurement increase from the red to the blue end. On account of the 
steepness of the modulator curves the maxima are fairly well definable. 

The average modulators of figure 10 are too narrow to add up to a cat domi- 
nator. It is clear that impulses also must be delivered up the optic nerve by 
modulators with “ 1^ ” outside the averages. The dispersion gives some idea 
of the extension of the outer margm of each of the three groups of modulators. 
In figure 11 the extreme values obtained in these experiments are given. Together 
with the curves of figure 10, showing the dispersion, they should give some idea 
of the limit s permitted m synthesizing the dominator. 

In figure 12 is shown the synthesis of the cat’s dominator (Granit, 1943 c)> 
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from figure 7. The thick hue, drawn through the readmgs, is the sum of the 
red and green curves, Rand G. In the light of these experiments it seems per¬ 
missible to maintain that the dominator is a composite curve consisting of modu¬ 
lators. Nevertheless the dominator must be regarded as a biohgical unit. It 
caimot be neglected in theories of colour vision even though the modulators are 



Figure 11, Extreme values obtamed for cat modulators by selective adaptation, as descnbed m 
text. Equal-energy spectrum. (Gramt, J. NeuropkystoL 8,1945.) 

the tdtimate physiological units, the units of first order. It should be emphasized 
that modulators in the pure state were also obtained without coloured adaptation 
in some animals. 

Why have modulators never been found in the human eye with sensory 
methods ? The main reason would seem to be that the analytical unit-field 
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Figure 12. CSiicles=averagesof fourphotqpicdomiuatorsofcat. Curve Dm heavy lines == synthesis 
of this dominator by adding modulator areas G and R and plotting their sum m perc en 
of maximum Equal-energy spectrum (Granit, y. Neurophystol. 8, 1945 ) 

•contains too many elements, perhaps up to a hundred thousand nerve fibre s. 
I should also like to draw attention to the fact that the microelectrode techniqu e 
is a threshold measurement. Wright’s and Walters and Wright’s (1943) pro¬ 
mising results su^;est that experiments with small areas and low intensities, 
perhaps aided by selective adaptation, might open up new possibilities. Some- 
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thing might also be gained by studying the peripheral field of vision (see Walters 
and Wright 1943). 

In figure 13 I have synthesized the human photopic lummosily curve on the 
basis of the results obtained with the cat’s optic nerve. The daylight spectrum 
or cone spectrum of the human eye agrees very well with the dominator (D) of 
the electrophysiological experiment. The three preferential regions within 
which modulators are found are given by the R, G and B curves, forming the 
three fundamental sensation curves of the Young-Helmholtz trichromatic theory. 



Figure 13. Synthesis of human photopic luminosity curve (D), as determmed by Coblentz and' 
Emerson {BvJl Bur. Stand, Wash, no. 303,1917), on the basis of three fundamental sensation 
curves, R, G and B. The R-curve indicated to be the sum of two modulators My and Mr. 
Equal-energy spectrum. (Gzana,y. Neurophysiol 8,1945.) 

Their sum is the dominator. For the R-curve I have indicated the two modu¬ 
lators Mr and My. It would, no doubt, be possible to combine the modulators 
in a slightly different manner, for instance an R-curve with a hump at 600 m/*. 
But the last word on this question must remam with those who are experts on 
human colour psychophysics. It should be remembered that threshold measure¬ 
ments, such as are used in electrophysiological measurements, record the narrowest 
curve that can be obtained. It seems possible that the greater the level of intensity, 
the greater the width of the modulator curve. The retina, after all, is a complex 
nervous centre with mechanisms of facihtation. 

§6. COLOUR VISION 

It should be emphasized that the electroph 3 rsiological experiments have not 
provided any evidence for the existence of three fundamental response curves. 
From the physiological point of view, colour vision must be understood in terms 
of modulators and dominators. The three fundamental response curves must 
be regarded as approximations depicting the areas covered by the modulators- 
in the three preferential regions. But it is interesting to note that my schematic 
response curves agree fairly well with those obtained by Walters (1942) in experi- 
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ments developing Wright’s (1934) method of selective adaptation. Walters’ 
curves are shown in figure 14. 

Recent work by Pitt (1944) on the three response curves has not yet become 
available to me, but from a summary by Stiles (1944) I infer that Walters’ results 
have been confirmed by Pitt by a d^erent method Pitt’s curves extend further 
down into the blue part of the spectrum. 



Figure 14 Fundamental sensation curves determmed by Walters (Proc Roy. Soc B, 

131,1942) 

The fineness of hue discnmmation would seem to be well explained by the 
narrow modulator curves. Figure 15 is taken from the work of Wright and 
Pitt (1934). The ordmates show the shift m wave-length, necessary for dis¬ 
crimination of hue at adjacent wave-lengths, so that minima in the curve signify 
maxima of discrimination. In the region between 580 and 600 mjic, where the 
red and the yellow modulators intersect, one can distinguish wave-lengths sepa¬ 
rated by as litde as 1 m^n. From figure 13 it is clear that precisely in this region a 
slight shift pf wave-length suffices to redistribute the nerve fibre signals between 


Figure 15. 



Human hue discriimnation accordmg to Wright and Pitt {Proc Phys Soc 46, 1934) 


the red and the yellow modulator. The second optimum between 480 and 510 m^u. 
is found in a place where the blue and red modulators meet and intersect with 
the green ones. Rather remarkable is the third (less marked) optimum between 
450 and 440 m/x, which suggests, as did my experiments, that two blue modulators 
overlap m this region, the blue proper with maximum at 460 and the violet one 
with maximum at 440 mf*. 
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^7 THE NATURE OF WHITE AND COLOUR 
The existence of the dominator as a physiological unit makes it necessary 
to consider its sensoiy equivalent. It is well known that our sensations of light 
can be divided into two mam categories, brightness or luminosity and colour or 
hue. The luminosity curves of the human eye have several times been referred 
to. It is well known that corresponding to our two sense-organs in the retina, 
the rods and the cones, there are two luminosity curves, one for dark-adapted 
rods charged with visual purple, another for the light-adapted eye and cone vision 
These two standard curves are shown m figure 16. The daylight lummosity 
curve to the right we have identified electrophysiologically as the photopic 
dominator, the scotopic luminosity curve to the left as a replica of the visual 



Figure 16 The standard photopic and scotopic luminosity curves of the human eye 

purple absorption curve mmus losses of light of short wave-length in the ocular 
media. If the latter curve is corrected for this and plotted on a quantum basis, 
It will actually be identical with the curve for visual purple absorption. 

Figure 16 is introduced here merely in order to show that a shift of the maximum 
need not as such cause an impression of colour. Both curves are luminosity 
curves illustrating the distribution of brightness. From the physiological point 
of view it seems reasonable to suggest that optic nerve fibres representing wide 
spectral areas, such as those of figure 16, cannot cause any other impression 
than that of brightness or whiteness. For discnmination of wave-length, nature 
has developed a very different type of mechanism, consisting of narrow modulators 
in three preferential regions. 

According to this view the dominator represents brightness or whiteness. 
To put it differently, the fundamental visual equivalent to impulse frequency is a 
neutral white. Colour, if I may say so, is a kmd of “ local sign ”, carried by the 
modulators, which are certain receptors or groups of receptors connected to 
certam fibres so that from the retina up to the brain the same spatial pattern of 
organization is maintained. Inasmuch as the modulators contribute to impulse 
frequency they can also contribute to brightness. 

Galambos and Davis (1942) have recently applied the microelectrode tech¬ 
nique also to the acoustic nerve. There too it was found that the different 
acoustic frequency bands were represented by different fibres, rather narrow 
bands at that. In the ear too the perception of quality or pitch is something 
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related to space, just as m the eye. Loudness, however, is almost certainly a 
function of total impulse quantity, just as brightness in the eye Colour and 
pitch are determmed by some kind of local sign 

What makes the eye particularly mteresting is that the spectral distribution 
of brightness is also found to be represented by mdividual optic nerve fibres. 
In my opinion this must be regarded as evidence for the view tliat white has the 
character of a separate sensation. It has long been known that bnghtness and 
colour have main tam ed a certain amount of independence. This is particularly 
obvious in defective colour vision. Thus the deuteranope is a red-green blmd 
observer with a normal distnbution of luminosity I do not see how this can be 
explained by the trichromatic theory, accordmg to which white must be regarded 
as the sum of the red and green fundamental response curves with a minor con¬ 
tribution from the blue curve. If the red and green curves are lackmg, one must 
expect a grossly abnormal distribution of lummosity instead of the normal one 
found. This difficulty does not exist for the dommator-modulator concept 

The various forms of colour bhndness I regard as defects in the receptors 
or elsewhere in the paths representing the modulators But such defects would 
have to be of an extreme degree in order to be so complete as to remove the domi- 
nators, of which, apparently, there is a very great number, considering how easily 
they can be detected. 

There are, too, several forms of acquired colour bhndness. They are charac¬ 
terized by loss of perception of certain hues but not of bnghtness In certam 
forms of colour blindness, such as protanopy, there are minor shifts m the lumi¬ 
nosity curve. These can be explained by a minor redistribution of the aggregate 
modulators fomung the dominator. 

The distnbution of saturation in the spectrum is very charactenstic. The 
ends are saturated and at the same time dark, extreme red and extreme blue 
being examples of such dark and saturated colours. On the dominator-modulator 
concept this is explained by the fact that at the ends of the spectrum the dommator 
values are very low, so that the modulators m these regions are responsible for 
the greater part of the sensory experience. Again, in the yellow region the large 
contribution from the dominator makes the spectrum appear relatively white 
and the colour unsaturated. 


§8. CONCLUSION 

Let us now return to Thomas Young, in whose honour this lecture is bemg 
delivered. It is a characteristic of those whom we revere as classics of science 
that their ideas have been formulated with a curious insight into how nature might 
be expected to behave and so have preserved lasting creative power. What 
greater tribute could one scientist pay to another’s memory than to perform an 
experiment suggested by his ideas, 140 years after they have been formulated, 
and come to the conclusion that these ideas were fundamentally correct ? The 
mechanism of colour reception is organized by the peripheral visual apparatus, 
the number of colour-sensitive elements is relatively hnoited, and these elements 
represent widely different regions of the visible spectrum. Those were Young’s 
three fundamental assumptions. He was right even in assuming three main 
types of colour-receiving apparatus. These are the three preferential regions 
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within which modulators are found. The electrophysiological work may, indeed, 
be said to have confirmed the view he gave of the framework of a mechanism of 
colour reception. Its finished picture looks somewhat different, but the old 
framework was solid enough and shines through. 

It has been a great pleasure for me to have had this opportunity of speaking 
to this distinguished audience in honour of Thomas Young His original theme 
was the same as mine, in the sense that he described a peripheral mechanism of 
wave-length reception in terms of the properties of nerve fibres Colour vision 
IS a much wider subject, and there are several in this Society who know much more 
about It than I do My theoretical attempts to translate the electrophysiological 
results into the language of colour psychophysics are legitimate, and I believe 
them to be correct, but further experience may nevertheless necessitate modi¬ 
fications, I can only hope that I shall not have to make these experiences myself, 
but that somebody else will try his hand at the optic nerve. I also feel just 
now that it would be interesting to see for a while what photochemistry and colout 
psychophysics could do for this field before any further labour is invested in 
electrophysiological work. For the invitation to present the results of this work 
to the Physical Society I wish to express my sincerest thanks. 
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THE GEOPHYSICAL ASPECT OF COSMIC RAYS 

By ARTURO DUPERIER 
London : formerly Umversity of Madrid 

Twenty-mnth Guthne Lecture, dekvered s ^idy 1945 

§1. INTRODUCTION 

I N my student days I intended, like your founder, to become a chemist Later, 
however, physics attracted me in consequence of my interest in thermo¬ 
dynamics, whereby I became acquainted with Professor Guthne’s important 
discovery of cryohydrates. I could hardly have imagined that the future would 
hold for me the honour of delivering one of the lectures instituted by this dis¬ 
tinguished Society m his memory This invitation by your Officers and Council 
IS another proof of the kindness shown to me by this country, whose generosity 
has enabled me to carry on my scientific work 

On the suggestion of Professor P M. S. Blackett, I undertook in 1939 the 
study of the vanations of cosmic-ray mtensity with time. All work carried out 
in recent years has shown increasingly the close relation of this study with that 
of terrestrial magnetism and with the physics of the atmosphere In presenting 
to you some of the results I have obtained, I shall try to give you an outline of the 
present state of our knowledge of this geophysical aspect of cosmic rays. 

§2 THE TEMPERATURE EFFECT OF COSMIC RAYS 
In the last decade or so cosimc rays have been recorded in various parts of 
the world. The early records, obtained by using ionization chambers, showed 
an annual variation of the mtensity of cosmic rays inverse to that of the temperature 
near the ground. 

It is well known that Blackett (1938) attempted to relate this temperature 
effect with the mstability of the mesons, which form the main part of the pene¬ 
trating component, and that in this way he explained the decrease of cosmic- 
ray mtensity m warm weather as bemg due to the greater distance which the 
mesons have to travel to reach sea-level owing to the greater height of the pressure- 
level at which they originate. As Blackett pointed out, to test this theory the 
observed intensity changes would have to be correlated with the mean tem¬ 
perature of the free atmosphere rather than with the temperature near the ground, 
as had been done until then. 

Dupencr (1941), using various pubhshed cosmic-ray records with the upper- 
air temperature data for Europe compiled by Wagner and those for the United 
States compiled by Lennahan, found that the seasonal cosmic-ray vanations are 
related more closely to the average spatial temperature of the atmosphere up 
to 16 km. than to the temperature near the ground. In particular, it was shown 
that the lag in the warming of the atmosphere m spnng is paralleled by a lag 
in the diminution of intensity of cosmic rays. But though this was the only way 
of treating the data then avdlable, it was dear that such a correlation had but 
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slight physical significance, particularly as the observations of atmonhjnc 
temperature referred to different intervals of space and time from those of c umic- 
rays. 

At about the same time, Beardsley (1940) correlated the cosmic-ray intensity 
at Cheltenham (U.S.A.) and the upper-air temperatures as obtained by radio¬ 
sonde balloons released dunng the period covered by the observations. He 
found that up to 10 km. the correlations were not appreciably different from 
those based on ground temperature, but that above this altitude the correlation 
becomes less close as the height increases, and even changes sign. This would 
mean that the temperature averaged over a height of 15 km would be less closely 
correlated with cosmic-ray intensity 

Later, Hess and Benedetto (1941) and Benedetto, Altmann and Hes^ (1942) 
made a similar mvestigation using the data obtained with a cosmic-ray dual 
telescope and upper-air temperatures which were observed during the same 
period They first correlated cosmic-ray intensity at ground level with tempera¬ 
ture values at different levels from the surface up to 12 km , and found that the 
correlation decreased as the height increased Because of this result, th ly were 
led to a new method of taking mean temperatures Instead of the ordinary 
method of integrating the temperature v. height curve and dividing by height, 
they adopted the method of integrating the temperature v. pressure curve and 
dividing by pressure. To the temperature thus defined they gave the name of 
mass temperature Then they correlated the mean daily cosmic-ray intensity 
with the mean mass temperature for increasing fractions of the atmosphere, 
and found that this correlation increases, though only very slightly, as the fraction 
of the atmosphere becomes greater . from r= —0 71 for 0-2 to r= —0-75 for 0-8 
of the atmosphere. 

Clearly, from these results it would not be possible to say whether the so-called 
temperature effect of cosmic rays is controlled by the mean temperature of the 
atmosphere up to a certain level rather than by the temperature near the ground, 
however the temperature be defined. 

But the lack of success in proving the predominant mfluence of the atmospheric 
temperature was perhaps not surpnsmg. As a result of the instability of the 
meson, it is the change in height of the pressure-level at which mesons are formed 
which gives nse to the fluctuations of the penetrating cosmic rays at the ground, 
and, as the hypsometric formula shows, the height of any pressure-level depends 
not only on the temperature, but also on the vertical distribution of temperatures 
in the air underneath and on the pressure at sea-level. When, in order to find the 
correlation with temperature, the ground-level meson mtensities are first corrected 
for pressure by usmg, as is customary, the so-called barometric coefficient, the 
effect of the pressure change at sea-level on the height is removed, but there still 
remams the effect of distribution of temperatures to be added to the effect produced 
by change of mean temperature. Now, since the upper-air observations show 
that the differences in temperature distnbution from day to day are generally 
far from bemg negligible, it must be admitted that the simple correlation of daily 
cosmic-ray changes with mean temperatures cannot lead to convincing results. 

On account of this, I have (1944) adopted another method for the analysis of 
the cosmic-ray records which have been obtained in London in the last few years. 
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by making use of a battery of Geiger-Muller counters registering triple coinci¬ 
dences. 

Cosmic rays travelling through the atmosphere lose energy in several ways, 
the amount dependmg on the mass of air traversed. In addition, if we accept 
the principle of the instability of the meson, the penetrating rays are also 
subject to decay. We may thus establish that the variation of the cosmic-ray 
intensity at ground level is a function of, firstly, the variation of the mass of air 
(represented by the barograph reading), and, secondly, the change in height of 
the pressure-level at which mesons are generated, assuming that there is only 
one meson-generatmg layer. Now should this be correct, there must clearly be 
a correlation between the variations m intensity of cosmic rays and those in height 
of this pressure-level. But as we do not know where mesons originate we have 
to put to the test a few pressure-levels for which meteorological information is 
available. 

For the computation the hourly numbers of cosmic rays and the hourly 
barograph readings were averaged in groups of 24 hours. Of these daily mean 
data, those corresponding to periods of great geomagnetic disturbance were 
discarded as well as those correspondmg to days on which the sounding balloon 
at the meteorological station failed to reach an altitude of 16 km., so that the 
correlations of cosmic rays with the heights of different pressure-levels up to this 
limit will be entirely comparable. 

The following table gives the values of the partial* correlations for the pressure- 
levels which have been chosen. 


Table 1 


Pressure-level 

Partial 

correlation coefficient 

75 

mni Hg (16 1 km) 

-0 67 

113 

(13 5 ,.) 

-0 54 

188 

.. (10 3 „ ) 

-0 32 

375 

„ (5-5 ) 

-0 30 


The gradual increase of the correlation with height shown by the table 
proves that it is not the temperature near the ground, or at least that this is not the 
only factor, which is responsible for the temperature effect of cosmic rays, smce 
the influence of this temperature on the height of a certain pressure-level decreases 
with the mean height of this pressure-level. On Ae other hand, the significance 
of the value —0*67 for the correlation between cosmic rays at a constant pressure 
and the heights of the 7S-mm. pressure-level can be taken as confirming the view 
that a part of the variation of the intensity of the cosmic radiation at ground-level 
may be explained by spontaneous disintegration of mesons m the atmosphere. 

In order to check these results by means of other experiments, we may assume 
that mesons origmate at this pressure and write the regression equation 

where C^B and H are the number of cosmic rays, barograph readings and heights 
xespectively, and subscnpt m refers" to mean values. Clearly represents the 
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true absorption coefficient in air, and ft' the mean rate of decay of mesons. By 
solving this equation in the usual manner, we find (Dupener, 1944) for the first 
coefficient ft=2-28% per cm. Hg, a value which is practically the same as the 
value that can be deduced from the measurements by Ehmert (1937) of the 
absorption curve m water. 

For the mean rate of decay of mesons we obtain fi' = S-4r% per km. This 
coefficient is the reaprocal of the so-called mean range of mesons before disin¬ 
tegration, and is related to the lifetime of mesons when at rest, to, by the very 

1 cM 

well known equation ft =-= = -=r-, where M is the rest mass and E the energy 

Jb Jbr^ 

of the mesons. If we assume that the mesons with which we are concerned have 
a mean energy of 3 x 10® ev., and take M equal to 200 times the mass of an electron, 
we have tq=2 1 x 10 “® sec., which is of the same order of magnitude as the values 
found m other modem expenments, which generally vary between 2 and 
3 X 10“® sec. 

These results suggest the possibility of applying the cosmic-ray records at 
the ground to foretell the daily mean height of the 75-mm. pressure-level 
and thence, by means of the hypsometnc formula, the mean temperature of the 
air up to about 16 km. The calculation of the height would be made as follows. 



Daily Mean Heiems or the 7 5 cm He PeessuRe- level 
January I” - February 16'^ 1345. 

Figuie 1. 


We should first reduce the daily average cosmic-ray intensity to a constant pressure 
by making use of the true absorption coefficient. Then the percentage departures 
of these averages from the mean value divided by the mean rate of decay of the 
mesons would give the fluctuations in height of the pressure-level. 

Figure 1 enables us to compare the heights as calculated in this manner with 
the actual heights as observed with sounding balloons for the period 1 January to 
16 February 1945. The computation of the above coefficients had been made 
long before. The open double circles indicate the days on which a geomagnetic 
disturbance was recorded at Abinger. As the diagram shows, the correspondence 
between the two curves is, on the whole, striking, but on days of magnetic activity, 
and on the immediately preceding or following days, the discrepancies are both 
considerable and irregular. We should therefore run the risk of making a grave 
error in trymg to foretell the mean temperature of the atmosphere overhead 
from the vanations of cosmic-ray intensity at the ground. 




468 Arturo Duperier 

However, as we shall see later, there is now some evidence that these cosmic- 
ray disturbances at periods of magnetic activity are of a \vorld-wide character, 
having probably the same value at points on the same geomagnetic latitude. 
If this IS so, the difference between the cosmic-ray intensities at two stations in a 
narrow zone of latitude, by eliminating the superimposed disturbance, would 
give a measure of the difference m temperature of the atmospheres over the 
two stations. Clearly, if the temperature of the atmosphere at a certain place 
was known by observation, it would be possible to determine the temperature 
of the atmosphere at all points in a narrow zone of latitude within which cosmic- 
ray records were being made For this, it would, of course, be necessary for all 
the recorders to be sufficiently stable to give consistent results. 

§3. DIURNAL VARIATION 

Besides the annual variation m cosmic rays which results from the effect of 
the thermal expansion and contraction of the atmosphere on the number of 
mesons reaching ground level, records show an appreciable change in cosmic 
radiation with the time of day. This solar diurnal variation in intensity has been 
measured by many observers, generally by using lead-shielded ionization chambers, 
and the results agreed in giving a maximum intensity around noon with an ampli¬ 
tude of about 0-2%. It has been also found, in particular by Thompson (1933) 
from the extensive measurements made by Compton and Turner during a year 
on the Pacific Ocean between latitudes 50® N. and 40® S , that both the amplitude 
and phase are independent of the latitude 

The fact that the maximum intensity has always been found to occur at 
about midday proved, without doubt, that the temperature effect cannot be 
responsible The change in height of the meson-producing layer due to the 
daily variation in temperature, if appreciable, would give rise to exactly the oppo¬ 
site fluctuation Hess (1936) pointed out the possibility of the existence of a 
component of cosmic radiation coming directly from the sun. Later Vallarta 
and Godart (1939) gave a theory based on the effect on primary cosmic rays of a 
magnetic field at the surface of the sun of the required magnitude to prevent 
cosmic-ray particles of less than 2x10^ ev energy from reaching the earth. 
By assuming that the positively charged particles of the incoming radiation were 
in greater number than the negative ones, these workers found a diurnal variation 
at latitudes higher than40® vrith the maximum occurring duringthe early afternoon, 
in agreement with the observed curve If the ratio of positive to negative particles 
is taken as |, the amplitude also agrees with the measurements For latitudes 
loiver than 40®, Vallarta and Godart found that the effect of the sun’s magnetic 
field became negligible More recently, JAnossy and Lockett (1941), after 
analysing^the effect on primary cosmic rays of different hypothetical heliomagnetic 
fields, came to a similar conclusion—that the diurnal variation at 45® latitude can 
be accounted for by assuming a magnetic field at the surface of the sun They 
found also that the amplitude of the diurnal variation must be least in autumn and 
spring and greatest in summer and winter. 

When the harmonic analysis of the observed curves is made, however, the 
results of different investigators are not always in agreement. It is found that 
there is a significant 24-hour wave with an amplitude of about 0 2%, which is 
approximately the same in all cases, though the time of the maximum can vary 
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by as much as eight hours from one station to another. In the same way, 
the possible existence of a 12-hour wave with an amplitude of about 30% that 
of the first harmonic is not excluded by some investigators. Forbush (1937) 
thought that the variations of the 24-hour wave might be due to variations in 
gamma radiation with locality. According to him, Wait has obtained results 
indicating the possibility of a daily change of ionization in the air due to gamma 
radiation, with a maximum at about noon. In passing through the 12-cm. lead 
shield the gamma rays would produce ionization inside the chamber which would 
give rise to an additional wave having an amplitude one-third that observed in 
cosmic rays. 

I should like now to present the results, not yet published, that I have obtained 
at the Impenal College concerning the diurnal variation of cosmic-ray intensity 
by using the data for the period May 1941 to April 1944. The data for days 
of great geomagnetic activity have been discarded. Figure 2 shows the average 
hourly numbers of threefold coincidences, or cosmic-ray particles, as percentages 



DtURNAL VaBIATIONS OF COSMtC”BAY liiTENSITY AND 

Atmosfhe/nc Pb£ssub£ at London 

Fijifuir 2 


of the mean. As the total number of coincidences recorded for each hour of 
the days within three years amounts to about 24 millions, the statistical fluctuation 
has the very small value of 0 02% The box which contains the set of Geiger- 
Muller counters is kept at constant temperature by thermostatic control. The 
electric clock of the recorder has been compared with a chronometer at intervals 
of a few days over a period of several months, and no systematic difference between 
day-time and night-time has been found. The variation shown by the diagram 
can therefore be considered as physically real. Figure 2 also illustrates the 
average daily variation of pressure in mm. Hg obtained from my hourly readings 
during the same days of the three-year period. 

The harmonic analysis of both curves gives, for the 24-hour wave, 

Cosmic rays 0 25 (<-17 3) % , Pressure 0 14 cos?^ (<- 4-0) mm., 

where < is the solar time m hours. 

Owmg to the additive property of harmonic coefficients, to correct for air 
mass absorption we subtract from the vector representmg the observed 24-hour 
wave m cosmic-ray mtensity that corresponding to the same harmonic in pressure 
after multiplymg the latter by the absorption coefficient - 0 23 % per mm. But 
there still remains another correction to be made for pressure. We have to 
remove the effect on cosmic-ray mtensity at ground-level of the change in height 
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■of the meson-producing layer which is in phase with the barometric variation. 
If we assume that the relative pressure change, hp\p^ at the height of 16 km is 
the same as that at the ground, the amplitude of the Vertical motion of the layer 
would be only 15m, and the cosmic-ray intensity at ground-level would change 
by less than 0-01%. If, as is believed, the 24-hour variation of the barometer, 
which has its minimum at 4 p.m., is mainly the result of lateral flow of air from 
warmer towards cooler regions of the atmosphere, there is no reason to expect 
greater relative pressure change at 16 km. than at the ground. Quite probably, 
therefore, the 24-hour wave m cosmic-ray intensity after correcting completely 

for pressure would be 0-22 cos — 7 ^ (f—17 3)% 

With regard to the effect of daily temperature change, the examination of 
upper-air data obtained m England in the last few years by sending up sounding 
balloons every six hours shows that the'height of the 75-mm. pressure-level is, 
on the average, appreciably greater at noon than at other hours This is to be 
expected, smce it is known that the temperature of the lower stratosphere is mainly 
controlled by radiation from the earth. We must clearly have a 24-hour wave 
due to temperature with the minimum at about noon in the observed variation of 
cosmic-ray mtensity. I am not m a position to-day to give you the exact average 
value of the amplitude of this wave, but it seems to be of the order of 0T“,', or 
rather less. It is easy to see that after correcting for this temperature effect, 
the maximum of the final 24-hour wave m cosmic-ray intensity will occur earlier 
m the afternoon and be greater than the observed maximum 

In order to determine the influence of the position of the earth in its orbit, 
the data have been averaged for the four-monthly seasons, December solstice, 
June solstice. Equinoxes. Table 2 contains the results obtained for the 
amplitudes and times of maximum of the 24-hour wave corrected for pressure. 

Table 2 24-hour wave m cosmic-ray intensity corrected for pressure 



Amplitude 

Time of maximum 



h 

Dec. solstice 

0 22 

15 9 

Equinoxes 

0 18 

16*7 

June solstice 

0 32 

18 5 


As the table shows, the time of the maximum is gradually delayed as we pass 
rom cooler to warmer months and the effect of temperature becomes greater. 
Had this effect been eliminated, it is quite probable that the time of the maximum 
would have been the same and would have been nearer to noon for the 
three seasons, in keepmg with the theoretical resultof Vallarta and Godart. Another 
mteresting feature is that the amplitude at the solstices is greater than at the 
equmoxes, in quahtaUve agreement with the calculations of Jdnossy and Lockett, 
already quoted. 

As, moreover, the gamma radiation is not effective m produemg comcidences 
in my apparatus, these results for the 24-hour wave, after correction for meteoro¬ 
logical mfluences, may be taken as supporting the view that one part of the diurnal 
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vanation of cosmic-ray intensity is due to the effect on. the primary particles of a 
magnetic field at the surface of the sun. The possibihty, however, of explaining 
the 24-hour wave in' cosmic-ray intensity as an effect of the earth’s magnetic field, 
as suggested by Gunn (1932), cannot be excluded. 

The harmonic analysis of the triennial curve reveals the existence also of a 
physically significant 12-hour wave. This wave is given below, together 
wiili the semi-diumal barometric oscillation from my barograph readings. 

Cosmic rays 0 18 cos {t—\S'2)% ; 

Pressure 0 22 cos (r—10'2)mm. 

As we see, they are within one hour of being opposite m phase. 

As before, to remove from the cosmic-ray wave the total effect of pressure we 
should have to know the amplitude of the vertical motion of the meson-producing 
layer, which is in phase with the barometric oscillation. If it is assumed that the 
relative pressure change at the 16 km level is the same as at the ground, that 
amplitude would not be greater than 2-5 m., but if we take into account that the 
solar semi-diurnal oscillation of the atmosphere is partly tidal in character, 
then the vertical displacement with which we are concerned might prove to be 
greater. 

I may perhaps remind you that this oscillation, which appears all over the 
world with a contant phase and a regular variation of amplitude with latitude, 
seems to be exated tidally and thermally by the sun. Its large magnitude is 
considered to be due, as Kelvin suggested, to magnification by resonance, the 
atmosphere having a natural mode of free oscillation of period very near 12 solar 
hours, as shown by Pekeris (1937), when a certain vertical distnbution of air 
temperature is assumed. 

In developing this theory, Pekens finds that the vertical motion of air particles 
due to the solar barometric oscillation is in phase at all levels with the change 
of pressure at the ground Later on, he calculated the magnitude of the vertical 
displacement of an air particle m the ionosphere at the equator (see Appleton and 
Weekes, 1939) and found that at 125 km. it should be of the order of 1 -45 km. 
The equivalent displacement for an air particle in the ionosphere over London 
should be, takmg mto account the variation m barometric oscillation with latitude, 
323 m. 

Expenmental evidence on the possible magnitude of the increase of the vertical 
motion of air particles with height is provided by the results of Appleton and 
Weekes (1939) relating to variation with time of the equivalent height of the 
Kennelly-Heaviside layer. They found a lunar tide in this layer which is in 
phase with the lunar barometric oscillation at the ground, as found first by Chap¬ 
man, and 7000 times greater, the amplitude of the tide in the Kennelly-Heaviside 
layer bemg of the order of 1 km. 

It seems reasonable therefore to attribute to the layer at 16 km. a vertical 
displacement of amphtude greater than 2*5 m. In order to form an idea of the 
effect of a greater motion of this layer on the cosmic-ray intensity at the ground, 
let us assign to it an amplitude of only 22 m. in contrast to the 323 m. found by 
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Pekens for the ionosphere. Then, by applying our value for the rate of decay 
of mesons, and allowing for the air mass absorption, we should find that the semi¬ 
diurnal variation of cosmic-ray intensity would be entirely accounted for by the 
motion of the meson-producing layer due to the barometric oscillation. Assuming 
this is so, if the 12-hour wave in cosmic rays were merely an effect of the 12-hour 
wave in atmospheric pressure, we should expect the seasonal changes of the 
two semi-diurnal variations to follow each other closely. Now this is in fact 
what my results reveal Table 3 enables us to compare the amplitudes and 
times of second maximum of both waves for the solstices and the equinoxes. 


Table 3 



Amplitude 

Time of second max 


P 

CR 

P 

CR 


mm 

% 

h 

h 

Solstices 

0 21 

0 16 

10 2 

15 4 

Equinoxes 

0 25 

0-22 

10 1 

14 7 


As the table shows, the amplitudes, within the limits of accuracy of the observa¬ 
tions, are closely correlated and the phases remain constant. 

It may be that mesons are generated at a greater height than 16 km , as sug¬ 
gested by the results of the experiments of Schein, Jesse and Wollan (1941), 
If this is so. It would be an additional reason for concluding that the semi-diurnal 
variation of cosmic-ray mtensity at ground-level can represent the barometric 
oscillation in the region of the atmosphere where mesons are formed In this 
connexion it would be interesting to see whether the moon has an appreciable 
influence on cosmic rays 

As the barometric oscillation is greater at lower latitudes, we must c,xpect the 
magnitude of the semi-diurnal change of cosmic radiation to vary in the same 
direction, though the longer lifetime of mesons as we approach the equator tends 
to offset the effect. 

Unfortunately I cannot compare my results with those of other workers, 
smee It has been the practice to analyse the data after correcting them for pressure 
by using the so-called barometnc coefficient. 

§4 WORLD-WIDE CHANGES 

In the last decade many investigators have reported certam effects on cosmic- 
ray intensity durmg great magnetic storms. The most notable of these effects 
is a decrease of a few per cent m the cosmic-ray mtensity which is concomitant 
with a decrease in the horizontal component of the earth’s magnetic field. 

The magnetic storm of 1 March 1942 provides a most remarkable example 
on account of the exceptional magnitude of the decrease and other features of 
the storm effect on cosnuc rays. At that time cosmic-ray recorders were in 
operation m various widely separated parts of the world, and a comparison of the 
results obtamed reveals the world-wide character of the phenomenon. Figure 3 
illustrates the changes of the bi-hourly mean number of cosmic ra 3 r 8 expressed 
in percentages of the pre-storm value, as observed m London. The data, reduced 
to constant atmospheric pressure, were obtamed with the comcidence arrangement 
mentioned previously. The diagram indicates that the regular decrease began 
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shortly before the onset of the magnetic storm, and reached the unusually high 
value of about 11% After the first rapid recovery of about half the initial drop, 
which nearly coincided with the end of the storm, after midnight, the recovery 
was very slow, probably owing to the various geomagnetic disturbances which 



This diagram differs irom that published at the time (1942) in that bi-hourly means ate used 
now to facilitate comparison with the diagrams published later 

took place during the following days. Other leaturcs worth noticing are the 
mcrease on 28 February and the much greater one on 7 March. Increases as 
large as that of 7 March seem to be quite exceptional. 

Figure 4 shows the diagram, as given m a note by Lange and Forbush (1942), 
of bi-hourly changes in cosmic-ray intensity at Godhavn (Greenland) m geo¬ 
magnetic latitude 80° N., Cheltenham (Maryland) in geomagnetic latitude 50" N , 
and Huancayo (Peru) m geomagnetic latitude 0-6° S. dunng the same magnetic 
storm. At each of these three stations the data were obtained with Compton- 
Bennett meters protected by a 10-cm. lead shield. [In the same note, another 
diagram is given representmg the bi-hourly changes, during the same storm, at 
Christchurch (New Zealand), and this reveals precisely the same features.] 
The very striking similanty of the simultaneous changes in cosmic-ray intensity 
at the three stations and London proves the world-wide character of the pheno¬ 
menon beyond doubt. Apart from the smaller value of the increase on 28 
February m London, the only outstanding discrepancy is the non-occurrence 
at Huancayo of any of the mcreases on 28 February and 7 March, which took 
place simultaneously at all the other stations. This particular result seems to 
suggest that the new particles responsible for both increases were unable to reach 
the magnetic equator, and, therefore, their energy was within the energy range 
which IS sensitive to the magnetic field of the earth Instead, the magnitude of 
the drop, within the himts of accuracy of bi-hourly means, is roughly the same 
at all stations, though owing to the fact that the altitude of Huancayo is 3350 metres 
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and that of the other stations is less than 100 it is not possible to say whether any 
variation of the drop with latitude exists. 

The solar phenomena which preceded the onset of this storm were in some 
respects exceptional. As reported by Newton (1942), a great sunspot crossed 



Figure 4. 


the solar disk between 22 February and 7 March. The inayimiim area of the 
spot 2000 milhonths of the sun’s hemisphere. A very extensive and brilliant 
eruption was observed over the umbra of the great sunspot nineteen and a half 
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hours before the begmiung of the storm. This eruption appears to liavc been ot 
exceptionally long duration. 

Judging, however, from the magnitude of the range in the horizontal magnetic 
force, H, of 512y, the magnetic storm was not as mtense as some others which 
have been accompanied by a much less violent disturbance in cosmic-ray intensity. 
To give an example, the range in H of the great magnetic storm of 4 July 1941 
was, from the Abinger traces, about twice the range of the storm of 1 March 1942. 
Nevertheless, no appreciable effect on cosmic-ray intensity was shown by the 
records obtained m London for the 40-hour period following the abrupt com¬ 
mencement of the storm at 3^ 42“^ a.m. of 4 July. Only at the end of this penod, 
when the storm was over, did a decrease begin, and even then it was very small 
(less than 3%). But as another, though moderate, storm occurred a few hours 
later, on 6 July, it is possible that this small decrease was associated with the 
second disturbance rather than with the first one, and if so, the conclusion would 
be that the great storm of 4 July had no effect on cosmic radiation. Forbush 
(1938) has reported the case of the magnetic storm of 21 August 1937, during 
which no effect was detectable in the cosmic-ray records of Cheltenham (U. S.A.), 
Teoloyucan (Mexico) or Huancayo (Peru) However, all observers agree that 
the ratio of the relative change in cosmic-ray intensity to that of the horizontal 
component, while being always positive, differs in different storms. 



When smaller changes in cosmic-ray intensity which cannot be explained as 
being due to meteorological influences are considered, the observations made in 
London show that they are also more or or less closely associated with variations 
of the geomagnetic field These fluctuations generally occur simultaneously 
with, or within a short time of, the fluctuations in the magnetic field of the earth, 
but as in the case of magnetic storms, the two variations may be of quite different 
magmtudes. The magmtude of the changes in the daily means of cosmic-ray 
intensity associated with these minor geomagnetic disturbances only rarely 
proves to be greater than 2% of the mean value.. In this regard, however, a 
decrease of a very exceptional order of magmtude was observed in London 
on 27 March 1945. Figure 5 shows, in percentages of the mean value, the 
hourly change of cosmic-ray intensity, reduced to constant pressure, for a period 
of a few days around 27 March 1945. Within'the limits of accuracy of hourly 
observations, the decrease of about 8% indicated by the diagram, which was not 
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associated with a magnetic stonn, is, as far as I know, unprecedented in all records 
of cosmic rays. According to information given by the Royal Observatory, 
nothing abnormal was observed either in the magnetic activity or in the solar 
phenomena dunng that period, although a comparatively slight magnetic dis¬ 
turbance was recorded at Abinger, dhiefly on the day preceding that of the decrease 
an cosmic-ray mtensity A sunspot, but only of the moderate area of 750 millionth 
of the sun’s hemisphere, crossed the central meridian on the 27th after midnight. 
The complexity of these phenomena is evident 

These fluctuations in cosmic-ray intensity associated with magnetic or solar 
activity should be considered as taking place simultaneously all over the world. 
Striking evidence that the world-wide character of vanations in cosmic radiation 
IS not confined to periods of great magnetic storms has been given by Forbush 
'(1939). He made the analysis of the data obtained at five widely separated stati ons 
and found that after elimmatmg a seasonal wave of a 12-monthly period which 
appeared at each of the stations e.xcept at Huancayo, there existed a very close 
correspondence between the remaining curves for all stations 

In addition, we have the finding, first reported by Hess and Graziadei (1936), 
of a 27-day periodicity in cosmic-ray intensity associated with the mean period 
of the sun’s rotation relative to the earth. These results, therefore, can be taken 
as giving strong evidence that all appreciable changes at ground-level m cosmic 
radiation other than meteorological are of a world-wide character. 

To account for these world-wide variations, some investigators, following 
Chapman (1937), think they may result from the formation or fundamental 
alteration of a system of westward currents concentric with the earth flowing in 
the high ionosphere or in the outer space, due to the emission of electric particles 
from the sun at the time of a geomagnetic disturbance I'he magnetic field of 
this current-system superimposed on the earth’s dipole would give rise to a 
■decrease of the magnetic force in the regions inside and to an increase outside the 
current Then the number of incoming particles reaching the earth might be 
reduced, according to the theory of Lemaitre and Vallarta, and the main phase of 
the phenomenon, particularly in the case of magnetic storms, would be explained. 

If by means of this theory it is possible to account for the diversity of phenomena 
■observed, we shall have to wait, as Forbush has pomted out, until the difficult 
problem of determining the paths of cosmic-ray particles in the field of the earth’s 
■dipole and the system of westward currents has been solved- 

There is no doubt that the relation between cosmic rays and magnetic activity 
presents a very complicated problem. But I am convinced we shall not be dis¬ 
couraged by the difficulties involved in its solution. For when we have solved 
them we shall know more not only about cosmic rays, but also about the complex 
phenomena of geomagnetism 
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THE thermal expansion OF GRAPHITE 
FROM 15° c. TO 800° c.: PART 1. EXPERIMENTAL 
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ABSTRACT The variation with temperature of the a and c unit-ccII dimensions of 
hexagonal Ceylon graphite has been measured over the temperature lange 15''-800'' c. hy 
the x-ray powder method At 14° 6 c , 

a=2 4S62±0 0001 kx «=-6 6943 ±0 0007 kx 
The carbon-carbon bond length, 

C-C=l-4210^0 0001 A. 

The a dimension shows a slight contraction up to about 400° c., a small expansion 
occurring above this temperature The thermal expansion in the c direction is large ; 
the. average value for a over the temperature range is 28 3 X 10~* The complex nature 
of the expansion m both directions is discussed quahtatively. 


§1. INTRODUCTION 


A STUDY of the thermal expansion of graphite is of interest for two mam 
aA reasons. The first is the need for extending our knowledge of the 
X JL solid state m the field of anisotropic crystals ; the second is the importance 
of precise mformation concerning the effect of heat on elementary carbon in con¬ 
nection with the technological processes of carbonization and coking. The 
x-ray method is the only suitable one for an investigation of this character. Other 
methods, the results of which are summarized in §2, are not able to do more than 
measure the mean linear expansion of the crystal. Such information is of little 
significance thermodynamically, the essence of the problem bemg the amsotropy 
of the structure. The work reported here shows how valuable a tool x-ray 
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diffraction methods can be in measuring the effect of temperature on such 
structures 

§2 PREVIOUS WORK 

Previous X-ray work comparable to ours has been earned out by Backhurst 
(1923) in the course of an mvestigation of the Variation m mtensity of x-ray 
reflections with temperature. He measured with the lomsation spectrometer 
and molybdenum radiation the shift of the 0004 reflection (called by him 0001) 
on heating from 17° to 870° c. In this way an average value over this range 
of 26 7 X 10~® was denved for «!,, the coefficient of linear expansion in the c 
direction.* This value is somewhat lower than the average value of 28 3 x 10~* 
found by us He did not measure the coefficient in the a direction, a_L, but 
surmised that a contraction and not an expansion might occur. 

Hirata (1931) has investigated the behaviour of carbon in an incandescent 
arc at a temperature of about 4000° c. Even at this temperature, no measurable 
expansion m the a direction occurred, but by observmg the shift of the 0002 
reflection (with copper radiation) he denved these average values for an over 
this large temperature range * 

an = 39 1 X 10“* assuming a temperature of 4200° c. by measurements of 
surface brightness. 

ay =45 1 x 10“® assummg an average temperature of 3700° c 

The thermal expansion of graphite has also been measured by various other 
methods, and the following values have been recorded . 



Expansion coefficient 

Temperaiuie ( c) 

Fizeau (1869) 

7 86,'10-« 

7 96''10-® 

40'' 

50" 

Muraoka (1881) 

3 8 ^ lO-* 

26" to 302" 

Day and Sosman (1912) 

0 55 sio-® 1-3 2 a0-»/ 

0*^ to 1800^ 

Hidnert and Sweeney (1927) 

2 7 vlO-® 

3 7 10-® 

20° to 600° 

Erfiing (1939) 

2 34n10-* 

6 695 - 10-® 

-195° to -183° 

H-20° to ■+■40° 

Dewai (1902) 

7 33 X 10“* (vol coeff) 

-190° to hl7" 


In no case was a smgle crystal of graphite used. As the specimens probably 
consisted of aggregations of small graphite crystals variously oriented, the values 
can only refer to the mean coefficient of Imear expansion a. In a hexagonal crystal 

- 2 1 
a = + jail 

and, usmg our data, tt«8 x 10~® at 20° c.' Several of the values are much too 
low and probably refer to the expansion of the aggregated solid as a whole rather 
than to the expansion of the individual crystals. It is interesting that Fizeau, 

* The s>nibQls an and refer to the coefficients ot linear expansion parallel and perpendicular 
to tile hexagonal axis 
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who was the first to measure the thermal expansion of graphite in the course 
of his classical researches, was also responsible for the best value ol a. 

The work of Erfimg requires special comment. Employing an optical method, 
he attempted to measure aj^ by taking care to orient the crystals in the specimen. 
In spite of his precautions Erfling must have been measuring the mean coefficient 
of expansion His value of 6-695 x 1(H at 20® to 40° c. is probably a low value 
for a ; it is much too large to be a^, which we have found to be a small negative 
quantity over this range. 

§3. APPARATUS 

The camera used was the high-temperature 19 cm.-diameter powder-camera 
described by Wilson (1941). The camera angle for this instrument lias 
been carefully determined by Wilson and Lipson (1941). The use of this camera 
m the determination of accurate umt-cell dimensions had been previously mvesti- 
gated (Nelson and' Riley, 1945). The method of measuring the temperature 
of the specimen was essentially that of Wilson. We found, however, that the 
melting pomt of aluminium filmgs did not provide a satisfactory high-temperature 
calibration as the alumimum reacted with the silica capillary in which it was 
contamed Antimony (Hilger H.S.), with a melting pomt of 630°-5 c., was used 
m its place. It can be said that the error m temperature measurement did not 
exceed ± 1 ° c. at the highest temperature mvestigated and was certainly less than 
this at the lower temperatures. 

§4 PREPARATION OF THE SPECIMEN 

Some difficulty was encountered in obtaining a specimen of graphite which 
combined high punty with the ability to give the sharp diffraction lines necessary 
for accurate measurements. 

An examination of powder photographs of available graphites (“Kish”, 
Acheson, Mexican, Bavarian, Travancore, Ceylon) showed that tlie Ceylon 
specimen gave the sharpest lines, although the punty was not of the highest 
(4% ash). It was felt, however, that purification by the usual chemical treat¬ 
ments (boiling with NaOH, H 2 SO 4 or HF solution) was to be avoided because of 
the ease with which graphite forms complexes which show an appreciably altered 
c dimension. The Ceylon graphite was therefore chosen in spite of its low 
purity. 

After reduemg the material to pass a 300-mesh B.S.S. sieve, several gilj o a 
capillary tubes of bore approximately equal to 0-05 cm. and a wall of 

0-003 cm were filled. It was thought advisable to remove traces of adsorbed 
gases by heatmg to about 850° c. durmg the evacuation of the filled capillaries. 
However, as soon as even gentle heating was applied to them, the graphite powder 
was completely swept out, presumably by gases released during the heating. 
This made it necessary to heat the powdered^ graphite in bulk m a large-bore 
(1-5 cm.) continuously evacuated silica tube. Heatmg for 30 mmutes at approxi¬ 
mately 850° c. was found to be an ample treatment for completely removing 
the gas. Photographs of the graphite taken in an ordinary powder camera 
showed that the only extra lines discernible, besides those due to a amminf 
of the rhombohedral modification of graphite, were those of Fe 304 in the heat- 
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treated material and hydrated FeaOg m the untreated. It seems fairly certain, 
therefore, that the evolution of gas is connected with the reaction 

SFegOg+C-i-2Fe804+CO 

together with the evolution of water vapour. 

No trouble was encountered m evacuatmg, heatmg and sealing off the capil¬ 
laries after heat-treatment. The sealed-off capillary with the smallest bore and 
thinnest, most uniform wall thickness was selected for the exposures, which were 
made m order of descendmg temperature. Its bore, as measured by a rmcroscope 
ocular micrometer, was 0*048 cm. and the wall thickness 0*0025 cm. 

Subsequent precision measurements of both the a and c dimensions of the 
heat-treated and untreated graphites at room temperature were m excellent 
agreement. It would appear, therefore, that the impurities present (chiefly 
oxide of iron) have no influence on the measurements as they simply form a 
mixture with the graphite itself. 

§5. THE X-RAY PHOTOGRAPHS 

X-ray photographs were taken at the following temperatures : 14®*6, 150®, 
300°, 450°, 600°, 700°, 800° c. 

The temperature fluctuation during the exposure was greater the higher 
the temperature, but in no case did it exceed + 0° 5c. The photographs were 
taken vnth unfiltered manganese radiation with exposures of about 200 ma. hrs. 

The high-angle portions of the x-ray photographs are reproduced in figure 1. 
Even a qualitative comparison leads to some interesting conclusions. The 
MtO reflections (1120 and 2020) do not move with change of temperature, 
while the 0006 doublet moves towards the low-angle end of the film quite markedly 
vnth increasing temperature. It can also_be observed with the hkil reflections 
that as the I index increases (1122,1124,1015), the rate of line shift with tempera¬ 
ture also increases. The thermal expansion of the lattice is clearly anisotropic, 
the expansion occurring along the c axis. It should be noted that, at 15° c., 
the 553 doublet of FegOg is practically coincident with the 1124 line of graphite. 
Resolution is effected at higher temperatures due to the different thermal 
e:q>ansions. 

Another effect which is clearly visible concerns the relative mtensities of the 
diffraction lines. The relative intensity of_the 0006 reflections compared with the 
intensities of the hkiO reflections (1120,2020) shows a progressive diminution with 
temperature. This fading of the 0006 Ime is due to the large amphtude of thermal 
vibrations perpendicular to the layers, and obviously is m agreement with the 
pronounced anisotropy of thermal expansion. The 1015 reflection shows a 
similar effect because of the high I index. 

There are also nine extra lines due to the FegOg previously mentioned, although 
only one (553 doublet) can be seen in figure 1. The identity of this compound 
was established by comparison of the intetplanar spacmgs and intensities of the 
Imes observed with that of pure FegOg. To obtain the true cell dimensions, the 
calculated apparent length of the cubic unit cell was plotted agamst the extra- 
• cos^ 0 cos^ S 

poladon function —r—=• *4 —s~ for the four strongest lines on both the room 
Sin a a 



of FcaO^ 
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Figure 1 X-ray piiotographs of graphite at various temperatures. 
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temperature and 800® c. films The results are as follows : 

Tempeiature (“c.) a (kx.) 

15 8 378 

800 8 47S 

20 (pure FejO*, WyckofF and Crittenden 1925) 8 37±0-01 

Mean linear coefficient of thermal expansion, 14 7 \ 10~* (range 15° to 800“ c ) 


§6. MEASUREMENT OF UNIT-CELL DIMENSIONS AND DERIVATION 
OF EXPANSION COEFFICIENTS 

The best radiation to use (manganese) gives the 2020 oc-doublet at 0 = 80® 
to 81° and the 0006 a-doublet at 0P5i7O° at room temperature. These angles, 
and particularly the latter one, are not as high as is desirable in precision measure¬ 
ments, but It is impossible to effect any improvement in this case by change of 
x-ray wave-length. Hence, particular attention had to be paid to the extrapolation 
procedure adopted. 

Work described elsewhere (Nelson and Riley, 1945) has shown that a reliable 
Imear extrapolation is obtained down to 0«3O° if the unit cell dimension under 

CO 8®0 . cos®0 


consideration is plotted against' 


The apparent c dimensions given 


sin0 6 

by the 0004 (0 = 38°-9 at room temperature) and 0006 reflections were therefore 
plotted against this function. A linear extrapolation to/(0) = 0 gave the c value 
quoted for each temperature. As the extrapolation lies through only two points, 
the accuracy claimed is mainly dependent on the suitability of the function of 0 
used in the plot. We have assigned an error of about one part in 10,000 to the 
c values derived in this way. The 0004 lines were accompanied by a weak satellite 
line on all the films. This feature was shown to arise from a preferred orientation 
of the graphite crystals in the specimen. The effect of this on the accuracy of 
the determination of the c dimension has already been discussed (Nelson and 
Riley, 1945). 

In order to obtain the best value for the a dimensions at each temperature, 
the apparent a values derived from the following lines were plotted against 
COS®0 . CO8®0 


sm( 


2020 

1120ai, a2,j8. 

10i0a,j8. 


At room temperature, the 0 values for the 1010 a and ]8 lines were roughly 
29° 6 and 26° 6 respectively. We did not assign them much weight in the extra¬ 
polation, but they serve to confirm its general trend. The error assigned to any 
given a dimension is approximately one part m 25,000. The refraction cor¬ 
rection for a or c is negligble in comparison with the probable experimental 
error. 

The values derived for the c dimensions at the various temperatures are given 
in table 1. A plot of c against temperature gives a smooth curve deviating only 

33-a 
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slightly from Imeanty. An expression m t and was adopted to represent 
this curve, and the results were analyzed by the method of least squares. The 
best-fittmg relation was found to be 

c= 6-69154+180-70 x 10-«f+12-63 x 10-»t®.( 1 ) 

where t is expressed in “c. and c in kx. 


Table 1. c dimensions of graphite at various temperatures, in kx 


Temperature 

(“C) 

Observ^ed 

Calculated 

Difference 

(calc.-obs.) 

14 6 

6-6943 

6-6941, 

-1-2x10"* 

ISO 

6-7185 

6-7189, 

-44-3 

300 

6-7474 

6-74688 

-5-2 

450 

6-7752 

6-7754i 

+2-1 

600 

6-8046 

6-8045 1 

-0-9 

700 

6-8240 

6-82422 

+2-2 

800 

6-8443 

6-84418 

-1-2 


The values of c calculated from this equation are also given in the table. 
The deviations between the calculated and observed values are too large for 
equation (1) to be considered a satisfactory expression. The mean deviation is 
2-4 X 10~*, and c is therefore expressed with an average accuracy of only one part 
in 2800, whereas the observed values themselves are accurate to about one part 
in 10,000. That the assumption of a parabolic expression for c is not justified 
is confirmed by examining the variation with temperature of the expansion 
coefficient. Equation (1) leads to the following linear expression for the coefficient 
1 dc 

ail = - 

a, =27-00 X 10-«+3-OS x 10-»t .(2) 

The straight hne of equation (2) is compared with values of ocn derived directly 
from the experimental data in figure 2 . 



Figure 2 Companson ot observed o|| values -with the best linear r^resentation. 

These values of an were derived in the following way. From the values 
Cl, c^, Cj of the c dimension at neighbouring temperatures t^, 4 , two extreme 





The thermal expansion of graphite: I. Experimental 483 

values for ^ at the middle temperature were obtamed. The mean of these, 

1 Ac 

divided by was taken as the best value *ll “ “ • ^ temperature 

Owmg to the large values of At involved, this derivation of «ii cannot be very 
accurate and, in particular, it is impossible to judge its course at either end of the 
temperature range. 

It would appear from figure 2, however, that the temperature variation of ocn 
is of a complex form and is only approximately represented by a linear expression 
in t. A more exact representation is derived on theoretical grounds in Part II, 
The average value for an over the temperature range is 28’3 x 10-*. 

The measurements of the a dimension at the various temperatures showed 
that a shrinkage followed by an expansion occurred. In order to check this, 
the films were measured mdependently by each of us, and the best extrapolated a 
values are given in table 2. 

Table 2 


Temperature 

a dimensions m kx. 

Cc.) 

Measurement A 

Measurement B 

14*6 

2 45626 

2-45617 

ISO 

2 45575 

2-45564 

300 

2 45570 

2-45563 

450 

2 45577 

2-45571 

600 

2-45574 

2-45574 

700 

2-45607 

2-45602 

800 

2-45613 

2-45619 


It will be seen that the agreement between the two sets of measurements is 
good. Two further checks were carried out m order to confirm the general nature 
of the effect. 

(a) In measurement A the 6 values for 2020 ai at 15® and 300® c. are 80®*419 
and 80®-499 respectively. The difference is therefore 0®'080 which corresponds 
to a line shift of 0'27 mm. This distance lies outside the limits of error in observing 
line positions (± OTOmm.). Therefore we conclude that there is a real change 
in angle and a real diminution in the a dimension. 

(J) The measured 6 values for the 2020 and 1120 Imes were plotted against 
temperature for both sets of measurements, A and B. A generd rise and then 
fall in d was observed, m accordance with the shrinkage and subsequent expansion 
of a. This showed that the extrapolations could not be systematically in error. 


Rough values of the thennal contraction and thermal expansion coefficients 
can be derived from table 2, and are : 


Temperature range 
0®tol50°c. 
ca. 400° c. 
600° to 800° c. 


“1 

-l-5xl0-« 

0 

+ 0 9x l(h« 
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The a dimension first contracts and then expands. It reaches its lowest value 
of approximately 2 4557 kx. at a temperature of about 400° c. 

The umt cell dimensions at 15° c. are 

a=2-4562± 0-0001 kx ; c = 6-6943 ±0-0007 kx. 
and the carbon-carbon bond length, expressed m a , is 

C—C = 1-4210 ±0-0001. 

We found no evidence that the rhombohedral modification of graphite 
(Lipson and Stokes, 1942) has a different thermal expansion from that of the 
hexagonal variety. Our measurements, however, refer specifically to the latter. 


§7. DISCUSSION 

A qualitative explanation of the above results will be given first, in which the 
treatment of Gruneisen and Goens (1924) (see also Roberts (1940)) of the thermal 
expansion of hexagonal crystals will be followed. 

Graphite is a perfect example of a layer structure. Each layer consists of a 
very large number of carbon atoms covalently linked to form what may be con¬ 
sidered to be a huge polynuclear aromatic macromolecule. Each layer is planar, 
or very nearly so. The carbon atoms within a layer are very strongly linked, 
the C- 7 -C distance bemg about 1-42 A. The bonding between adjacent layers, 
however, is weak, as is mdicated by the large interlayer spacing of about 3 -35 A. 
It IS probable that the interlayef forces are mamly of a van der Waals type, 
although they may not be entirely so The graphite structure is therefore one 
of great anisotropy, and this will be reflected in all its directional physical 
properties. 

The elastic deformabihty parallel to the prmcipal Z axis will be much larger 
than .that perpendicular to it owing to the tighter interatomic bonding within 
the layers. This may be written in terms of the elastic moduli as 

Under the mfluence of temperature and of zero-point energy the atoms will 
vibrate, and the liimtmg frequency for vibrations parallel to the axis will be 
much smaller than for those perpendicular to it, The solid will therefore 
possess two characteristic temperatures defined by these two limiting frequencies. 


where 





A = Planck’s constant, Boltzmann’s constant 
®ad > 0^. 

At low temperatures, quantum theory requires nearly all the thermal energy to 
be absorbed in oscillations parallel to the axis because of the low value of 0 , 
as compared with 0j, These oscillations will, therefore, have much the greater 
amplitude and the thermal expansion parallel to the axis, x\\, will be appreciable, 
w hereas that perpendicular to the axis, aj^, will be negligible. ■ 

Thus the lattice is effectively being stretched in one direction only and a 
lateral contracdon (Poisson contraction), proportional to the modulus Sjj, will 



The thermal esi^ansion of graphite: I. Experimental 485 

accompany the stretchmg. At low temperatures, the lateral contraction will be 
greater than the small thermal expansion within the layers, and will therefore 
be negative. As the temperature increases, more energy will go mto vibrations 
perpendicular to the axis, until a temperature is reached when the thermal 
expansion exactly balances the lateral contraction. At this temperature ajL = 0. 
Above this temperature the thermal expansion within the layers will increasingly 
outweigh the lateral contraction, and will be positive and increase with tem¬ 
perature. When this is the case an elastic contraction parallel to the axis 
^is) contributed, which will have the effect of diminishing the rate of 

mcrease of ocu and at a high enough temperature may cause an to diminish after 
passing through a maximum. The apparent flattemng of the curve for graphite 
between 250° and 450° c. (figure 2) can be explamed m this way. 

Griineisen and Goens (1924) observed with zinc and cadmium similar effects 
to those for graphite but at lower temperatures. Zinc and cadmium are hexa¬ 
gonal layer structures but their anisotropy is not so pronounced as that of 
graphite. The data for the metal are compared with those for graphite in the 
following table. 






Cadmium ca 

45° K. 

214 

160 

Zinc „ 

80° K 

320 

200 

Graphite „ 

660° K. 

2280 

760 


The values of 0 for graphite are those given by Magnus (1923). 

It wdl be noted that 0,, for graphite is very much higher than for Zn or Cd 
as IS the ratio 0j,/0*. It would therefore be expected that T,,, also would be very 
much higher. Gruneisen and Goens themselves suggest, when briefly discussing 
the implications of their work in the case of graphite, that this substance would 
have aj. negative up to higher temperatures than does Zn or Cd. 
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THE THERMAL EXPANSION OF GRAPHITE: 
PART 11. THEORETICAL 
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(Now at British Coal Utilisation Research Association) 

MS received 23 March 1945 

ABSTRACT. A theory of the thermal expansion of hexagonal crystals is denved, and 
shown to account quantitatively for the experimental data on graphite. Certam of the 
elastic moduli for graphite are estimated, and are at 18 ° C approximately: 

sii+si»= 1 8 X10“^* cm /dyne 
-4 3 X 10 -“ „ 

58 5 X 10 ““ „ 

Hence the two Imear compressibilities are, at 18 ° C , approximately • 

Kj_= —2 5 X 10 ““ cm*/<iyne ; <C ||=50 X 10 ““ cm®/dyne. 


§1 INTRODUCTION 

G runeisen and Goens (1924) denved a theory of the thermal expan¬ 
sion of hexagonal crystals at low temperatures which enabled ^em 
to correlate the expansion data for zinc and cadmium with the elastic 
moduli and heat capacities. In order to achieve this for the expenmental 
results for graphite described in Part I, a theory which is not restricted to low 
temperatures must be used. The object of this paper is to denve such a theory 
and apply it to the data for graphite. The approach is somewhat more straight¬ 
forward than that of GrOneisen and Goens. In particular, the heat-capacity 
quantities used are more simply defined and are easily obtainable from the 
expenmental data usually available. 

§ 2 . THERMAL EXPANSION OF HEXAGONAL CRYSTALS 

In caressing thennal expansion, the basic thermodynamic relationships are: 


^dTU \dP) 
\dT^)p T\dP h' 


or 
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where V is the volume of the system, S the entropy, T the absolute temperature, 
and Cj, the heat capacity at constant pressture. 

Integration gives 



where a is the volume coeflBcient of es^ansion, the integration being performed at 
constant pressure. 

Analogous expressions hold for the two linear expansion coefficients in a 
hexagonal crystal (Voigt, 1910). In this case, the x and y axes are equivalent and 

_ _ _ 1 /94\ _ _ 1 

““ lyTjp’ 

where 1^, and 4 are hnear dimensions m the x and ar directions, and and an 
are the linear expansion coefficients perpendicular and parallel to the hexagonal 
axis. 

In the case of a monatomic solid, if z; is the volume and S the entropy of a 
gram-atom, then 

where is the pressure along x on a plane perpendicular to x, and where 
has a similar meaning. X,, and Zg are sometimes called “ thermal pressures ” 
and are positive if the interior of the crystal is considered. Thus, since 





Jo [dxjx r ’ "■Jo [bzJt . . 

where Cp is the heat capacity at constant pressure per gram-atom. 


IS now wntten as 


dloglp dCp 


dlogly dCp 91og4 dCp 
diogij dx„ diogip^ dXp aiog4’ 


and the elastic moduli'* introduced by using the relations 

9 log 4 _ . . 91og/, 

Since for the hexagonal system 


dX~ dX„ ~ “* 


( 1 ) 

dXp 


dCp _ dCp 
dlogly 9 log 4’ 

*■ The elastic moduli ju, are fourth-order tensors and can'be wntten in full as 

^im» ^1188> ^8888* 

For a stress along X, 

Sn IS the modulus giving the stram m the X direction, 

^18 >» *» »» »» y n 

, >» »> 99 99 ^ 99 

For a stress along Z, 

Ji8 IS the modulus giving the stram m the X direction, 

»» 99 99 99 Z 99 

In the discussion, are assumed to be independent of temperature 
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we have 
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, dC^ , , , 9Cp ^ dC, 

o- M t sCp „ ac-p , . sCp 

SunMy. 8^“^»81og',+*“31og4' 


These expressions can now be substituted m (1), and the two expansion 

coefficients written as 


^ (^11 H^9x "1“ 

.(2«) 

cCg ==2^i35'ajH-<y332g, 

. (2b) 

where and g^ are the so-called “thermal pressure coefficients” 
and parallel to the hexagonal axis : 

perpendicular 

1 r^f aCp N dT 

.(3«) 

” ®Jo vaiogUsp T ' 

_1 r^/ aCp \ dT 

.(3 6) 

\aiog4/iP T 


This represents the hmit of purely thermodynamic reasoning. In order 
to evaluate and as functions of temperature, the quantum theory of specific 
heats must be used 

The heat capacity at constant volume, C*, for a hexagonal crystal may be 
considered as being composed of two components, and C^, where 

.( 4 ) 

These two components refer to vibrations perpendicular and parallel to the 
hexagonal axis, and are expressible by the Debye functions 


.(5) 

where and are the two charactenstic temperatures referring to vibrations 
perpendicular and parallel to the hexagonal axis. Similarly, two components 
of the heat capacity at constant pressure may be defined by 


.( 6 ) 

the two components again referrmg to the X and Z vibration directions. Hence, 
to a high degree of approximation, is independent of small changes in 4, and 
vice versa. We can therefore re-write the integrals (3) as 

ScJoVaiog/Jj. T’ .^ ^ 

.( 7 S) 

3»JoV9iog4/2-r ^ 

In order to proceed further, Cj,^ and must be replaced by expressions involving 

and which, when written as Debye functions, arc susceptible to mani¬ 
pulation. 

The well-known identity 
may be approximated by 

Cp = C, + G»r, 
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V 

where G is a constant independent of volume and temperature, smce the tem¬ 
perature variations of a, the volume expansion coefficient, and of k, the volume 
compressibility, are of the same order of magnitude over the higher temperature 
range. Hence 

pp® ~ ^Vx ~ 

where the constants Gj and G 2 are defined by 

G=|Gi + JG2. 

It is now easily shown that, since o = /j, Zj, Z^, 

aiogZ, aiogz, 

^^PiS _ ^ rp 

dloglg 9logtg ® 

The integrals m the expressions (7) for ^x a®id therefore become 






To evaluate the Cb^ integral in (8 a), we express the heat capacity as the Debye 
function 


'(%)■ 


whence 


dlog/x ■""" (YJ t dlogz; 

T dloglx 


= ZRiy 


where D' is the derivative of the Debye function with respect to 


and where 


dlog@a 

dloglx 


may be considered as a numerical constant independent of temperature 
(Griineisen number). It can now be shown from (9), following a similar pro¬ 
cedure to that of Griineisen and Goens, that 








,(10 a ) 
.(10 i > 


— _ dlog&g 
dloglg 


where 
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From the relationships (7), (8) and (10) we can now express the thermal pressure 
coefficients in a form suitable for evaluation : 




.(11«) 


= + .(lU) 

At low temperatures the terms in T can be neglected and the relationships 
become simply 

„ . /»,=s1,2j5C' 


= = .( 12 ) 

The expressions derived by Gruneisen and Goens for low temperatures, 

,.=|3Ri)(^); {i=.|3RD(|).(13) 

are essentially similar to the approximate expressions (12). Their definition of 
%> Yz> ®a 8^*1 ®» however, more complex than the simple defimtion of the 
similar quantities in this paper, and it is not certain that they have quite the same 
significance. A comparison of (12) and (13) shows that the y’s differ by factors 
of I and i if the Q’s are taken the same. 

Substitution of the values (11 a), (11 b) for and in equations (2<z) and 
{2 b) gives the final form of the expressions for the two expansion coefficients 
and a|{. These may conveniently be written as 


where 


4- CTf 

.(14a) 

“II = “jt = 

.(14i) 

~ 3 ^(% + Si2 )> 

.(15 a) 

JD _ 1. Va. 

.(156) 

.Lr — - —HZi 

.(151) 

“ 3 

.(15 d) 


.(15 e) 

^ ^ 2 ^2’^ 83 }“ 

.(15/) 


In computing. A, J5,fC, L, M and N can be treated as constants. 

#'• 

§3. THERMAL EXPANSION OF GRAPHITE 
Magnus (1923) has measured for graphite over the temperature range 
— 229® to 827° c. and has derived the corresponding values for C,. Using 
egressions equivalent to equations (4) and (5) of this paper, he found values of 
€>a and ©, which gave a good representation of Cg over the whole range. These 
are 


©*»2280; ©,=760. 
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These values are used in the following calculations as they are in agreement with 
our definition and use of the quantities. The experimental data used here have 
been listed in Part I. 


Thermal expanskm of the a dimension 

The experimental data are such that a reliable plot of against temperature 
cannot be obtained. It is preferable, therefore, to consider the a unit-cell 
dimensions themselves. 

The expression (14 a) for will be approximated by 

ai^=AC^^+BC,^, .(16) 

which assumes that the term directly proportional to the temperature can be 
neglected. There is some justification for this as the constant C is composed of 
positive and negative components (sjg is negative), both of which are of the same 
order of magmtude. is known to be negative because of the observed shnhkage 
in the a dimension (see the qualitative discussion in Part I). 

Integration of (16) leads to the following expression in a : 

loga=.4£/a,+J5C4+logao» .(17) 

where Co Is the value of a at absolute zero, and where and Ug, being the integrals 
of and are components of the internal energy U. Ug. and Ug can be 
evaluated by expressing them m terms of the Debye energy functions which have 
been tabulated by Beattie (1926) ; thus 


U^ = ZRTF 


where F 




U 


{%■ 


Ug==ZRTF 


(!)■ 


13 the tabulated function. 


Tj ZRT 

The problem now is to choose values for .4, B and which give the best 


e-4S65 



2 4555 ’ ■■■ ■ I I —I—11 

100 400 Q oOO 800 1000 

Figure 1. Comparison of observed values of a with the theoictical curve. OX, expcnmental 
values from two sets of measurements Limits of etpenmental etroi indicated by 
vertical Imes. 

agreement with the experimental data. The curve of a against temperature 
shown in %ure 1 was calculated from (17), using the follow ing values: 

.4=0-1620X10-18 ; B=-0-1013x10-13; ao=2-45671 kx. 

The experimental values (two sets of measurements—see Part I), with their 
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limits of error, are also indicated. The agreement is as good as can be expected 
considering the limitations of the experimental data. 

From the above values for A and B, a plot of aj^ against temperature can 

be denved from equation (16), using Beattie’s tables of D to evaluate 

and The curve is shown in figure 2. It is in general agreement with 
experiment, particularly in giving a somewhat greater value for the negative 
. coefBcient at 0° c. than for the positive coefficient at 800® c. 


Temperature 

(“c) 

observed 

calculated 

0 

ca -1 Sxl0-» 

-1 3x10-* 

800 

ca 0 9 X10-* 

0 8x10-' 



The theoretical curve gives ax=0 at r„j = 383° c., which agrees with the 
■'.temperature of about 400® c. found experimentally. It can be said that the 
theoretical curves agree reasonably well with experiment with regard to the 
variation with temperature of both a and a^. 

Thermal expansion of the c dimension 

In this case the full expression (146) for an was used, which includes a term 
directly proportional to temperature. The best fit with the experimental data 
was obtamed with the following values for L, M and N : 

L = _0-770 X 10-“ ; M= 1 -380 x 10-“ ; iV= 1 -077 x lO-s 

The resulting theoretical curve is compared with the experimental values for an 
m figure 3. The agreement is close. Of particular mterest is the step-like 
■ character of the curve, which was seen in Part I to be demanded by the experi¬ 
mental data. Theoretically, an must rapidly dimmish at temperatures lower 
than about 400® e:., and must, of course, be zero at 0° K. 
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As might be expected, it proved impossible to obtain agreement with experi¬ 
ment when the term NT in (14 i) was neglected. With such an expression, the 



Figure 3. Companson of experimental values for a,, with the theoietical curve. 

O, expenmental values. 


“ best ” curve for a,, rose sharply to a maximum at about 500® K. and then decreased 
gradually with increasmg temperature. 


Thermal expansion at very high temperatures 

At very high temperatures, the Debye functions approach the value umtv 
This IS expressed more exactly by saying that 

^(?) when~. 0 . 

For graphite, this condition is reached approximately when r>2000°K. (1700°c.). 
Above this temperature '' 

Hence the expansion coefficient can be expressed approximately as a hnear 
function of T : 


ail«(I,+A/). 3jR+ATT 
w 15 X 10-«+1-1 >clO~ 8 T. 
Similarly aj, w (.4+JJ). 31?+Cr 

!«l-5xlO-«+Cr. 

In this case, if C is negligible, aj^ is approximately constant at 
tures, and has a value of about 1 -5 x 10 ~*. 


.(18) 

.(19) 

very high tempera- 


14. ELASTIC MODULI AND COMPRESSIBILITIES 
The values derived above for S. £ and M can be used to derive an aporoxi- 

mate estimate of the elastic moduh {s^^s^\ s^ and ^ 33 , if one additional datum 
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relating these quantities is known. Such a datum is provided by the volume 
compressibihty. In the hexagonal system 

K = 2kj_4-K||, 

where kjl and /cn are the linear compressibilities perpendicular and parallel to 
the hexagonal axis They are related to the elastic moduli by the expressions 

—^11 + % + ^18 > '^ll “= 2^13 H- S 33 , 

whence <f=2(% + ri8) + 4ri3+%. 

In additi nn, from A, B, L and M we obtain the following quantities by using 
relations (15 a) to (15 d) with »=5 -3 (volume of a gram-atom of graphite at 18° c.): 
ya!(%+%) = 1 ‘29 X 10~“ cm?/dyne, 

y^is = — 1 '61 X 10-“ cm?/dyne, 

7 *^ 18 = —3-06 X 10““ cm?/dyne, 

Ye^vi — 21*94 X 10-“ cm?/d3me. 

Using Basset’s (1941) measurement of the instantaneous compressibility at 
18° c., #c=44‘9 X10““ cm?/dyne, we can now derive the folloviung approximate 
values for the elastic moduli and the two Grimeisen numbers : 

%+% = T8 X10““ cm*/dyne at 18° C., 

— 4*3 X 10-“cm?/dyne at 18° c., 

Sggss 58*5 X 10^“ cm®/dyne at 18° c. 

ya!=0-71 ; yj=s0*38. 

The two Imear compressibihties are, approxunately, 

= — 2-5 X10““ ; /c||=50 X10““ cm?/dyne 

There is thus a small negative compressibility perpendicular to the hexagonal 
axis. The anisotropy of the compressibility is seen to be considerable, the effect 
of pressure being mainly confined to packing the graphite layers closer together. 
Values of % and separately are, unfortunately, not obtamable from our data. 
It is, however, of some mterest to have for such an intractable material as graphite 
even approximate estimates of certain of the elastic moduh. 

§S COMPARISON WITH ZINC AND CADMIUM 
It is of interest to compare the data for graphite with those obtained for zmc 
and cadmium by Grfineisen and Goens. Table 1 gives the values of the elastic 
moduli, compressibihties and thermal expansion coeffiaents which refer to a 
temperature of about 18° c. 

Table 1 



*11+*!* 

Hi 

^33 



“1 

a„ 


(XlO- 

cm^/dyne) 

(X10"^^ cm^/dyne) 

(xlO^) 

Zinc 

75 

-6 1 

28-2 

1 4 

16-0 

13 

64 

Cadnuum 

10-8 

-9-3 

35-5 

1-5 

16-9 

11 

100 

Graphite 

1 8 

-4-3 

58 5 

-2 5 

50 

-1-2 

26 



The thermal expansion of graphite ■ II. Theoretical 495 

The interesting point emerges that whereas kh is much greater for graphite 
than for zinc or cadnuum, «|| is much smaller. This is contrary to the usual 
state of affairs,,as is seen, for mstance, by comparing the data for zinc and cadmium 
An explanation along the followmg lines is suggested. Graphite is an extreme 
example of a layer structure, so much so that it is an assembly of large macro¬ 
molecules held together by what are probably mainly van der Waals forces. The 
covalent linking within a layer is so strong that the layer can be considered to be 
almost rigid. Thermal vibrations, perpendicular to the layers, then, will be 
diminished m amplitude owmg to the large mass of each layer, and the thermal 
expansion will not be as great as the extreme anisotropy of the structure would 
at first suggest. The eflfect of pressure, however, is mdependent of the mass of 
the layer, and a high compressibility results because of the large interlayer spacing 
(3 35 A.) and weak interlaying bonding 

The great strength of the C—C bonds withm a layer is reflected in the small 
value of whereas the weak mterlayer forces give rise to the large value 

for %. 

The partially covalent nature of the bonds between atoms in the same layer 
in zmc and cadmium is similarly demonstrated. 

Another mterestmg comparison mvolves the ratio of interatomic distances 
withm and between layers In table 2, is the interatomic distance in A. within 
a layer, and the closest distance of approach of atoms m neighbouring layers. 


Table 2 



dt 


djdi 


Zinc 

2-66 

2-91 

1 09 

114 

Cadmium 

2 97 

3-29 

1 11 

124 

Graphite 

142 

3 35 

2-36 

-20 


The ratio of the linear compressibilities is obviously correlated with the ratio 


-f, while the negative sign of — 
4i ''X 

great anisotropy of the structure. 


for graphite is one more indication of the 
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STRUCTURE AND ORIENTATION IN THIN 
FILMS OF POLYTHENE 

By a. CHARLESBY, 

Imperial College of Science and Technology, London 
MS. received 3 April 1945 
§1 INTRODUCTION 

An extended series of investigations mto the crystal structure and habits of 
lA a number of long-cham saturated hydrocarbons has been published, 
Jl jL generally limited to para£5iis or their derivatives containing from 10 to 50 
•carbon atoms. While the data obtained in this range constitute an invaluable 
basis on which to found theoretical studies of intermolecular bmding forces, 
some difficulty arises due to the presence of end groups. A considerable simpli¬ 
fication results when the length of each molecule may be considered as infinite, 
so that each atom bears the same relationship to its neighbours. In common 
with a number of other properties, the structure of such a hydrocarbon can in 
a certain measure serve as a limit towards which existing structures approach 
with mcreasing length of the CHj. . . chain. 

Bunn (1939) has made use of x rays to investigate hydrocarbons of this 
character and has deduced the electron density of the structure. In the present 
work, thin films of similar high polymers were studied by means of electron 
diffiraction In general, good agreement is found m those aspects of the problem 
which overlap in the two methods of investigation. 

A highly polymerized hydrocarbon, polythene, was available for these 
experiments. It is produced by the polymenzation of ethylene, and occurs 
m a range of molecular weights, which, accordmg to viscosity measurements, 
amount to several thousand carbon atoms. The commercial product may be 
obtamed m several forms with different averjge degrees of poljrmenzation. As 
will be shown later, no appreciable difference was detected between films formed 
from these different specimens. No attempt was made to obtain specimens 
whose molecules cover only a very narrow range of molecular weights. 

At room temperature the polymer is a white solid, reminiscent of paraffin 
wax in appearance, but its high degree of polymensation results m a very tough 
structure. It shows no definite melting point but softens in the temperature 
range 99-100° c. At slightly lower temperatures it loses its wax-like appearance 
and becomes more transparent As Gamer, Bibber and King (1931) have 
shown, a similar change may be observed in the transition of docosane from 
the ^ to a form, which is stable at temperatures several degrees below the melting 
point. A general formula was deduced by these investigations for the setting 
point of a hydrocarbon — 

r= (0 -bOSSn -1 ■7S)/(0-001491« -I- 0-00404). 
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For a molecule of infinite length 7'=408 ‘’k., a temperature somewhat higher 
than the softening range observed m polythene. 

In the present paper, the structure and onentation of polythene at room 
temperature are discussed. In the following paper the influence of temperature 
on lie structure and the changes which occur in the neighbourhood of the melting 
pomt are described. 


§2 ELECTRON DIFFRACTION—EXAMINATION OF THIN 
POLYTHENE FILMS 

Preparation of speamens 

For the purpose of these expenments, polythene was available in two solid 
forms known as A and B, which differ in their viscosity in solution, and hence 
in their mean molecular weight. In addition, expenments were carried out on 
polythene in the form of an emulsion , these will be described later. 

In view of the range in molecular weights, and the possible inclusion of grease 
or other impunties, some degree of punfication was judged advisable Solutions 
of polythene A (available m the form of rods) were prepared in hot xylene, from 
which the polythene was precipitated on coohng, in the form of a thick translucent 
gel This process was repeated on a number of occasions and specimens from 
the successive filtrates examined by electron diffraction. In no case was there atiy 
appreaable change in either spacing or intensity of the patterns thus obtained, 
nor did these differ from patterns obtamed from specimens of the precipitate. 
It may therefore be concluded that the polythene under examination does not 
contain very appreciable quantities of impunty and that it may be considered as a 
compound sufficiently homogeneous for structure determinations The tncl usion 
within a pure substance of 1 % of a homologous impurity would not, however, have 
any great influence on the structure. 

At first a solution of polythene in benzene was used, but a 0-5% solution of a 
precipitate from xylene proved far more satisfactory for the preparation of thin 
films, and this was generally adopted One or two drops of the solution were 
placed on hot water (90°c.) and the xylene evaporated off. Films produced 
in this fashion measured several square centimetres in area, and their thickness, 
which was vanable as judged by their colour, was of the order of 1000 a. over the 
major part of the area. The thinnest films produced were of a steely white or 
golden yellow colour, while thicker films presented a wide and pleasing range of 
colouring. The films found most useful for transmission were obtained from 
films of about 1000 a. thickness. These films are very coherent in spite of their 
thinness. This may readily be seen when tension is applied to one portion of the 
film, smee the whole film tends to move as a single skin over the surface of the liquid. 

When a suitable portion of the film was found, it was removed on a nickel 
gauze and mounted in the electron-difflraction camera This was of the Finch type, 
making use of a cold-cathode discharge tube operating at about 50-60 KV. The 
distance from specimen to photographic plate is about 50 cm. To produce 
satisfactory blackening of the plate, exposures of 10-30 sec. were most 
suitable 
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Elucidation of structure 

TCvamplfts of the electTon-diffraction patterns obtained with the film normal 
to the incident beam are shown in figure 1. The observed spacings are compared 
with those given by Bunn for a highly polymerized saturated hydrocarbon, as 
obtamed from x-ray exammation. The calculated spacings are based on the 
following axial dimensions :— 

Bimn a=7 40, 6=4 93, c = 2*534. 

Charlesby a=7’428, 6 =4*934, c=2*532. 

In examination of these films the three axes may be taken as mutually perpen¬ 
dicular. 

One pattern was obtamed from a composite film of graphite and pol 3 ^hene, 
and this was used to standardize the more mtense nngs of the polythene pattern 
in terms of the 1*2217 a. graphite spacing. A number of other patterns were 
also measured in terms of the 2 467 polythene spacing, which was generally used 
as sub-standard. The difference from the mean spacings rarely amounted to 
more than 0*4% and was generally about 0 2%. 

Unlike x-ray difFraction patterns of polythene, electron diffraction patterns 
show sharp rings, there being httle or no trace of haloes due to amorphous 
material. This difference is to be ascribed to the different types of specimens 
used; film s of about 1000 a. thickness prepared as above are essentially crystalhne, 
whereas polythene prepared from the mdt in thick specimens and in the absence 
of an orientatmg substratum consists to a considerable extent of amorphous 
material. The extent of agreement shown for the structure of molecules which 
may be considered infinite in extent may be seen by comparing them with the 
correspondmg spacings typical of shorter C„Ha,i +2 chams. 


Table 1 


n m 

CnH2»+j 

a 

b 


19 

7 55 

5-01 

Mdller (1932) 

23 

7*43 

4-97 

99 

30 

7-33 

4-92 

99 

31 

7*40 

4-93 

91 

34 

7 40 

4-95 

9 * 

44 

7 33 

4 93 

99 

35 

7 43 

4 97 

Hengstenberg 

30 

7-51 

4 955 

Schoon 

31 

749 

4-97 

>> 


In these measurements a change of 5° c. would cause an error of the order of 
1% in the spacings of a and 6. 

This comparison of the spacings of pol 3 fthene with those of saturated hydro¬ 
carbons shows that the lateral packing of the molecules must be very aimi'lar 
in the two cases. It immediately follows that the polymerized molecule is lirn^ar 
in character. 
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Figure 1. 

Poljthene film noimal to beam 


Kigujc 2 

Polythene film inclined to incident heai 



Figure 3. Paraffin wax films grown on water at temperatures ol 20” c , 52° c , 100 ’ c 
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Figure 6. Onentation of polythene on a steel surface 
(Incident beam perpendicular and parallel to direction ot appLcation.) 
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This similarity m structure, taken in conjunction with the sharpness of the 
rings (arising from the relatively large crystal size) and the absence of haloes 
due to amorphous material, provides strong evidence that during and after poly¬ 
merization the vast majority of the polythene molecules retain a hnear structure 
without side-chains. The intrusion of a single methyl side-group would of 
course disrupt the crystal over a wide eittent. 

While the spacings observed are essentially similar to those of the saturated 
hydrocarbon studied by Bunn and others, the intensity distribution as between 
the nngs shows considerable differences. For example, among the shorter 
spacmgs, the intensity of the 200 is observed to be far weaker and more diffuse 
than that of the 110 and the 020 diffractions. 

Onentatum 

The above results were deduced with the incident electron beam normal 
to the polythene film. To investigate the orientation which accounts for the 

Table 2. Intensities of rmgs (visual estimates) 

Plates 4006, 4032: Film normal to incident beam 
Plates 4008, 4034: Film inclined at about 30°. 

Intensities in directions parallel and at right angles to axis of rotation 


Plane 

4006 

4032 

4008 

4034 

no 

VS 

VS 

VS 

S* 

VS 

VS 

200 

M 

M 

M 

s 

MW 

s 

210 

F 

- 

- 


VF 

VF 

020 

s 

s 

s 

- 

s 

M 

12U 

F 

F 

— 

- 

F 

— 

Oil 

MS 

MS 

M 

M 

M 

MW 

310 

110 

M 

MW 

MW 

MS 

— 

— 

201 

220 

M 

MS 

M 

M 

MS 

M 

211 

MW 

MW 

MW 

MW 

W 

MW 

320 

410 

121 

MS 

MS 

MS 

MW 

M 

M 

311 

W 

W 

— 

_ 

W 

M 


* no ling in 4008 (which shows orientation most clearly) is split into four vciy 
intense quadrants, at about 45° to the axis of rotation. 

The visual estimates ol mtonsity are in the followmg order.—VS, S, MS, M, 

MW, W, VW, F, VF. 

modified intensity distnbution, specimens were tilted through angles of between 
20® and 70®. The pattern then showed considerable differences in durections 
parallel to, and at right angles to, the axis of orientation These are given in 
table 2 for certain diffractions of the lowest order. It will be seen that while 
020 is weakened if the film is rotated, 200 is intensified. Thus m the film as 
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picked up from the water surface, the 020 plane is approximately perpendicular 
to the surface, but the 200 is mchned, i.e. the b axis hes parallel to the water 
surface while the a axis is inclined at some angle. This conclusion is verified 
by an examination of plate 4008, obtamed from a specimen the perfection of 
whose onentation is well above average. Here the 110 diffraction is intensified 
in directions making angles of about 35° with the axis of rotation. The con¬ 
siderable length of the arcs shows that even in this specimen the onentation is 
by no means perfect. 

Angle of tilt of z axis 

Among the large senes of parafEns, ahphatic acids and alcohols, the structures 
of which have been determined, several enantrotropic forms are known to occur. ■ 
Muller’s work on the hydrocarbons has shown that, in a number of cases, tran¬ 
sition points occur at certain temperatures, correspondmg to a change in structure. 
Francis, Collins and Piper moreover have noted that m a number of hydrocarbons, 
the crystallized form depends on the manner in which the crystals were obtained, 
e g. on whether crystals were grown from a polar or non-polar solvent. These 
and similar observations are to be explained as due to the great similarity m the 
main structure of these hydrocarbons. The mam bindmg force arises from the 
van der Waals and repulsion forces between neighbouring CH 2 groups Because 
of their relative scarcity, side and end groups can only produce considerable 
modifications m structure under special conditions, e.g. due to steric hindrance. 
Where this perturbation is not senous, the mam chains pack parallel to one 
another at almost constant distances with the CHj groups mterleaving. The 
structure thus obtained is very stable to longitudinal shearing stress, except 
when Its magnitude is such that the CHg groups in neighbounng chains nde over 
one another by an integral number of zig-zags, in which case the binding energy 
is only slightly altered. In principle, one may therefore anticipate a senes of 
discrete stable or meta-stable structures m each of which the spacings at right 
angles to the cham length are unaltered. 

§3 MOLECULAR ARRANGEMENT OF POLYTHENE 
The anomalous intensity distnbution observed m the orientation of poly¬ 
thene may be readily explained m terms of the above considerations, if the structure 
of the polymerized molecule is considered to be substantially linear in character, 
but that m the course of pol 3 rmerization two dissimilar end-groups are formed •— 
CH2«CH2+CH2 = CH2+ . . CHg-CHa-CHa- • .-CH = CH2 
While the absence of side-chains permits a lateral packmg similar to that 
prevailing in the saturated hydrocarbons, the unsaturated end-group is too 
large to be accommodated within the mam body of the structure. 

In a dilute solution on a water surface the mdividual molecules onent them¬ 
selves with the hydrophilic group pomtmg down into the water. As the solvent 
evaporates the molecules of the polymer tend to crystallize in the manner cus-' 
tomary for a saturated hydrocarbon, but are prevented from so doing by the' 
steric hmdrance of the end-groups. This hmdrance is, however, avoided in 
certam monoclinic and tndmic modifications and the molecules are consequently 
tilted to'wards the water surface. 
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In stearic acid films grown on water, two forms «, jff are known to occur with 
the molecules inclined at definite angles to the normal, depending on whether 
b or a axis remains on the water interface. In the large number of polythene 
specimens examined, only the a form (our notation {nO}) has been observed.* 

While the end-group may assume a number of different positions, it must 
move as a ngid unit if there is to be no distortion of bond spacings or angles. 
The only variation which appears feasible is one of rotation about the penultimate 
carbon-carbon bond. 

Three special cases may be considered :— 

(a) All carbon atoms he in the mam plane of the molecule, and approximately 
along Its axis. 

{b) All carbon atoms he in the main plane of the molecule, but the C=C bond is 
approximately at nght angles to the axis of the molecule. 

[c) All the atoms of the —CH=CH 2 group he in a plane at right angles to the axis 
of the molecule. 

In the saturated hydrocarbon, the closest distance of approach between atoms 
in different molecules occurs between two hydrogen atoms. The repulsion 
arising from the mteraction between these two atoms plays an outstanding role 
in stabilizing the structure. 

In all three cases outlined above, the minimum distance of approach between 
atoms in adjacent molecules is very much smaller than the value for the saturated 
hydrocarbon, which is about 2*5 A. (assuming Bunn’s data and a CH bond-length 
of T09 A.). Even in the most favourable case (a) this distance is only shghtly 
greater than 2-0 a To avoid the excessive repulsion arising from this close 
proximity, while yet retammg the stability inherent in the main hydrocarbon- 
like structure, adjacent molecules may be sheared to avoid the steric interference. 
The monoclinic structure which successfully avoids these excessive repulsive 
forces IS the 20. In this structure the angle' between the base and the c axis 
is 56°. 

There is no steric hmdrance in the b axis direction, and no modification is 
therefore required. This result is in agreement with the observed structure 
in which only the angle between the a axis and the water interface is altered 
from 0 °. 

' That the onentation in polythene is due to the influence of the end-group 
18 rendered even more probable by an examination of the electron pattern obtained 
from paraffin films produced under simdar conditions. While the spacings are 
similar to those of polythene, the mtensity distribution shows very significant 
differences, due to the {0,0} structure of paraffin wax. 

Structure of the JUm 

The structure of the film is defined in so far as the side packing of molecules 
and the orientation at the base are concerned, but the variation in chain length 

* Furdier evidence for the existence of an unsaturated end-group is provided by the dis¬ 
coloration which polythene produces in dilute KMn 04 
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of the individual molecules precludes the measurement of a crystal height. It 
appears highly probable that odd fragments or portions of polythene chain 
protruding from the mam structure of each crystal link up with other crystals, 
forming a dense complex of crystals matted together by molecules common to 
two or more of them. The general onentation of the chains produced by the basic 
layer is thus to a considerable extent conserved. Nevertheless, some departure 
from the strict orientation must be anticipated, departure which becomes more 
serious in thicker specimens as the influence of the well oriented base layer becomes 
less effective because more remote. In the thicker films as prepared for x-ray 
investigation this influence is almost entirely lost in the mass of the solid. For 
thin films as used in electron diffraction, where the thickness generally corresponds 
to less than 1000 C—C linkages, the orientation is retamed almost in its entirety. 
Even here, however, the orientation is to some extent impaired as is made clear 
by the appearance of orders which would be absent in a perfectly oriented crystal. 

A point which still remains obscure is related to the length of the individual 
molecules. In the A polymer the molecule is believed to comprise far more than 
1000 C—C groups. It 18 then difiicult to account for the observed structure, 
without aaaiimiTig that the molecules are bent back on themselves, and this would 
presumably disorganize the crystal onentation very considerably. The observed 
orientation of the film, while by no means perfect, is sufficiently marked to make 
this hypothesis unlikely. 

Influence of the rate of crystaOisaiion 

Of considerable importance to the structure of the film is the rate and tempera¬ 
ture at which crystallization takes place ^he films of polythene used in these 
esperiments were prepared on a water surface at 95° c. and formed a skin several 
square centimetres m size. At lower surface temperatures, when the mobility 
of the molecules on the water surface is reduced, the film formed is far more 
brittle, and readily breaks into a number of fragments. Films prepared under 
these conditions are far less readily mounted and examined. 

An analogous effect may be observed in the case of the lower hydrocarbons. 
A thm film of paraffin wax, prepared from a drop of xylene solution on a water 
surface at 100° c., is found to consist of relatively large smgle crystals, measuring 
about 10~® cm. across, all m approximately the same onentation. On a water 
surface at 52° c. the crystals formed are several times smaller, while at 20° c. 
they only measure 10^ to 10^ cm. across. The films of polythene examined all 
consisted of crystals estimated to measure about 10“® to 10^ cm. across. 

Attempts were made to grow polythene crystals by evaporation of the solution 
on a glass surface. They all resulted m a conglomeration of small nulky patches 
without mutual coherence. Better results nught possibly be achieved on a,warm 
glass surface. 

Pseudo-hexagonal crystals of paraffin have been observed by ciystaUization 
near the melting pomt, instead of the usual orthorhombic vanety, but no such 
crystals have as yet been observed in polythene films, nor does their existence 
appear likely. . 
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Samples of B polythene (of lower average molecular weight than A polythene) 
appear to have a somewhat different texture and appearance. Specimens of 
B polythene film prepared as above were found to possess the same structure and 
orientation as A polythene, any slight differences in the patterns, e.g. relative 
intensities and width of nngs, bemg adequately explained in terms of individual 
variations due to slight changes in the method of preparation and film thickness. 

§4. DEFORMATION OF POLYTHENE FILM 

When a plastic is deformed, and the stress is subsequently released, there is in 
general an instantaneous partial recovery, followed by a further slower recovery 
(after-effect). The final state of the specimen depends on its previous history, 
the rate and degree of extension, and the conditions under which the applied stress 
is released. In the study of the elasticity of polymers, temperature plays an 
exceptionally important rdle. 

Polythene exhibits the property of cold-drawing to a remarkable degree. 
With the electron-diffraction camera it is possible to study the structural changes 
which take place dunng the cold-drawmg of a thin film of polythene. Owing 
to the experimental difficulties, the degree of extension cannot be known accurately, 
but it IS nevertheless possible to survey its influence on structure 

Thin films prepared as described above were picked up on a small jig consisting 
of two razor blades mounted in slides in which they could be moved. The initial 
separation of the kmfe edges was 0‘3 mm. and this was increased during the exten¬ 
sion to nearly 1 mm. During this extension part of the specimen was distorted 
or tom, so that the true extension could not be obtained. A pattern obtained 
from an extended film is shown m figure 4. In this case the initial colour of the 
film was yellow and white, the final colour being white. 

In the initially unstressed film the molecules make angles of perhaps 60“ to 
120° with the direction of the subsequently applied force Electron-diffraction 
patterns of the extended film show that the molecules assume an orientation 
nearly parallel to the applied stress, whereas the a and b axes are oriented in all 
directions at right angles to it. The spacmgs of the extended and unstretched 
material were foimd to be identical wiriim the limits of expenmental error. 

As shown in figure 4 each hkl reflection consists of an arc. Details of the 
intensity distribution within each arc are more fully discussed below; it may 
be stated, however, that the length of each intense arc may be ascnbed to imperfect 
orientation, so that the c axis of each crystal makes on the average an angle 6 
with the direction of the imposed stress. In one case this angle has been esti¬ 
mated from the length of the arcs. 6 is calculated from the ratio tan d^lfd, 
where I is the subtense of the arc, and d is the corresponding diameter. The 
results are shown below 

Table 3 


Plane 

004 

112 

002 

121 

110 

200 

020 

1 (mm ) 

12 

5 

6 

3-5 

2 

1-5 

3 

d (mm) 

72 4 

37-6 

36-4 

26 7 

11-2 

12-7 

18-7 

tan B 

0 166 

0 133 

0-166 

0 13 

0 18 

0-12 

0 16 


Mean value = 9° 1±1' 
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Without a fuller investigation of intensities, it is not possible to state whether the 
c axes of diflferent crystals all make angles of about 9® with the applied stress, or 
whether, as appears most likely, the angles vary from 0° to 90“ according to some 
form of Maxwellian distribution. 

§5. CHANGES IN THE STRUCTURE OF THE FILM DURING EXTENSION 
The process mvolved m the extension of thin films of polythene may be 
deduced from a consideration of several patterns of films extended to varying 
degreesi In the intermediate stage it is found that 110,200, 020, etc., diffractions 
become very weak in directions along the direction of extension, while 002 and 
corresponding diffractions become intensified. In the perpendicular direction 
110,200 and 020 retam their initial intensities almost unaltered. In intermediate 
directions the mtensities vary in a continuous fashion from 0° to 90° Thus the 
re-onentation of each micelle or crystallite takes place smoothly and not by a 
sudden change to substantially complete onentation 

In films which are almost completely extended, the 100, 200 and 020 are 
confined to short arcs, but within these the intensities show charactenstic changes, 
which appear to nse from the superposition of short and very intense arcs on 
longer and weaker arcs The more intense arcs subtend angles of about 8“ 
(± 4“ from the mean) with a relatively sharp end, while the weaker arcs subtend 
about 20“ In the 200 diffraction the weaker arc is extremely faint or missing. 

The explanation of these observations is believed to be as follows :—^^Fhe 
weaker and more extensive arcs correspond to remnants of the initial rings in the 
unstretched specimen, and are due to the relatively few micelles or crystals which 
dunng the extension remained almost unaltered in position. The stronger 
arcs anse from micelles whose position has been completely altered, and which 
finally come to rest m directions almost parallel to that of the extension 

As a result of this motion most micelles lie almost parallel to one another. 
It IS believed that some form of partial recrystallisation takes place in this new 
onentation. This crystallization caimot be other than very imperfect, in view of 
the inherent strains and distortions to which the micelles are subject in their 
new positioning. Nevertheless the presence of very short arcs, which may almost 
be described as blobs or diffuse spots, and whose ends are relatively sharply defined, 
does lead one to envisage the existence of mtermicellar forces which operate 
mamly between micelles brought into approximately parallel onentation by the 
applied stress, and which tend to complete the perfection of onentation when the 
external stress becomes almost inoperative It appears very plausible to suppose 
that the completed blocks, however imperfectly crystallized, are fairly stable, 
so that the extended film does not revert to its onginal structure. The mter- 
nucellar forces are van der Waals forces which also serve to bind molecules withm 
each micelle The resultant force must, however, be weaker than the forces 
withm each crystal, due both to the intermolecular strains mtroduced dunng 
ffie extension, and the greater intermolecular distances generally involved. 

When the temperature is raised to a point slightly below the meltmg pomt 
of the pure crystal, these forces no longer suffice to maintain the rigidity of the 
structme, and there is a resultant tendency for the film to revert at least partially 
to the imtial state. 
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The reason for the ahnost complete disappearance of the longer 200 arc is not 
very clear. A possible explanation is that this may be due to the imtial orientation 
present in the film. The crystals are generally tilted so that the a axis is not 
parallel to the surface of the fiJm. When the stress is applied, the first tendency 
18 for this tilt to mcrease. Thus 200 reflections decrease m intensity more rapidly 
than those due to 020. 

In the hypothesis outhned above, it is assumed that each crystal initially 
present in the film remains substantially unaltered during the extension Other 
types of deformation may also be considered. The possibility of a shear within 
each crystal is rendered unlikely by the observed mtensification, as well as by 
other considerations. An alternative h 3 T) 0 thesis, that the extension consists 
mainly of a rearrangement of amorphous structure within the film is, at least 
for the thin films studied here, definitely disproved. 

B polythene 

Extended films of the lower polymer have been obtained but no marked 
diflFerence in their structure could be detected. From the few specimens pre¬ 
pared, it appears that extended films of B pol 3 rthene are somewhat less readily 
obtainable. 


§6 ORIENTATION OF POLYTHENE 
Orientation on metals 

The experiments described above are limited to the orientation of polythene 
on water surfaces and, therefore, provide little evidence for possible differences 
in orientation produced under different surface conditions. A short senes of 
experiments was therefore undertaken to throw some light on the influence of 
other substrata and of the treatment to which the film was subjected. Use 
was made of a metallic base, which offers advantages both from the practical 
interest m the adhesion of plastic to metals, and for the ease with which several 
forms of treatment may be applied. 

Several expenments were made on a polished copper disc, but in most cases 
a chromium-plated steel disc was used The experiments all tend to illustrate 
the lack of powerful onentmg force at the surface, although adhesion is always 
suflicient to retain some polythene, even when the specimen is subjected to strong 
rubbing. The results and conclusions are summarized below :— 

(a) A chromium-plated steel disc, previously polished, was cleaned by con¬ 
tinued washmg in benzene. Poljrthene was then rubbed on the disc m one 
direction, use bemg made of a suitably pointed stick of the polymer. The 
specimen was examined with the electron-dffraction beam parallel to and per¬ 
pendicular to the direction of rubbmg. The two patterns obtained are essentially 
different in character. With the incident beam parallel, the pattern consists 
of several rather diffuse rmgs, whereas witJi the beam perpendicular it comprises 
a number of I layer lines, with arcs such as 110, 200, 020, 011, 002, and 022 
superimposed. The film is thus found to consist of a series of very small or 
imperfect crystallites, in which the preponderant onentation is imposed by the 
molecules which tend to lie along the direction of rubbing, as might indeed be 
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anticipated on purely mechanical lines The degree of one-dimensional orienta¬ 
tion thus produced is fairly considerable, so that a number of MO, Ml, M2 
reflections can be clearly distmguished. From the lengths of the arcs involved, 
it appears that the crystallites make angles of about 10“ with the surface (or, 
alternatively, that the surface is not plane to this extent, although this is far less 
likely). In addition a very appreciable part of the film consists of less well- 
oriented crystalhtes, in which the c axes he in all directions parallel to the 
surface 

To withm experimental error the spacmgs mvolved are identical with those 
found m films produced by slow evaporation on the water surface, where conditions 
.are far more favourable to crystalhsation. On the other hand, the crystals 
formed are far less perfect or are considerably smaller. 

(6) The specimen examined in (a) was subjected to rubbmg on cotton wool 
in the same direction as the polythene had previously been apphed. Exammation 
showed that the orientation first found had become even more marked. In par¬ 
ticular the nngs produced by crystalhtes in random orientation (but with their 
<c axes parallel to the surface) had disappeared , thus the vast majority of the 
molecules m the film form crystalhtes m which the molecular chains lie m directions 
nearly parallel to each other. 

(c) The specimen was then rubbed lightly with cotton wool in a direction 
perpendicular to the mitial direction The intensity of the pattern m (6) is con¬ 
siderably reduced ; in addition intense horizontal layer lines are observed. 
These are ascnbable to a re-orientation of some of the polythene, with the chain 
standmg erect on the substrate. This may either be due to hquefaction of certam 
regions, with subsequent recrystallisation in a more stable orientation, or possibly 
to a mechanical re-onentation of the crystals without meltmg. This latter 
hjrpothesis would appear most unlikely. 

(d) A further surface as m (c) was prepared and subsequently subjected to 
liard rubbing with cotton wool in a perpendicular direction. From examination 
of patterns taken with the electron beam parallel to, and at right angles to, the 
initial direction of rubbmg, it appears that this final application of friction has 
succeeded in rotating the crystals through 7r/2 mto the final direction. From the 
diffuse character of the oriented chains,' one may assume the mean lengtdi of the 
•crystal (assumed perfect) to be of the order of 100 a. 

These observations can be readily explained m terms of the weak adhesion 
between polythene film produced m the manner descnbed and the chromium 
surface. At the same time the re-onentation produced leads one to favour the 
Tiypothesis that, by hard rubbmg, liquefaction of polythene is produced with 
subsequently faulty recrystallization in the very hmited time available before 
the temperature falls below a critical value. That this time is very short is shown 
by the fact that the molecules retain a very clear “ memory ” of the direction of 
rubbing, and that this determmes their subsequent orientation during the process 
of crystallization. 

(e) A further set of experiments investigated the structure of films produced 
iy evaporation on water, and subsequently picked up on a steel surface. If a 
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surface film of this nature is mtensively dned, and rubbed with wool, most ot 
the film IS removed, leavmg an mvisible layer in which the crystallites are oriented 
with the c axes in the direction of the applied stress. 

(/) After heating the thin film of polythene obtamed m (e) to 1 SO^c (> melting 
pomt), the orientation is to some extent destroyed ; yet sufficient is retained to 
indicate quite clearly the mitial direction of rubbmg When the film is further 
heated to 300° c., no trace of film can be detected 

Orientation of polished copper 

Polythene was rubbed on the polished copper disc, and the specimens examined 
in directions both parallel and perpendicular to the direction of rubbing. The 
film produced is found to consist mainly of very small crystallites (estimated at 
about 10 molecules across) oriented in all directions, but with a slight prepon¬ 
derance of molecules standmg normal to the surface The film obtained was 
generally thin, and this may be related to the poor orientation observed. It 
must be stressed that the patterns are not as clear as those obtamed from the steel 
specimen, nor is their mterpretation so satisfactory. It would, however, appear 
that adhesion to polished copper is infenor to that of polythene on plated steel. 

Orientation on acidified or alkaline zoater 

In view of the orientation always found to occur on water surfaces, onentation 
which affects the whole crystal structure of the film, the question arises whether 
this may be changed by altering the^pH of the water. 

Films grown on hot acidified or alkaline water (HCl or NH4OH) do show 
some weak extra rings, probably due to impunties. The main pattern consists 
of the usual rings, the spacings and intensities of which show no significant 
difference from those obtained in the main senes of e.xperiments. 

§7 POLYTHENE ON COLLODION 

A short experiment similar to that desenbed above for metals was carried 
out on a collodion surface. A thin film of collodion prepared by evaporation 
of a drop of acetone solution on water was picked up on a rocksalt surface, which 
had previously been polished. On this collodion surface a film of polythene 
was prepared by evaporation of a drop of xylene solution. The rocksalt was 
then dissolved away and the composite film mounted on the gauze for examination. 

The pattern of the film thus obtained consists of the usual collodion haloes 
and of the rings of polythene. The intensity distnbution of the latter shows 
that the orientation is similar to that of polythene prepared on a water surface. 

In another specimen the polythene film was rubbed pnor to the removal of 
the rocksalt base. Contrary to expectation, no re-orientation of the film was 
observed. It must, therefore, be concluded either that the use of a collodion 
substratum prevents the appheation of considerable pressure, or that gross 
irregularities in the rocksalt surface protect most of the film 

In a third specimen, solid polythene was directly rubbed on to the collodion 
backing before the rocksalt base was dissolved away. The pattern of the film was 
found to correspond to a strongly oriented film in which the molecules lie in the 
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direction of rubbing, and in which orders up to 004 may be detected. The 
vanation of individual crystals from the mam orientation is generally not greater 
than 5°. In fact the transmission pattern is very similar to that of the stretched 
specunens of polythene descnbed elsewhere m this paper. Moreover, the 
sharpness of the rings clearly shows the crystals to be relatively much larger than 
those formed in a similar fashion on metals. 

§8 POLYTHENE EMULSION 

In addition to the specimens of sohd polythene described above, the polymer 
was also available m the form of an emulsion. This consists of thick white paste, 
mainly pol 3 rthene but containing a small percentage of other compounds necessary 
for stabilization. 

The emulsion was diluted in about 100 times its volume of water, and several 
•drops placed on a thin film of collodion or methyl methacrylate as a backing. 
When the film had dried it was examined m the electron-diffraction camera In 
many films the polythene vras found to coagulate in small regions, which could 
not be examined owing to “ chargmg-up ” of the specimen in the electron beam. 
Thinner films suitable for examination gave rise to patterns consisting of diffuse 
haloes and therefore very dissimilar from the patterns obtamed from films of 
polythene formed by evaporation 

In a few cases some weak nngs were also visible but m general these could 
not be reproduced consistently These spacings were m approximate agreement 
with the 210, 020, 120 or 011 and 111, 201, etc., reflections. The intensities of 
these rings were very low, and moreover other relative mtensities differed con¬ 
siderably from those obtained from films produced from a solvent. The intensity 
and infrequent occurrence of these rings shows that the quantity of crystal 
polythene present is very small and irregularly distnbuted The haloes which 
form the most striking part of the diffraction pattern were found to correspond 
to the spacmgs (after application of Bragg’s law) 4 55 (4 2-4 9), 2 2 (2-05 -2 35), 
1 -2 (1 1-1 3) A. Figures in brackets indicate the approximate width of the halo. 

The 4 55 halo is relatively sharp but is superimposed on a weak and broad halo 
with a peak mtensity at about 3-6 a At first it was not certain whether the outer 
haloes were in fact due to polythene or to the collodion or methyl methacrylate 
background. A comparison with molten polythene, descnbed elsewhere, showed 
that the 2-2 and 1 2 diffractions are m fact due to polythene, but that the 3 6 halo 
most probably arises from the backmg. 

The 1 2 and 2-2 haloes coincide with the centre of a group of nngs in the 
crystalline pattern and may be considered to denve from a blurnng of the rings, 
due to the small size or distortion of the crystals. This explanation does not 
account for the 4 55 halo, which is clearly distinguishable from the 110 and 200 
diffractions. 

Electron-diffraction patterns of pol 3 rthene emulsion show strong similarity 
to those of liquid polythene. The comparison will be discussed more fully in 
connection with the latter. 

When films prepared as above are heated to 100° c. before exammation, no 
marked changes are found m the electron-diffraction pattern, although faint nngs 
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may be observed somewhat more frequently m the unheated specimens. This 
nhang ft, moreover, was only observed m a few of the heated specimens, and 
cannot therefore be accepted as a very reliable indication of any increase in 
crystallinity after heat treatment. 

§9. NON-ORIENTED POLYTHENE 

Attempts were made to obtain films of crystalline polythene which did not 
show the onentation customary in films produced by evaporation on a water 
surface. Among the methods attempted were : heating an oriented film, etching 
in i^lene, melting, evaporation on a thm gauze. None of these proved successful 
m producmg a thin of polythene with an orientation different from that 
described above. 

§10. CONCLUSIONS 

Thin films of polythene prepared by evaporation from a dilute solution of 
hot water are crystalline m character. The structure of these films is similar to 
that of the hydrocarbon described by Bunn, with the following axial spacings in 
the orthorhombic umt cell: a=7 428 a., 5=4*9324a., c=2 532a. In addition, 
however, the molecules are oriented by the action of the hydrophilic end-group 
— CH=CH 2 , which can only be incorporated in the structure if the molecules 
are tilted, so that the b axis is parallel to the water surface, while the c axis makes an 
angle of 56° instead of 90° with the water surface. The crystalline character of 
these thm films of about 1000 A. thickness contrasts with the amorphous structure 
of polythene m the bulk form. 

Thin fihns of polythene may be stretched and their altered structure examined. 
This IS found to consist of crystals in which the c axis lies nearly parallel to the 
direction of the apphed stress. The mtensity distribution m the electron- 
diffraction pattern leads one to postulate inter-molecular forces which stabilize 
the crystals in their new positions, until the temperature is raised to the neigh¬ 
bourhood of the melting point, when the film reverts to some extent to its initial 
onentation. 

On a metal surface, polythene molecules are found to be relatively mobile. 
They may be oriented mechanically to produce a structure basically s imilar to 
that of stretched film s. 

Polythene emulsion has a structure very different from that of the crystalline 
film and may, m fact, be desenbed as of an amlorphous character. There is, how¬ 
ever, some evidence of a small proportion of crystallme polythene. The structure 
of the emulsion shows great similarity to that of liquid polythene. 
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ABSTRACT An investigation into the effect of temperature on the structure of 
polyethylene (polythene) is made over a range extendmg from the temperature of liquid 
oxygen to temperatures at which polythene exists m the liquid condition The following 
main conclusions emerge. 

As with much lower polymers, the ratio alb of the two axes increases with temperature, 
and tends to the value for a pseudo-hexagonal structure, but this value is nevei attained, 
since fusion sets in first 

A change from a crystallme to an amorphous pattern occurs at temperatures which 
are below those generally taken as the meltmg pomt, but which agree with that for which 
pol 3 rthene transforms from a wax-like to a more transparent solid The transition of 
structure extends over a number of degrees, and m this interval crystalline and amorphous 
patterns are superimposed 

Onentation present in crystalline films is retained when the films arc heated to tem¬ 
peratures well above the melting pomt, and subsequently cooled. 

A preliminary discussion is made on some of the points raised by the observations 


§1 INTRODUCTION 

I N the previous paper (Charlesby, Proc. Phys Soc. 57,496,1945), the structure 
of an ethylene polymer of high molecular weight (polythene) was studied at 
room temperatures by means of electron diffraction In thin films the poly¬ 
mer presents a structure similar to that of the shorter hydrocarbons ; 

but, due to the enormous lengths of the molecules, the intermolecular distances in 
the direction of the c axis play an inappreciable role in the structure. The existence 
of the end group —CH = CHg in the high polymer may, under suitable conditions, 
modify the structure by tilting the molecules relative to the plane of the film. 

The investigation described below is an extension of this work and sum¬ 
marizes the influence of temperature on structure down to the temperature of 
liquid oxygen and into the region in which polythene exists in the molten 
condition. Although the results obtained for liquid polythene appear to be of 
considerable interest, a full critical examination and discussion are postponed 
to a later paper. 

§2 APPARATUS 

Electron-diffraction patterns were taken with a Finch type of camera. Two 
modified types of specimen carrier were designed to permit the temperature of 
the specimen m the evacuated camera to be altered at will. The first type was 
primarily designed for temperatures below room temperature, but could be used 
up to about 60 or 80® c. The second enabled the specimen to be heated from 
room temperatures to well above the melting point of polythene. 
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The low-temperature design (figure 1) consists essentially of two concentric 
copper tubes bent upwards at one end and soldered together. The space between 
these communicates with the main vacuum of the camera at the other end and thus 
serves partially to insulate the inner tube thermally. The inner tube ends in a 
heavy brass disc P bearing a screwed rod. 

The specimen, usually mounted on a stop of nickel gauze, is clamped to a 
short holder attached to this rod. It is surrounded by a shield S, wluch is a 
close-slidmg fit on tube T. In this shield two apertures are provided for the 
incident electron beam and for the diffracted beams. Each of these apertures 
IS surrounded by guard rings to trap water vapour which might otherwise condense 
on the specimen at low temperatures. 

The device is earned by a brass disc sealed to the outer tubing. It is pressed 
inwards by the pressure of the atmosphere, and is prevented from sliding down¬ 
wards by ring R. The carrier C is of the standard pattern ; by means of adjustable 
screws used in conjunction with spnngs and tombac tubing, it permits the position 
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and onentation of the specimen to be adjusted. It is mounted against a standard 
port of the camera, and is held m position by a nng R' and lug L. Rubber gaskets 
G, G' are provided to increase the heat insulation of the cooling chamber T. 

In operation, the prepared specimen is fixed to the cooling chamber and the 
^eld mounted in a suitable position over it. The complete earner is fixed in 
the camera, which is then evacuated. Only when this process is completed is 
liquid hydrogen mtroduced mto the cooling chamber, as this procedure reduces 
die possibility of ice condensing on the specimen. The electron beam is scaimed 
over the small portion of the specimen visible through the aperture, and when a 
suitable adjustment is obtained the plate is exposed. Finally the vacuum 
is broken and a check is made to ensure that some liquid air remains in the cooling 
tube, thereby venfymg the temperature of the specimen. 

For higher temperatures the cooling chamber is filled with hot water through 
which steam is passed from an external boiler. The temperature is read from a 
thermometer placed m the water. Unfortunately this method is limited in range 
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aad the temperature readmgs cannot be relied upon to give the temperature of 
the specimen, which is fairly distant from the thermometer. 

In the construction of the earner the specimen is situated in what may be 
considered as a constant-temperature enclosure. Some heat losses occur, mamly 
by radiation, and wherever possible the apparatus is constructed of heavy metal 
to ensure good thermal conduction, and hence thermal equilibnum, over the 
surface. Some very shght temperature differences may arise on the specimen 
due to direct radiation to or from the camera walls through the apertures. 
The amount of heat supplied to the specimen by the destruction of kinetic 
energy of scattered electrons in the mcident beam is too small to be appreciable. 

Experiments with the first type of apparatus were sufficient to indicate a 
variation of spacings with rising temperature. The second apparatus permits 
a more accurate control of temperature as well as a more extensive range. It 
consists of a demountable furnace, electncally heated in the vacuum, and held at 
the end of a paxolinrod. As before, the specimen is mounted on a nickel gauze 
clamped to a short holder, which is screwed to a stout brass plate. The cylindrical 
furnace also screws on to this plate and is heated by a layer of high-resistance 
wire wound on asbestos paper. Apertures are provided for incident and emergent 
electron beams. 

A thermocouple passes through the base plate and is fastened to the nickel 
gauze, which is bent down over it. The temperature within the enclosure is 
sufficiently uniform, the only appreciable loss being by radiation. Although the 
thermocouple was mounted several millimetres from the portion of the specimen 
under examination, there is no reason to believe that the temperature measured 
was in error by more than a few degrees. The thermocouple was standardized 
against a standard mercury thermometer both before and after the set of 
experiments. 

§3 PROCEDURE 

Thin films of A polythene, suitable for electron-diffraction examination, were 
prepared by evaporation of a drop of xylene solution on a hot water surface. 
The results are summarized in table^l. Specimens A-G were mounted on 
nickel gauze, I on a thm methyl methacrylate film mounted on gauze, while H 
and J were mounted on a very fine meshed gauze. 

The change in lattice dimensions of hydrocarbons resulting from thermal 
expansion has been discussed fully by Muller (1930, 1941) who has shown that 
any increase in the c axis must be very shght, whilst an increase in both the absolute 
values of the a and b axes, as well as of the ratio a[b, is to be expected. In the 
present experiments attention has been confined to change in shape, as, in the 
absence of a cahbration standard, absolute changes m d im ensions (which %re 
in any case small) are more difficult to determine than relative changes. 

In all the measurements of crystallme polythene given in table 1 the measure¬ 
ments of the 200 (3-714 a.) and 020 (2 467 a.) spaemgs were made relative to 
110 (4-109 A.), chosen as a standard. With increasmg temperature the a axis 
is found to mcrease m length relative to the b axis, a result m agreement with 
measurements on short hydrocarbons, and which derives from a tendency to 
assume a pseudo-hexagonal structure at higher temperatures. 



Table 1. Variation of spacing with temperature 
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35-2 


Rematks. (1) Calculated spacings at room temperature are based on the followmg axial spacings : a=7*428, 6=4-934j c=2-532 

(2) Where possible spacmgs are measured relative to 110 diffraction (4-109 a ). 

(3) Halo spacings, calculated from Bragg*s law, are less accurate. 

(4) Specimens A—G were moimted on ordmary gauze, H and J on fine gauze, I on methyl methacrylate film. 

(5) In plate 5060 strong haloes co-exist with weak rmgs showmg orientation. 
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Some estimate of the accuracy of the measurements given m table 1 was 
obtained by measuring several of the clearer patterns on two or three occasions; 
the extent of agreement served as a measure of the accuracy involved. 

The change in shape is best traced from the change in the ratio a/i, and is 
relatively greater over the temperature range 20-80° than it is from —183° c. 



to 200° c. This IS to be anticipated from the rapid rise in the repulsive forces 
between two approachmg atoms. As the amplitude of thermal vibrations 
increases, the skew form of the negative potential-energy curve results m an 
increased average distance between atoms as shown in figure 2 . 

§4. CHANGES IN STRUCTURE 

At temperatures of about 90° c. a profound change m structure occurs, 
which is evidenced by the transformation from a ring to a halo pattern. The 
centres of the haloes correspond to spacings of about 4'6, 2-15 and 1-22 A., as 
calculated from Bragg’s law. These must be identical with the diffuse band at 
4*5 to 4-6 observed for liquid hydrocarbons (e.g. Muller, 1932), so that at tem¬ 
peratures well below the point generally accepted as the melting point the 
structure of polythene must be that of a liquid. It is known that at temperatures 
of this order pol]rthene assumes a more glass-like appearance, and the change in 
transparency must be associated with the more amorphous character of the 
pattern obtamed. It is of interest to note that many other transparent polymers, 
e.g. methyl methacrylate, give rise to electron-diffraction patterns which are 
very similar in their general appearance, but differ somewhat m the spacings, 
relative intensities and width of the innermost haloes. 

Muller (1932) has shown that as the temperature is raised the structures of 
hydrocarbons C 21 H 44 to C 27 H 5 g assume a state of pseudo-hexagonal symmetry 
before reaching the liquid state, but this is no longer true for CajHgo and longer 
molecules, in whidh the liqiud state is first attained. In the hexagonal structure 
three adjacent molecules define an equilateral triangle (^=60°); in polythene 
the liquid state is readhed when ^ is about 57 °. 

Before the hexagonal structure is attained, hydrocarbons C 24 H 50 and above 
pass through a transition point, in which the structure shows an abrupt change 
in dimensions. In CggHgg, for example, the lei^th of the a axis increases by 
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5% within a fraction of a degree. The expansion of the polythene lattice has 
not been traced very closely, but an expansion of this amount docs not occur 
below the melting point. The absence of a transition point for pol 3 rthene is in 
any case to be anticipated, since already for C 44 Hto transition and melting points 
almost comcide. 

Of considerable interest is the occurrence together of both halo and ring 
pattern (e.g. specimen J, plate 5060). This coincidence of the two types of 
structure may be detected on a number of plates in the neighbourhood of 85°. 
Over a temperature range of'perhaps 10° amorphous and crystalline structure 
may co-exist in a small portion (<10~® mm?) of a thin film. 

This extended range of meltmg is a strong argument in favour of that theory 
of the structure of high polymers which envisages the solid as consisting of a 
number of crystalline regions, held together by molecules common to the structure 
of several of these r^ons. Smee the forces of cohesion of these molecules must 
generally be lower than those situated m the bulk of the crystals, the former will 
first be freed as the temperature approaches the melting point, and form an 
amorphous or liquid system. The more perfect crystalline regions will continue 
to exist m equihbrium with the hquid (i.e. amorphous structure) until higher 
temperatures are reached. 

§5 COMPARISON WITH HYDROCARBONS OF LIMITBD LENGTH 

In the absence of absolute measurements of the axial dimensions of polythene 
at different temperatures, no direct comparison can be made between its expansion 
and that of shorter hydrocarbons such as € 28^148 and CajHjo, studied by Miillcr. 
A comparison of the shape of the cross-sectional area may, however, be made in 
terms of the axial ratio ajb at vanous temperatures. This is shown in table 2 
at room temperatures, at temperatures a few degrees below the melting point, and, 
in the case of C 89 Heo, immediately below and above the transition point. 


Table 2. Variation of ajb at various temperatures 



Liquid air 
or oxygen 

Room 

temperature 

Transition 

point 

Below 

melting point 

Polythene 

1*49 

1 SOS 



1 55 

^ 29^80 

1*47 

1 S02 

1-S13 

1 601 

1-662 



1-496 



1 73 


Note • 1 73 corresponds to a hexagonal structure. 


It is obvious that the change in dimensions becomes progressively smaller 
in the higher hydrocarbons, in spite of the more extensive temperature range 
avadable. 

The comparison is of interest from the point of view of the character of the 
thermal vibrations of the hydrocarbon chain. In the past it has been suggested 
that these vibrations occur mainly by a bodily rotation of molecules about their 
axis. Further work (e.g. Mtiller, 1940) has shown that tensional vibrations 
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of the molecular chams must play an important part. In the polythene the length 
of the molecules precludes the possibility of apprepiable bodily rotation. The 
magnitude of the torsional vibration may to some extent be gauged from 
the deformation of the structure from its initial dimensions at liquid-air 
temperatures. 


§6 PERSISTENCE IN ORIENTATION 

All the films studied were produced by evaporation on the water surface and 
showed the {20} form of orientation produced under these circumstances. This 
orientation is readily detectable by a study of the relative intensities of the diffrac¬ 
tion rings, especially if the film is not normal to the incident electron beam. 
Present experiments permit an investigation into the extent to which this orien¬ 
tation IS conserved at higher temperatures. 

In tilted specimens the imtial orientation present may be best judged from 
the arcmg of the 020 reflection, which is most intense in a direction parallel to 
the axis of rotation of the specimen. In all halo patterns no orientation is detect¬ 
able, even m tilted specimens. 

At low temperatures (—183° c.) the onentation pre-existing at room tempera¬ 
ture remains unaltered. As the temperature is raised to 80° c., there is no appre¬ 
ciable change in the onentation, the 020 remaining arced, although there is an 
overall reduction in the intensity of the reflections relative to the 110. 

In specimen I an examination of the structure was made after the specimen 
had remained in the amorphous condition (corresponding to a liquid structure) 
for a period of nearly one hour Some orientation was found to persist on cooling 
to 65°, even though the specimen had previously reached a temperature of 117°. 
In this specimen the polythene film was spread on the surface of methyl metha¬ 
crylate, and the presence of the latter might conceivably cause a rc-onenlation on 
cooling Specimen J was therefore prepared on a support consisting of a fine 
nickel gauze, and was heated to 128° c. The orientation of this film after cooling 
was most marked. Finally a temperature of 168° was reached, but even after 
this treatment the remaimng onentation was still strong. 

It may be suggested that re-orientation occurs subsequently to cooling under 
the influence of the gauze support or of surface tension Neither of these 
suggestions can, however, account for the type of tilted orientation actually 
observed, which is typical of films oriented under the action of the water surface. 
In a globule of molten polythene in which the molecules are arranged at random 
no forces can exist which, when the film is cooled, re-orient the molecules at an 
angle to the surface similar to that produced on a water surface. 

The important conclusion is therefore reached that m thin polythene films, 
and probably m all molten high polymers, the imtial structure of the sohd is to a 
considerable extent preserved in the molten form for long periods. The oriented 
molecules may then serve as a nucleus of condensation in the subsequent process 
of solidification. 

The present experiments give strong evidence in favour of the hypothesis 
that crystal structure is to some extent retamed m the liquid form. 
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§ 7 . STRUCTURE OF LIQUID POLYTHENE 

X-ray diflFraction patterns of hydrocarbons consist of a dffiise halo, the 
spacing of which corresponds to 4 5 to 4 6 a. if Bragg’s law is used to translate 
distances measured on the x-ray plate into spaang between planes. The haloes 
obtained from polythene films at temperatures of 90° c., and which persist at least 
up to 168° c., must be of a siimlar ongin. In addition to the 4*6 A. halo, haloes 
corresponding to spacmgs 2 15 and 1 22 a. are observed m the electron-diffraction 
patterns. This increase m the data provided renders a search for a suitable 
structure more hopeful 

The 2-15 A. halo occurs at a spacing overlapping reflections such as 111, 201, 
etc., and its presence may be explained as deriving from these reflections in a 
distorted or mmute structure. Moreover, the 1 22 halo almost certainly corre¬ 
sponds to the 002 reflection, with, perhaps, an overlap from such reflections as 
202, etc. The origin of the 4-6 halo nevertheless remams obscure. 

The mtemal structure of liquid hydrocarbons is far from clear. If it partakes 
of a crystalline character, the mmute size of the crystals accounts for the diffuse 
character of the reflections observed. The application of Bragg’s law is then 
at least approximately justifiable, but the position of the haloes cannot be readily 
explained. On the other hand, if the structure is essentially amorphous in 
character, the application of Bragg’s law requires further justification. 

§8. POLYTHENE IN THE FORM OF A LIQUID AND EMULSION 

The pattern of polythene emulsion at room temperature shows a remark¬ 
able similanty to those of molten films of polythene, as is shown in table 3. 

This great similarity indicates that the intermolecular spacmgs and orientation 
must be similar, and hence that polythene emulsion exists as a supercooled form 
of liquid polythene. 

A further specimen of polythene containing a very small percentage of extra¬ 
neous matter was exammed after standing for about one year. The patterns 
obtained were more nearly crystalline with spacings corresponding to those of 
crystaUme films. The sharpness of the nngs showed that the crystals could 
not be very extensive. Moreover, the intensity distnbution was such that the 
onentation of the films produced by evaporation on a water surface no longer 
existed. In most cases only the 110 reflection was observed. 


Table 3 




A 

A 


Molten polythene 

Average of 

46 

215 

1-22 Centre of haloes 


10 plates 

4-1-5 0 

2-05-2-25 

1 351 haloes 

Emulsion 

Average of 

2 plates 

4-6 
(3 6) 

2-2 

1-2 Centre of haloes 


§9 CONCLUSION 

As the temperature of a film of pol 3 rthene is raised, its structure is modified 
by the tendency to form a pseudo-hexagonal structure. This is not, however , 
achieved, as melting sets in at a lower temperature. 
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Polythene in the molten condition presents an amorphous structure, repre¬ 
sented m the electron-diffraction pattern by three haloes at 4*6, 2-15 and 1-22 a., 
that at 4-6 A. being the most sharp and mtense. Over a range of several degrees the 
amorphous and crystallme types of structure co-exist throughout the film That 
the melting pomt of polythene is not sharp is common knowledge, but it is of 
interest to find this associated with a gradual transition from the fully crystalline 
to a fully amorphous structure. In shorter hydrocarbons the transition is far 
more sudden. It may be argued that molecules of varying lengths form corre¬ 
sponding crystals with varying melting pomts, but this cannot be supported by 
the evidence, since the temperature region in which the transition from crystalline 
to amorphous structure occurs is far lower than that to be anticipated for crystals 
of lengths approximating to those of the highly polymenzed molecules. If 
lie change in pattern is due to breakdown of crystal structure, the individual 
crystals must be far shorter than the individual molecule. Thus, at room tem¬ 
perature, molecules must enter into the structure of a number of these crystals. 

It is then reasonable to assume that some molecules are more loosely held, 
and on being released from many of their bonds at temperatures below the melting 
point of the bulk crystal form the amorphous phase. As the temperature is 
further raised, the proportion of crystalline structure rapidly decreases. 

The region in which the transition from crystalline to amorphous structure 
occurs extends over a number of degrees, but, certainly as far as can be judged 
from the electron-difflraction pattern, the change is complete at temperatures 
below the meltmg point as the latter is generally understood, and, moreover, 
appears to comcide with the usual transition to a more glass-hke material. 

The conservation of the orientation mitially present m the films even when 
these are heated to 168® c. shows that the molecular arrangement is not entirely 
random even at temperatures well above the melting pomt. Further work is 
clearly desirable on the rate at which the initial onentation is lost when the film 
is held m the molten state for varymg periods. These considerations lead one 
to envisage a statistical fluctuation of temporary crystallinity over small regions, 
sufficient to ensure mobility above the meltmg point, over macroscopic penods 
of time, yet serving to retain some “memory” of imtial structure. 
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NOTE ON DIFFUSION IN THE IONOSPHERE 

By J. C. jaeger, 

The University of Tasmania 
MS received 31 May 1945 

ABSTRACT The equation of diffusion tor a one-dimenstonal region m which the 
coefficient of diffusion vanes exponentially is solved, and the results apphed to the diffusion 
of ions in the ionosphere. Numerical results arc given for three special initial distnbutions 
of ion density. 


T he effect of diffusion of ions in the ionosphere has been very little studied. 
The general equations, mcludmg diffusion, recombination and ion 
production, were set up by Hulburt (1928) but are quite insoluble. 
Recently Bagge (1943) has shown, by numencal integration m a special case, 
that di&sion will greatly reduce the ion density in the upper parts of a Chapman 
region, although it leaves that near the maaamum unaltered. 

The object of this note is to set out briefly the results for one case in which 
the exact solution is possible, namely, that of an atmosphere in which the particle 
density vanes exponentially with height, and in which the effects of recombination 
and the earth’s magnetic field are neglected. This allows an estimate of the 
effeci of diffusion to be made which may be useful m the higher regions, where 
recombmation is of less importance. The neglect of the earth’s magnetic field 
is, of course, senous ; its effect is considered briefly later. 

Let N be the number of ions per c.c. at height z, and let 1 jb, supposed constant, 
be the scale height of the atmosphere, so that the coefficient of diffusion at height z, 
which is mversely proportional to the particle density at this height, may be 


written 


( 1 ) 


where /c is a constant. Then if J(«, t) is the rate of ion production at height z 
at time t, the differential equation satisfied by iV is [cf. Hulburt (1929) or Bagge 
(1943)] 






+/(«,f)=0. 


Smee m practice we are only mterested m large values of z, and those ions 
which diffuse to smaller values of z will be removed by recombination, it is 
sufficient to consider (2) in the region — oo <a< oo with the boundary conditions 
N fimte as z-^ ± oo. We proceed to solve (2) in this region for t>0, with a given 
imtial value Nq(z) of N when t=0, for the case* J(a, f) = 0. 


* There is no additional difiSculty m including ion production, but it is perhaps pushing a 
Simple model too far. 
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Writing 


X = i 


=0, 

!\ dx) Kh^ dt 


0 <»<oo, f> 0 , 


y=Ne^, 

( 2 ) becomes in the case I{s, t)=0, 

3 

3*' 

to be solved with 

3 /finite as and as x-^co, 

and with 

In “)» as 

The solution* of (4), (5) and ( 6 ) is 




We shall wnte k for the dimensionless quantity: 

k=KbH. 


(3) 

(4) 

(5) 

( 6 ) 

(7) 

.( 8 ) 


It IS easy to verify that (7) satisfies the differential equation and initial and 
boundary conditions. 

To illustrate the behaviour of the solutions of (4) we consider two cases in 
which ( 6 ) takes a specially simple form. 

Case (i). iV’o(a)==Wo^(a—»o)> where 8 is the Dirac 8 function, that is, a concen¬ 
tration of «o 10 ns is released at t =0 at the level isq. In this case the solution is 


JV * / 2\/{xXf,) \ ^ 

K "V k r ’ . 

where Xo=er^‘ 

The nght-hand side of (9) as a function of * involves only the quantity k, but 
if we express it in terms of a, b appears as well. As the results are a little more 
physical when expressed in terms of a, they are plotted m this way in figures 1 and 
2 for the value 3 =2 X 10~’ corresponding to a scale height of 50 km., that usually 
observed in the F region. Figure 1 shows the diffusion of a concentration of 
Tifl ions imtially at a ®=200 km., and figure 2 that of a concentration initially at 
ao=400 km, for various values of k=KbH. A large downward motion is at 
once apparent. Whether this is of physical importance depends on whether 
values of k of the order of those for which the curves are drawn can be attained 
in practice. The coefiicient of diffusion at any height is 0 41yM, where y is the 
mean free path at that height and u the mean molecular velocity. Taking the 
value of y at 250 km. to be 10® cm. (Hulburt (1937), table 1 ) and for u its value at 
220 ° K., 10 ® cm. per sec., we get 4 1X10“ for the value of the coefficient of diffusion. 

* For the method of solution usmg Ihe Laplace transformation, see Cawlaw and Jaeger, 
Operatkmdl MeOiods m Appbed Mathematics, § 68 (Oxford, 1941) /,(*) is the modified Bessel 

^unction of the first kmd of order zero. 
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Figuxe 1 Diffusion of a concentration of ions initially at 200 km Scale height 50 km. 
The numbers on the curves are the values of h 



Figure 2. Diffusion of a concentration of ions initially at 400 km. Scale height 50 km 
The numbers on the curves are the values of k 
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If we give b the value" 2x 10-’’ obtained from the scale height, 50 km., of the 
F region, we have from (1), for ar=2-S X10’, 

Ke®=4'lXlO“ 

tTint is, K=2*8 X10®. It follows that, with these values of k and 6, k has the value 
0-04 at the end of an hour, so that values of k of the order of those m figures 1 to 3 
seem quite possible. 

Case (ii). Another case in which the integral (7) can be evaluated simply is 
that m which the initial distribution is of the familiar Chapman type, say 

iVo(*)=iV'*»e-«®, .(10) 



Figure 3. Diffusion of a distribution of ions which is initially of Chapman type. 

The numbers on the curves are the values of k. 

where x is given by (3). In this case we find 

N=N'x(‘>rlkkye-^^-^'>l^I,ixl2kk'), .( 11 ) 

where k is defined m ( 8 ) and k'=l+kc. 

In figure 3 curves of (11) for the case c=80, i=2x 10“’, and various values of 
k are given. The tendency for the upper ions of a theoretical Chapman region 
to move downwards by difiusion as described in Bagge (1943) is clearly shown. 

* If values of h based on the kmetic theory are used, for example those deduced fromHulburt^s 
(1937) table 1, much smaller values of k are obtamed, but these do not allow for the probable 
high temperature at these levels. 
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The eflFect of the earth’s magnetic field is to leave the coefficient of diffusion 
unaltered for diffusion along the magnetic field, but, for diffusion across the 
magnetic field, in place of we have 

where a is a known constant dependmg on the field. The resultmg equation 
is not soluble in terms of known functions. In temperate latitudes the effects 
described above will not be altered greatly, but at the magnetic equator vertical 
fj ^fFiisinn will not be an important ^ent for removmg ions from high levels 
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THE PHOTOGRAPHIC ACTION OF X RAYS 

By S. R. PELC, 

Physics Department, Hammersmith Hospital, London 

Communicated by Dr L H Clapk, 20 May 1945 

ABSTRACT, An account of theoretical considerations of the photographic action of 
X rays, based on the absorption process of x rays in photographic emubions, and found 
to be in good agreement with experimental results, is presented in this paper. An 
equation givmg the variation of the photographic action with wave-length is deduced. 
Consideration is given to the number of grams made developable per absorbed photon. 
The conclusion is reached that the energy required to make one gram developable is, 
for a given emulsion, constant for effective wave-length from 47 x V. to 395 X u 

§1. INTRODUCTION 

T he results of previous mvestigations show that the shape of the density- 
exposure curve is essentially the same for different qu^ties of radiation 
(Glocker and Traub, 1921). Berthold (1925) found that in order to 
produce the same density with x-ray beams of different penetrating power, more 
energy must be absorbed m the emulsion from a penetrating radiation than from 
a less penetrating one. Similar investigations (G. E. Bell, 1936 ; E. E. Smith, 
1943) with heterogeneous x rays show that the exposure, expressed in roentgens, 
required to produce a certain density passes through a minimum in the region of 
0-25 mm. copper H.V.L. 

M. Blau and K. Altenburger (1922) and L. Silberstein (1922) assumed that 
at any st^e of the exposure the number of affected grains (») is proportional tO' 
the number of unaffected gains, i. e. 

dn=(N—n)edI, .(la) 

where N is the total number of grams per unit area, c is an arbitrary factor and 
J the exposure. 
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On integration, we find 

»=iV(l-0- .(1^) 

L. Silberstein (1922) regarded each grain as presenting to the photons a target 
of area a, and gave equation (1 b) in the form 

.(Ic) 

where Q is the number of incident photons and jS an arbitrary factor The 
meamng of ^ has been differently interpreted : by L. Silberstein and A. P. H. 
Tnvelli as the fraction of the area of a gram which acts as an efficient target for 
light quanta, and by A. Charlesby as the probability of a gram becommg developable 
when struck by a photon. The density is taken as proportional to the number of 
grams, and it was found that the density-exposure curves for x-ray exposures 
can be well represented for moderate densities by an equation of the form of 
equation (1 b) (Bell, 1936 , Charlesby, 1940). It can be shown that the speed 
of a photographic emulsion determined m the usual way from the curve of density 
agamst log (exposure) is proportional to e whenever the density-exposure curve 
can be represented by (1J), e is sometimes referred to as the speed m this paper. 
The following considerations show that the arbitrary factor e can be evaluated 
from the absorption process of x rays in the silver halide of the emulsion and the 
known number of incident photons per unit area, when the exposure is expressed 
m international roentgens. 


§2 THEORETICAL 

The number of grains affected, n, will be proportional to the number of 
quanta absorbed, and to the number of grains which each absorbed quantum 
renders developable, as well as to the probability of a hitherto unaffected grain 
being affected. Takmg y to be the number of photons absorbed and tj the number 
of grams affected per quantum absorbed, then 

dn=^^r,dq. . ( 2 ) 

From the known absorption of x rays the number of quanta 

u 

absorbed is found to be dq={\—f <‘’')dQ, .(3) 

where Q is the number of incident quanta, fijp the mass-absorption coefficient 
of silver bromide or silver chloride, and g the total amount of silver halide m grams 
per sq. cm. of emulsion The amount of silver m the emulsion is of the order 
of Kh* per sq. cm., so that for the qualities of x rays used in this mvestigation, 
(3) can be simplified to (3 a) with an error not exceedmg 1 % . 

dq=^gdQ. ... (3 a) 

P 

The total amount ot silver bromide is Ny, where y is the mass of the undeveloped 
gram, and substituting (3a) m (2) gives 

dn={N-nyri^^ydQ. . ...(4) 

For X rays measured m mtemational roentgens (r.) the number of quanta per 
sq. cm. cross-section of the beam can be calculated from the energy necessary 
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to liberate one pair of ions in air (35 5 ev.) and from the definition of the roentgen, 
and is found to be 

. 

where A is the wave-length in Angstrom units, r the photoelectric absorption, 
and ELlein-Nishma’s scatter-absorption coefficient in air. 

Substituting the value for the number of incident quanta (5) in equation (4) 
gives the final expression, 

dn = {N — n)Ar)y dr^ .(6) 

where 

A = X 0 923 X 10«. . (6 a) 

Integration from 0 to r yields 

« = iV(l-c--^’«^). .(7) 

Companng equation (7) with equation (16) we see that the exponential 
factor € is now expressed as a function of separately assessable terms and ele¬ 
mentary constants when the exposure is expressed m international roentgens . 

e=Aryy. .. .. (7 a) 

The proportionahty between the speed (e) and the average mass per grain as 
indicated in equation (7 a) is obviously in contradiction to the work of L Silber- 
stein and A. P. H. Tnvelh (1930) and of A. Charlesby (1940), and will be referred 
to in more detail in the discussion of results. 

For photographic work, the measurement of densities is, of course, preferable 
to counting the number of grains, and a few remarks about the connection between 
the number of affected grains, development and the resulting density may be 
inserted here. In general only a fraction a of the affected grains will be developed, 
and equation (7) can be written 

71^=aw=ociV(l - e-®'). . (7 J) 

The fraction a can be calculated from the increase of density with time of 
development. 

From a consideration of the combined transparency of a number of layers in a 
photographic emulsion, P. G. Nutting (1913) deduced the formula 

d=-plog(l-I), ... .( 8 ) 

where d is the observed density, p the number of layers, defined as the thickness 
of the emulsion divided by the average thickness per gram, and S the total 
projected area of the developed grains If S/p is small compared with p, equation 
( 8 ) can be approximated by Nuttmg’s simplified formula, 

d=04343iS. .( 9 ) 

The number of grains affected, as expressed in equation (7), and the corre¬ 
sponding density as expressed by ( 8 ) in connection with (7), will be strictly valid 
for emulsions consisting of grains of equal size and approximately valid for 
emulsions with relatively small variation in gram-size. 
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For measurements m the region of low densities, when the density can be 
well approximated by equation (9), equations (7 b) and (9) combmed give 

d=0-4343adiV(l - «-»), .(10) 

where d is the average projected area per gram. For small values of the term in 
the exponent, and low densities, i.e. as far as the familiar linear portion of the 
density-exposure curve is m the region of low densities, equation (10) can be 
further simplified to 

d=04343aaAr^i}yr. .(11) 

Substituting g=Ny ^ before gives the most convement expression for low 
densities in slow emulsions of high contrast, namely, 

- =0 4U3aidAr}g. .(11«) 

T 

The error incurred in these approximations calculated for the emulsions used 
in this mvestigation from the known difference between equations (8) and (9) 
and between equations (10) and (11) respectively is up to 4% for one of the 
emulsions chosen for experimental investigation (film Y) and below 1 % for film X 
for densities smaller than 0 5 ; the simplified equations were therefore used for 
film X only. 


§3 EXPERIMENTAL 

The equations resulting from the theoretical considerations of the first part 
contain, with the exception of the quantum eflSaency ij, factors which can be 
either calculated or determined without recourse to x-ray exposures. To 
test the validity of the theory an experimental investigation into the dependence 
of the photographic action of x rays on wave-length, and a comparison of measured 
densities with calculated values was undertaken. 

Two types of commercial film with widely different characteristics, as shown 
m table 1, were chosen for experimental investigation.* The films were exposed 
to X rays in a special cassette made from ^u-inch brass sheet, which permitted 

Table 1 


Total amount of silver Average diameter of 

Film bromide (gm per sq cm.) the developed grams (cm.) 


X 6-2 XlO-* 0 8X10-* 

y 26xl0-‘ 30x10-* 


the exposure of a stnp of 2 cm. and accommodated up to 25 mm. thickness of 
lead above the part of the film not mtended for exposure. The film was enclosed 
in thm black paper, bached by about Vie inch of cardboard and slipped into a 
black envelope, similar to the usual double wrapping. No influence from back- 
scatter from the backing materials could be observed. The exposures were 
controlled by ionometric measurements, for which instruments calibrated at 

* Thanks are due to Mr R Tapper, of the Department of Chemistry, Bntish Postgraduate 
Medical School, who determmed the amounts of silver per imit area quoted in tables 1 and 3. 
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the N.P L. against the standard free-air chamber were used. The error ot the 
lonometnc measurements was ±3% for radiations up to H.V.L. = 2 mm. Cu, and 
IS unlikely to exceed ±5% for the harder radiations The radiation from three 
x-ray tubes, excited by constant-potential generators, covering a range from 90 
to 500 kv., were used m order to obtain x-ray beams within a wide range of pene¬ 
trating powers for the exposures ; the target-film distances were varied between 
60 and 150 cm. to allow suitable times of exposure. In some of the series, standard 
tints exposed on each film served to elimmate the possible influence of differences 
in development, and in all cases all films belonging to one series of experiments 
were developed in the same developer withm as short a time as possible. Specular 
densities measured with a microphotometer and barrier-layer cell calibrated 
against a step-wedge could be reproduced within ± 2% 



Figure 1 

As the silver m the emulsion is the dommant factor m the absorption process 
which leads to the photographic action, the determination of the effective wave¬ 
length of the heterogeneous x-ray beams used was based on absorption measure¬ 
ments m silver in preference to the more usual copper Comparative measure¬ 
ments showed variations in the measured effective wave-length of about 3 x.u. 
for the hardest radiations, rismg to 10 x.u for the softest radiation used. The 
absorption coefficients used were derived from vanous published data (Compton 
and Allison, 1935 ; Jones, 1936 ; Victoreen, 1943). 

Figure 1 shows calculated values for A as defined by equation (6 a) for wave¬ 
length of 20 to 1000 X.U. plotted on logarithmic scales ; the broken line refers to 
values of A when (t + ggl AgTh- mstead of ftAgSr is used m equation (6 a). According 
to equation (7 a) the speed, and similarly, accordmg to equation (11 a), the density 
per roentgen on the linear portion of the density-exposure curve would be propor¬ 
tional to A for radiation of different penetrating powers if were independent 
ran. soc. Lvu, 6 .6 
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of the effective wave-length, the other factors being naturally unaffected by the 
wave-length. The experimental results of exposures to x rays from A=47 x.u. to 
395 X.U. are included m figure 1, and represent values for the speed for film Y 
and values for the density per roentgen for film X (see table 2). Berthold’s 
values (1925) for the density divided by arbitrary units of ionization measured with 
monochromatic beams are included to extend the comparison into the region 
of the K-absorption edges of silver and bromine. All values were arbitrarily 
matched to the curve at one point. 


Table 2' 


Film 

Marked m 
figures 1 and 3 

Experimental values 
in terms of 

X 

+ 

density per r. (constant d) 

Y 

© 

€ from density-exposure curves 
corrected by (8) 


X 

Berthold (1925) density pei 
arbitrary unit of ionization 


Figure 1 shows that the wave-length dependence of the photographic action 
is essentially the same for the different ways of derivation from the density- 
exposure curves and also the same for both emulsions used, but it also reveals a 
wide divergence between calculated and measured values. The trend of the 
measured values compared with the theoretical values for the term A is unmis¬ 
takable. The values for A** = 47 x.u are about twice the theoretical value, whilst 



lo Zo 3o 4o 5b 60 

Figuie 2 

the values for Ae(r=395 xu. are only a quarter, with a definite trend for the 
intermediate values, differences which are clearly far beyond the possible error 
estimated above. Berthold’s values show the same tendency in the region of 
short wave-lengths as well as between the absorption edges. 

Besides the factor A, the only parameter m equations (7 a) and (11 a) which 
may depend on the quahty of the radiation used is the quantum efficiency,which 
was therefore investigated by calculating the number of photons absorbed and 
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counting the number of developed grains per unit area under the microscope. 
Equation (11a) was used to calculate the quantum efficiency from observed 
densities. Both methods give essentially the same results. 

Figure 2 shows for film X the number of grams actually counted per absorbed 
photon against the “ effective ” frequency as a measure of the average energy of 
the absorbed x-ray quanta Figure 2 suggests, as indicated by the dotted Ime, 
a linear increase of the quantum-efficiency with the frequency This means, 
however, as companson with equation (2) shows, that the number of grains made 
developable is proportional to the absorbed energy, independent of the wave¬ 
length. The elementary processes leading to these observed quantum efficiencies 
are not easily assessed, and no theory is attempted at this stage. 

Using the Duane-Hunt relation, the observations can conveniently be pre¬ 
sented m the form of equation (12), where k is the number of grains affected per 
kev. of absorbed energy, and, therefore, the reciprocal of k is the energy in kev. 
necessary to make one grain developable : 

ij = 12 35*/A. .(12) 

Inserting (12) in (7) gives 

e=Bky, .(13) 

where 

114x107 .(14) 

(T + a„)a.r 

and 

«=JV’(l-e-8*'^) .(15) 

For the linear part of the density-exposure curve we may write 

^=0 4343a«gBk. .(16) 

Figure 3 gives calculated values for B, plotted as logfi against log A. It 
should be noted that the ordinate in figure 3 is drawn to twice the scale used in 
figure 1, and, therefore, the slope of the expenmental values appears to be steeper. 
The fall in the efficiency for harder radiations found by Berthold does not appear 
in figure 3, and was obviously due to the values for the absorption coefficients 
used by Berthold in 1925. The agreement between expenmental and calculated 
values is satisfactory for all series, which are matched to the curve as in figure 1 
by using one free parameter, the calculation of which seems desirable and can be 
attempted by the use of equations (13), (15) and (16). A discussion of the 
different factors involved may help to assess the accuracy to be expected for the 
comparison between measured and calculated values m tables 3, 4 and 5. 

Determination of the factor k involves the measurement of the quantum 
efficiency at a certain stage of development, and has to be extrapolated for maximum 
development, because equation (13) was deduced from a consideration of the 
absorption in all grains and must, therefore, be referred back to full utilization of 
all affected grains. Term B includes the absorption coefficients of silver bromide 
and air. The influence of the divergencies in the various published absorption 
coefficients has to a certam extent been eliminated by the choice of silver for 
the absorption measurements m the present investigation ; the absorption 

36 -* 





coefficients for air are calculated values for the whole range. The photometric 
constant defined as the amount of silver per unit area divided by the drasity can 
be calculated from the value for the average mass per gram (y), involving, apart 
from the measurement of density and mass of silver per unit area, the estimation 



of the average area per grain based on the imcroscopically measured average 
diameter per grain, i,. e. the square of the diameter and the shape of the grain will 
influence the result. The composition of the emulsions used from various 
classes of grain might to a certain extent influence the calculation from basic 
data, although it does not influence the arbitrary values in fi^re 3. 


Table 3 


Film A XU. 

€ meas 

rq meas 

k grains/ 
kev 

y calc, 
gm /gram 

Photometric 
constant 
calculated 
(gm /dm?) 

Photometnc 
constant 
measured 
(gm /dm?) 

X 

395 

0-03 

23 

0 073 

4 8x10-’^* 

1-0 X10-' 

1 IXlO-* 

Y 

87 

0 73 

68 

0 48 

1 9x10-“ 

2 8xl0-» 

3 3xl0-‘ 


Table 3 gives, for the two emulsions used, measured values for the factor e 
and for the quantum efficiency (ij), the latter being corrected for maximum develop¬ 
ment. The values for the number of grams made developable per kev. absorbed 
are calculated from equation (12) usin^ the correspondmg values for the quantum 
efficiency. The average mass of AgBr per grain (y) calculated from equation (13) 
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was used to calculate the photometric constant m grams of silver per sq. dm., 
no form factor (Arens, Eggert and Heisenberg, 1931) for the influence of the shape 
of the grains being taken mto account. The agreement between Calculated 
and measured values for the photometric constant can be considered satisfactory, 
and this comparison serves as a test for the vahdity of the theoretical considerations 
set out in this paper. 

For the calculation of densities for emulsion X from equation (16) in table 4, 
the relevant factors were taken from tables 1 and 3. In table 5, similar calculations 
for film Y usmg equations (15) and (8) are shown, the total number of grams per 
sq. cm. {N) having been calculated from the measured total of AgBr per sq. cm. 
(table 1) and the value for the average mass per grain (y in table 3). The general 
agreement for various wave-lengths is shown in figure 3, and only a limited number 
of values is given m tables 4 and 5. 


Table 4 

FilmX; 0-4343aogA=4-3 X10"“ 

A effective 


kv. 

Filter 

X.U 

B 

Exposure r 

d meas 

d calc 

400 

2 mm. Sn 

60 5 

3 SxlOii 

28*0 

0 428 

0 458 

400 

Inherent 

74 

5 8x10^1 

27-4 

0-683 

0-66 

190 

Thoraeus 

119 

1 7xl0» 

4-5 

0 335 

0-33 

190 

1 mm A1 

208 

5 2x10^* 

0-74 

0-184 

0-166 


Table 5 

Film Y; N=l-37xl08 


kv 

Filter 

A effective 
X.U 

Exposure r 

d meas 

d calc 

190 

Thoraeus 

119 

0 297 

1-08 

1*08 

400 

2 mm Sn 

60 5 

2-04 

1 35 

1-46 

475 

4*5 mm. Sn 

47 

2-75 

1 41 

1*5 


§4 DISCUSSION OF RESULTS 

In disagreement with the assumption of previous workers (Silberstein and 
Tnvelli, 1930 ; Charlesby, 1940), the theoretical findings and experimental 
results described above indicate that the speed of the emulsion is proportional 
to the product x y (equation 7 a), a conclusion of some significance and calling 
for a brief discussion. 

In the well known absorption formula 
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the number of photons (Qq) crossing a grain will be proportional to the area, 
whilst the fraction absorbed depends on the thickness and absorption coefficient 
only. Thus proportionality between the number of photons absorbed and the 
area would exist only in emulsions consisting either of opaque grains or of grains 
of equal thickness. The highest absorption coefficient for silver bromide met 
with in this mvestigation is of the order 1000 (for A = 1 -5 A.), and taking the diameter 
of the fairly large undeveloped gram of emulsion Y as 0 7 x 10~* cm gives an 
absorption of about 7% of the photons crossing a grain, thus excluding any 
assumption of opacity. The undeveloped grain is regarded as a mmute silver- 
halide crystal in modem theories of the latent image (Gumey and Mott, 1938 ; 
Mott and Gumey, 1940 ; Berg, 1943), and there seems to be no reason to assume 
equal thickness of grains. 

L Silberstein and A P. H Tnvelli (1930) tested the validity of equation 
(1 c) for a series of gram sizes, using single-layer plates, and claimed good agree¬ 
ment between theory and experiment. Re-exammation of their results shows, 
however, that the spread of the experimental values is too large to allow of a clear 
decision. A brief discussion of the possible dependence of the quantum 
efficiency on gram-size is given m a later paragraph. 

Integration of equation (4) gives 

«=iV(l-«-4’<>), 

where the term in the exponent should be equal to the term in the exponent of 
equation (1 c), i. e., we should have 


W 

P 


=ajS. 


(17) 


A Charlesby (1940) estimated the term a from G. E Bell’s measurements 
of 1936, and found values rangmg from 1 6 x 10~“ to 4-8 x 10“^® for films which 
seem to be comparable to film Y. From the data given m Bell’s paper, jx, can be 
estimated to be 200, of the order 10, y=\ 9 x 10~“ (see table 3, film Y), and, 


therefore. 


W 

P 


= 6 X 10~“, in sufficiently good agreement considering the data 


available as a basis of estimation. 

The average energy required to make one gram developabley estimated from 
the measured quantum efficiencies and corrected for maximum yield from the 
mcrease of density for prolonged development (table 3), is 13,000 ev. for film X 
and 2100 ev for film Y, which, even with due regard to the error in the determina¬ 
tion of the quantum efficiency, is higher than the values given for exposures with 
visible light. F. R. Hirsch (1928) found that emulsions exposed to x rays of 
11 A. (1100 ev.) show the toe, characteristic of exposures to visible light, at the 
beginning of the density-exposure curve, Takmg this as an indication that 
the quantum efficiency is below umty for this wave-len^;th and the emulsion 
used (analysis of Hirsch’s published graph indicates a quantum efficiency of 
approximately one-fourth), the same order for the average energy per grain is 
obtained. Mott and Gumey (1940) estimate that on the aver^ about 50 quanta 
of visible hght are needed to make one grain developable, an average absorbed 
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energy of about 200 ev. per grain. S. E. Sheppard (1931), however, comes to the 
conclusion that on the average from a few hundred up to one thousand quanta 
are needed for visible light. The efficiency of the photographic action of x-ray 
exposures might, however, on account of the almost instantaneous release of a 
great number of electrons, be nearer to the efficiency of visible light of high inten¬ 
sity, where, as the breakdown of the reciprocity law shows, a higher average 
energy per gram is required. The theoretical aspect is further complicated by 
the difference in the energies necessary (film X with a small grain needing more 
than film Y with a larger grain), which, rf not due to the preparation of the films, 
might be explamed on Mott and Gurney’s theory by a higher rate of recombination 
due to higher concentration of electrons in a smaller grain An mteresting aspect 
of the sensitivity of large grains is presented by W. F. Berg (1943) in a discussion 
of the electrolytic mechanism of development: “A large grain contaming a 
single sensitivity speck will be more sensitive, not only because of its larger target 
area to light, but also because it contains a larger total number of interstitial 
ions to begin with”. 

Measured values for the exposure in roentgens necessary to produce a density 
of 0 5, plotted against half-value layer m Cu published by G. £. Bell (1936) and 
E. E. Smith (1943), were compared with values calculated from equation (16) 
and show reasonable agreement for harder radiations. The minimum at about 
0-25 mm. Cu can be explamed by the influence of quanta of lower energy than the 
K-absorption edge of silver which would have been present in the heterogeneous 
beams used, and tend to raise the amount of x rays needed before the effective 
wave-length comcides with the absorption edge. 

The theoretical considerations presented in this paper should in principle 
apply to exposures to visible light. A different mathematical form would have 
to be chosen to account for the high scattermg of light in the emulsion, absorption 
due to dyes and variation in the quantum efficiency for different grains. A rough 
estimate of the value of the intnnsic sensitivity (^), using equation (17), can, 
however, be gained in the foUowmg way. J. Eggert and W. Noddack (1923) 
measured the absorption of light in the silver bromide of photographic emulsions 
and found a total absorption of 10 to 20%. Assummg a total of 4x 10~* gm. 
AgBr per sq. cm. gives a thickness of 0-6 x 10^ cm., which absorbs, say, 15% of 
the incident hght; an absorption coefficient of 2 5 x 10® cm7^ is deduced. This 
high value for the absorption coefficient is explamed by the fact that the method 
of calculation automatically takes the multiple scattering in the emulsion into 
account. Taking the diameter of the undeveloped grain as 10^ cm. and the 
quantum efficiency (Sheppard, 1931) as 3x10^ gives jS=hjjtt = 7*5 x 10~®. 
Various workers have amved at values of 10~® to 10~® for the intnnsic sensitivity. 
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A METHOD FOR OBTAINING SMALL 
MECHANICAL VIBRATIONS OF KNOWN 
AMPLITUDE 

By D H SMITH, 

Woolwich Polytechnic 

MS received ^ July \9^5 

ABSTRACT Tbe theory of a noethod for measuring small amplitudes of vibration, 
due onginally to Thomas and Warren, is developed, and experiments confirming it are 
described. The possibility of using the method for producing a standard source of sound 
is discussed 

§1. INTRODUCTION 

T he amplitude of a vibrating body such as a diaphragm may be measured 
either by means of a device which depends upon contact with the body 
or with an optical arrangement mvolvmg the use of mterference 
fringes. The best-known amplitude meters of the first class are the Bragg 
amplitude meter (Bragg, 1919) and the optical lever used by Kennelly (1923). 

Neither of these is very accurate. The first, which depends on the cessation 
of chattering between the diaphragm and a light spring-loaded hammer, is 
cumbersome, and cannot well be mounted b ehind the diaphragm without inter¬ 
fering with the driving arrangements. Kennelly’s optical lever is fragile, and 
needs a powerful arc as a source of light, while its accuracy is low for amplitudes 
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less than about 10 microns. In particular, its usefulness diminishes towards 
higher frequencies, where . a large particle veloaty, and, therefore, a high 
intensity of sound, are obtamed with a small amplitude. 

Interference fringes were used by Webster (1919), who photographed the 
hinges produced when a mirror attached to the vibratmg body was made one of 
the mirrors of a Michelson mterferometer. A much simpler method was devise d 
by Thomas and Warren (1928), who have descnbed the appearances presented 
by thm film interference fringes of the Newtonian kind, formed between a reflecting 
surface at rest, and one set m vibration with a small amplitude. Their description 
is, however, not quite accurate in several particulars, and the qualitative explana¬ 
tion of the phenomena which they gave appears to have led them to erroneous 
quantitative conclusions. 

In the present paper, the theory of the fringes observed by Thomas and Warren 
IS exammed m detail, and a source of sound is described whose amplitude can be 
accurately measured by their use. 

§2 THE FORMATION OF INTERFERENCE FRINGES BY REFLECTION 
FROM THE SURFACES OF A THIN FILM, ONE OF WHICH IS 
VIBRATING 

Let AB and CD be two close reflecting surfaces of any form, not in contact 
at any pomt, and consider the interference of the monochromatic beams OS 
and OPQS reflected from these surfaces. Let the vibrations in the reflected 



Beams be cos cot and^/g^^cos (cot—S), where cii and dg are the amplitudes 
and 8 is the phase difference. The resultant is, in complex form, 

Ji +3'2=exp* [fli -t- dj exp. -j8]. 

The intensity, obtained by multiplying by the conjugate complex quantity, is 
/ =(cii+d2exp.-yS)(di+a2exp.j8) 

= 01 ®+da®+djda (exp. —jb +exp. jS) 

= di®-|-d2® + 2did2COs8 .(1) 

Let eg be the distance between the surfaces at the pomt O, when thqr are at 
Test, Then with sensibly normal incidence 

4weg 
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where A is the wave-length Let the lower plate vibrate in a sense normal to the 
path of the hght, its motion being ^=^QCOspt. The separatibn of the surfaces 


at O becomes 


and 8= ^ 


Then the intensity at O is 

+ -f- cos (S + € cospt). 

The mean intensity at this point over a period is 

1 rT 

T Jo 
1 

= y I [ + ^ 2 *) + 2^102 COS (8 + e cospf)] dt 

=(«!* + ag^) + f cos (8+e co%pt)dt .(2) 

i Jo 

The integral in (2) is 

fT ,T rT 

h~ cos(S+6Cosp<)rf#=cosS cos (e cospt) sin 8 sin(esmpf)rft 
•'0 Jo Jo 

.( 3 ) 

The second integral in equation (3) is zero, since by wnting r=t~ Tfl we 

fT ,272 

see that =- . If we write pt=^, the first term becomes 

Jays Jo 

cos 8 

cos 8 J cos {e cospt) di= J cos (e cos p) dp 


_ cos8 j^ €®COS®p ^ €*COS*^ e*cos®^ 


Using the well-known reduction formula 


■■ 


this becomes 


r 1.3.5. ..(2n-l) ^ 

J, - 2 : 4 .6...2, 


27rCOsSf €® 

~p t^"2®'^(ny2~(2.4.6)= 

ZttcosS , ^ . « , , . 


+ ... 


= “Jl^.j„(,) = r.j„(,)cos8. 

where Jg is the Bessel function of zero order. Substituting this result in equation 
(2), we have finally 

h={ot + « 2 ®)+20102 . Zo(e) cos 8 .(4) 


(oi«+o,®) + 2oiO,Jo(l^®).cos(^»).(5) 


With a given value of ^q, which is the same at all points, the mtensity vanes 
across the field of view with and a system of thm-film interference fringes 
will be formed, whose configuration will depend on the shape of the reflectmg 
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surfaces. In the particular case in which we shall be interested, that of fringes 
formed by reflection from the surfaces of a lens and a flat plate, the usual system 
of Newton’s nngs will appear. The contrast between the bright and dark 

fringes—^thatis,thevi8ibihty—^will depend on the value of b/q . Thus, when 

^ 0 =0, so that Ja = 1, the fnnges will vary in intensity between (<% — 

in the dark frmges and (ai+<*a)® in the bnght fringes. But for those values of 
io which make th® intensity will be uniform and equal to <Zi® + a 2 ® 


over the whole field, and for these critical values of the frmges will disappear. 

The first few values of c/tt and, therefore, of 4^oA> fot which Jo(e) — 0, are 
shown in the first column of table 1, while the second column shows the corre¬ 
sponding cntical amplitude as a fraction of the wave-length of the light used. 


Table 1 


Cntical values of the amplitude 


TT A 

fo 

X 

«_4£« 

TT A 


0 7655 

0-1914 

5-7522 

1-4380 

1 7571 

0 4393 

6 7519 

1 6880 

2 7546 

0 6886 

7 7516 

1*9379 

3 7534 . 

0 9383 

8 7514 

2 1879 

4 7527 

1 1882 

9 7513 

2 4378 


In passing through the value zero, Jq{€) changes sign, and so, therefore, does 
the second term in equation (4), so that as the amplitude is gradually increased 
through a cntical value, the fnnges disappear and then reappear with the dark 
and bright bands interchanged in position 

These conclusions are entirely borne out by expenment Thus, if a well- 
defined set of fringes is formed with the lower plate at rest, and it is then set in 
vibration with a very small amplitude, much less than the first cntical amphtude, 
the fringes diminish slightly in visibility. If the amplitude is gradually increased, 
the contrast dimmishes still further, and when the first cntical amplitude is reached, 
the fringes disappear and the field becomes uniformly illuminated. A further 
increase of amphtude causes the fringe system to reappear with bright and 
dark bands mterchanged. This is repeated as each critical amplitude is reached. 
The change m the position of the fnnges m passmg through a cntical amplitude 
is a valuable feature of the effect, as it enables the amphtude to be set for uniform 
illumination with a precision approachmg that obtainable with a good photo¬ 
meter. 

The figures in table 1 show that Jff) vanishes for values of e/w, which differ 
by very nearly unity, and the difference approaches unity closely as e/w mcreases. 
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Therefore the successive disappearances of the fnnges occur with amplitudes 
which differ by nearly A/4, but the critical amplitudes themselves! are not exactly 
odd multiples of A/8, as stated by Thomas and Warren. The theory shows that 
with high amplitudes the fnnges become less distinct, and it becomes slightly 
more difficult to adjust the amplitude to a caitical value In practice, and Og 
are very nearly equal, and if they are exactly equal, equation (4) becomes 

Jo®=2a®[l + Jo(€) cos 8]. 

For a given value of lo, the visibihty of the frmges is then 




Negative values of V correspond, of course, to the interchange of the bnght 
and dark frmges on passing through a cntical amplitude. The visibility, starting 
at unity when is zero, reaches maximum values of about 0*4, 0 3, 0-25 and 
0 21 between the first and second, second and third, third and fourth, fourth and 
fifth critical amplitudes, and thereafter decreases much more slowly, so that 
between the twentieth and twenty-first disappearances it is still OT, and between 
the thirtieth and the thirty-first 0'078. Thus the fnnges are still clearly visible 
even m the neighbourhood of the thirtieth disappearance, and, as described later, 
the amphtude can still be set accurately to the cntical value. 


§3. EXPERIMENTAL 

The conclusions reached in § 2 have been verified with the apparatus 
shown (figure 2). The vibrator is a flat alummium-alloy diaphragm (A), 0-025 m. 



Figure 2 

thick and 4-75 in. m diameter, which is tightly clamped to the heavy brass firont 
plate of the instrument by means of a steel ring. Several layers of cartridge 
paper smeared with hard vacuum grease are interposed between the diaphragm 
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and the nng, while a single layer of paper is placed between tlie diaphragm 
and the front plate ; this is done because in one application, of the instrument 
it IS desired to have a gas-tight joint here. The free portion of the diaphragm 
IS 4*5 m. in diameter, and it is separated from the front plate by a distance of 
0-005 m. The diaphragm, after being cut from the sheet, was flattened by 
clamping it between flat steel plates in a large screw press and heating it to about 
300° c. The diaphragm is maintamed in vibration by means of a “moving 
coil*’ drive. The coil (B) consists of two layers, each of 18 turns, of 38 S.W.O. 
silk-covered copper wire wound on a stiff paper former one inch in diameter, 
which is cemented to the diaphragm. It moves in the annular gap of a large 
claw-shaped permanent magnet, of the kind formerly used in moving-coil loud¬ 
speakers. The depth of the gap is 0 25 m., while the axial length of the coil is 
0 18 m., and the coil is wound m such a position on the former that it is symmetri¬ 
cally situated m the gap. It may be assumed therefore that, when vibrating with 
small amplitude, the coil remains in a uniform magnetic field, so that a sinusoidal 
current will produce strictly sinusoidal vibrations. The magnet itself is clamped 
to a heavy brass back-plate, and the front plate bearing the diaphragm is earned 
on four stout pillars nsing from the back plate. A hole 0-5 in. m diameter is 
bored through the central soft-iron pole-piece of the magnet, and a close-fitting 
brass tube (C), whose internal diameter is 0-375 in., can be advanced through it 
by means of a screw (D) cut on the outside of the tube and working in a nut which 
is bolted to the back plate. At the end of the tube is mounted a plano-convex 
lens (£), the radius of curvature of whose front surface is 200 cm. The lens is 
mounted on a brass plate which can be tilted by means of three small spnng- 
loaded screws; for the sake of danty, this arrangement is not shown in the diagram. 
At the centre of the diaphragm, opposite the lens, is cemented a circular micro¬ 
scope cover-slip (F), whose back face is lightly ground and coated with optical 
black to abolish unwanted reflections. With the lens close to the glass plate, but 
not quite touching it, Newton’s nngs are formed by reflection at their surfaces 
when monochromatic light is projected down the tube. The screw has fifty 
threads per inch, so that the distance between the lens and the plate can be deli¬ 
cately adjusted. The tilting screws are manipulated with a long screw-driver 
passed up the tube, and with a httle practice it is easy to bring the centre of the rings 
to the middle of the field of view, while by turning the tube, the separation of the 
lens and the plate is adjusted to be about 10 microns. The fringes are viewed 
through the tube with a telemicroscope. 

An alummium cover, not shown m the diagram, encloses the rear part of the 
apparatus. As the whole instrument is massively constructed and the moving 
parts are accurately fitted, it is scarcely affected by shock, and the only effect ol 
tapping the case is to produce a shght quiver of the fringes, which is due to free 
vibration of the diaphragm. 

Observations were made at a number of frequencies of the R.M.S. currents 
required to produce disappearance of the fringes, i.e. at the critical amphtudes. 
The current was measured with a Unipivot galvanometer with a square-law 
scale and a senes of vacuum thermojunctions whose ranges overlapped, so that 
the current readings at each critical amphtude could be made with nearly the same 
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accuracy. The thermojunctions were calibrated with direct current, using a 
direct-reading potentiometer and standard resistances. 

The observations were made with sodium light, whose lack of monochromacity 
introduces no appreciable error into the results. 

§4 RESULTS AND DISCUSSION 

It was found that the amplitude could be set to a cntical value with an accuracy 
of about one-half per cent, as judged by the agreement between the values of 



Figure 4 


the current with successive settings. At the higher amplitudes, the falling-oiF 
in visibility is more than offset by the fact that a given change in amplitude is 
brought about by a smaller fractional change of current than at lower amplitudes. 
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The results at five frequencies are shown graphically in figure 3, where the 
current for which the fringes disappear is plotted against the corresponding 
critical amplitude given by the c^culation of § 2. Each point represents 
the mean of four observations. In each case the curve relating current and 
amplitude is accurately a straight line passmg through the origin, thus confirm¬ 
ing the theory.* 

It IS evident, from the accuracy with which the pomts lie on a straight line, 
that when the best straight Ime through them has been found, the amplitude can 
be set to any assigned value within the range by adjusting the current, with an 
error not greater than 1 in 500 In the case of the observations at 300 c./sec , 
the equation of the straight line through the origin and the centroid of the points 

c/=:13-900(^/A), 

where e/ is the current, and the maximum deviation (on the current axis, since 
the amplitude values are pre-assigned) which occurs at the seventeenth disap¬ 
pearance, with a current of 58 ma., is 0 2 ma. 

In figure 4 is shown the result of observations extending to the thirtieth dis¬ 
appearance 4-38 jn). It would appear justifiable to extrapolate over double this 

range. The amplitude would then be about 8 jn, and there is no reason to suppose 
that the law connecting current and amphtude would cease to be a linear one. 

The instrument shown in figure 2 has been designed pnmanly for use in a new 
tube method for measuring the velocity of sound, but with slight modification it 
constitutes a standard source of sound, whose amplitude can be set to have a 
known absolute value with high accuracy. It has been described here in the form 
with which the observations for figures 3 and 4 were made, but a more compact 
pattern has been built, in which an axially magnetized cylindrical magnet is used. 
In order to make it suitable for use as a standard source, it is fitted with a thinner 
front plate, and the diaphragm carnes a composite piston of balsa wood and 
aluminium, whose front face is coplanar with the front plate. When it is 
mounted in an extensive bailie m an acoustic chamber, it produces a sound field 
whose distnbution can be calculated The R M.S. displacement velocity 
at a pomt on the axis I cm. in front of such a piston, of radius r, is given by 



where is the peak displacement velocity of the piston, Aj is the wave-length of 
the sound, and a = -\/(P+r^) (West, 1932). Table 2 shows the displacement 
velocity on the axis of the piston, of radius 2 cm , at a distance of 1 metre, together 
with the approximate intensity in db. above 10“^* w. per cm?, when the amplitude 
of the piston is 4ju..t This corresponds to about the thirtieth cntical amplitude 

* The apparent discrepancy m the slope of the line per 1000 c /sec is due to the tact that some 
adjustments were made to the apparatus between this set and the other sets ot readmpfs 

t A sound has an equivalent loudness of « B S phons when it has the same loudness (judged 
under specified conditions) as a standard tone in the form of a plane smusoidal wave at 1000 c /sec , 
whose intensity level is n db. above a reference level corresponding to an R M S sound pressure 
of 0 0002 dynes per cm® This corresponds very closely, in air, to an average power of 
10 -1® w per cm®, and the mtensities above have been referred to this level, to obtain a rough 
comparison with speech 
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with mercury green light (A=5461 x 10~®cm.) The R.M.S. displacement velocity 
corresponding to the reference level is about 5 x 10 “® cm./sec at 1000 c./sec 
As ordinary speech corresponds to an intensity level of about 40 db. at 1 metre, the 
loudness is adequate for acoustic measurements without extrapolating from 
cahbration curves such as figure 4, except at the lowest frequencies. 

Table 2 

Intensity of sound from the diaphragm at a distance of 1 metre 


/ (c /sec) 

A 

ivio‘ 

(cm /sec) 

Intensity 
(db above 
10 ~i®w percm^) 

100 

0 654 

22 5 

500 

16 37 

50*3 

1000 

654 

62-5 

2000 

262-0 

74 4 


Experiments are in progress on the use of the source for calibrating micro¬ 
phones, and for other acoustic measurements. 

Dtysdale (1939) emphasized the need for a standard source of sound, and sug¬ 
gested means by which a spherical source might be constructed, but he pointed 
out that the chief difficulty would lie in the measurement of the amplitude, which 
would need to be of the order of 0 *2 /x. This is well within the scope of the present 
method. 
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THEORETICAL INVESTIGATION ON TELE¬ 
PHOTO LENSES 

By T. smith, F.R.S., 

Teddmgton 

Paper read to the Optical Group 30 April 1945 

ABSTRACT, The theory of thin lenses is employed to investigate possible foims of 
telephoto lenses consisting of two widely separated tlun components Fiom a considera¬ 
tion of the shapes of the unit surfaces it is shown that permissible forms have a limited- 
range on either side of those in which both components are aplanatically corrected ; on 
the one side the lenses tend to present their more convex aspects to one another, on the 
other side their more concave aspects. On taking othei conditions into account it is 
found that heavy figurmg is required except in two cases In one of these the components 
are nearly aplanatically corrected, and in the other they aic strongly concave towards 
one another The former construction has the advantage m offering less strongly curved 
surfaces. It is shown that a design of this class, consisting of two oidmary cemented 
doublets each made from the same kinds of glass, has stable characteristics. 

The formulae used in the investigation are given in an appendix 

INTRODUCTION 

D uring the period of the war the focal lengths of photographic lenses used 
for reconnaisance have been progressively increased, and to meet this 
requirement large-scale copies of telephoto lenses designed to meet some¬ 
what different conditions have been made and used extensively. In view of the 
importance of securing the best possible photographs it nevertheless appeared 
desirable to carry out a theoretical investigation on telephoto lenses to see whether 
improvements were likely to be attainable, bearing in mind the work for which these 
lenses are required. Briefly, the requirements are the attainment of the finest 
possible definition over a field of angular diameter about 25°, and the comparative 
unimportance of distortion. For some other uses to which telephoto lens are 
put, the elimmation or reduction of distortion is important, and it may be that to 
attain this, something which is important in a lens for aerial photography is 
sacrificed in the normal type of telephoto lens. 

It IS of great importance that the photographs obtained with these lenses should 
suffer as little as possible from loss of contrast. With designs otherwise equally 
good, this is most likely to be secured by a lens with the smallest possible number 
of glass-air surfaces. It is therefore appropriate to develop the theory in the 
expectation that neighbouring lens surfaces will be cemented together if satis¬ 
factory definition with a suitable aperture can be obtained with this construction. 
The mitial assumption is therefore made that the telephoto combination will 
consist of two lenses, the leading one of positive power and the other of negative 
power, each preferably composed of cemented components The work proceeds 
on the basis that each of these lenses may, in the first place, be treated as of negligible 
thickness As the combination must be chromatically corrected for both position 
of focal plane and size of image, it is essential that each cemented lens should be 
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corrected independently for colour. As the lenses are thin this involves only 
one condition for each lens. 

Correction of the combination is secured by imposing suitable conditions on 
each of the two components. The problem in fact is reduced to the design of 
two thin lenses. To follow the theory it is therefore important to bear m mind 
certain properties of thin lenses. For convenience the power of the thin lens is 
taken as unity. 

<5 2 PROPERTIES OF THIN LENSES 

Smce this lens is to be achromatic at least two glasses with different v values 
must be used. The g:lass with the greater v is used for an element of positive 
power, that with the smaller v for an element of negative power. The algebraic 
sum of these powers is unity . let N be the sum of their absolute values Then the 
lens will be achromatic if 

So far as this condition is concerned it is immaterial whether each kind of glass is 
represented by a single element or by several elements, whether components are 
cemented or successive surfaces have different curvatures where they touch on 
the s-gis ; the order in which the elements are arranged and their shapes are 
also of no significance N can therefore be regarded as a current variable when 
monochromatic aberrations are considered; it will only be necessary at some 
stage to refer to a catalogue of optical glasses to verify that types giving the value 
of N desired are available Negative as well as positive values of N may be 
admitted, the negative sign mdicating that the glass which it was expected would 
have the smaller value of v must, m fact, have the greater value. No loss of 
generality is now involved in supposing that with the definition of N already 
given vx is the constnngence of the glass of lower refractive index, conventionally 
referred to m what follows as crown glass, and that of the glass of higher refrac¬ 
tive index, to be referred to as the flint glass. The particular meaning assigned 
to crown and flmt must be kept in mind. For instance, the “ crown" may 
prove to be a glass described in Ihe glass catalogue as a light flmt, and the “ flint ” 
as a dense banum crown. In such a case the value of N would be n^ative. 

The first-order monochromatic aberrations are usually given as 

Spherical Abberration, 

Coma, 

Astigmatism and Curvature, 

Distortion. 

Curvature belongs to a different group of aberrations from the other four, and is 
measured by the Petzval sum for the lens This is an invariant, independent of 
the order of the components and their shapes. In a thm lens of two glasses it is 
a linear function of N. For a thm lens the aperture stop is presumed to be placed 
m contact with the lens itself. Takmg the aberrations m the reverse order to 
that given above (for thin lenses at least this reversed order is the simpler of the 
two), the distortion is identically zero, and the astigmatism is invariable and 
has the same value for all lenses irrespective of their construction. The astig¬ 
matism and curvature together determine the shapes of the focal surfaces for 
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sagittal and tangential lines , they are represented in section in the centre of 
figure 1 by the circular and oval curves. In any satisfactory instniment for 
photographic use the lenses must be combmed in such a way that the focal surfaces, 
instead of havmg these most unsuitable shapes, are substantially coincident over 
he angular field to be covered. 

The two remainmg aberrations are under control in dififerent ways. The 
essential requirement for the elimination of coma is to secure the correct shape 
for the unit surfaces of the lens, and for the removal of spherical aberration 
to ensure equahty in focal length for rays through difiFerent parts of the lens 
aperture. Some of the means at our disposal for satisfying these conditions in 
cemented lens combinations are illustrated in figures 1 and 2. 

The lenses shown m figure 1 are externally symmetrical—all the external 
surfaces have the same curvature Starting from the doublet at the top of the 



Figure 1. Aberranonal coefficients of representative lenses having the same focal surfaces 

diagram, with the crown lens leading, the parabolic track on the left leads through 
forms in which the crown lens is divided, the value of the power of the crown glass 
transferred from the left to the right side of the flint lens being proportional to 
the distance descended in the diagram. At the extreme left is shown the sym- 
metncal form in which the two crown components are of equal power. Thereafter 
the power of the crown component on the left diminishes until at the bottom of 
the diagram we reach the doublet form with the flint component leadmg. Lenses 
could be constructed on the parabola beyond the doublets, but they are less 
desirable forms, as the curvatures of the mternal surfaces are greater thap in other 
forms. The lenses on the other parabola indicate a second senes in which the 
flint lens is divided instead of the crown. Other forms can be constructed 
in which both flint and crown are divided, so that there are at least four com¬ 
ponents, but these will not be used m manufacture if simpler forms prove 
adequate. The aberrational properties of all these externally symmetrical lenses 
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and of others which can be denved from them involve six coefficients which are 
functions only of N and of the refractive mdices of the glasses. Of these coeffi¬ 
cients, BT, the Petzval sum, enters with equal weight in all forms The next 
coeffiaent, )8, has weight proportional to the mtemal asymmetry of the lens, and 
has Its sign reversed if the lens is reversed. As ^ denotes the sum of the curvatures 
of the umt surfaces of the lens, this change of sign on reversal is to be expected, 
as is also the zero coefficient of j3 for the completely symmetneal forms The 
coeffiaent y behaves in a similar way to ^ for reasons which will become clear 
fr o m consideration of a relation to be given later. The ratio of y to ]8 is, m fact, 
invariable for glasses of given refractive mdices. y and jff are quadratic in N and 
vanish when ffiere is only one kind of glass, i.e when iV= ± 1. y, y^ and y^ 
are cubics m N. The roots of yi = 0 are 1, —1, —1, and those of ya = 0 are 
1,1, — 1; y ==0 has only one real root. The weight of y does not change, but, on 
proceedmg in either direction from the symmetrical forms, y+yj. and y + y^ 
are diminished by 0 Vi ^ where 9 is the weight given to 

P and y. All the gamma coefficients concern the vanation of power with aperture. 
Of all SIX coefficients y is the only one which is modified if the refractmg surfaces 
are not spherical, so that figuring a lens corresponds to an alteration in y. The 
method followed in this mvestigation is to determme how much figuring of each 
lens is required when all the remainmg conditions are satisfied. If no figuring 
is needed the surfaces are all spherical. 

The significance of m has been given for the focal surfaces, but it is equally 
important for the umt surfaces. The unit surfaces are free from astigmatism, 
but the curvature of the first exceeds that of the second by w. This result again is 
independent of the order, the division and the shapes of the component lenses. 

The aberration known as coma is essentially a vanation of magnification 
with the zone of the lens through which the light passes. To maintain this 
magnification constant the ratio of the distance along any ray between the 
second umt surface and the image to that between the first unit surface and the 
object must be constant. As the difference in curvature of the unit surfaces is 
fixed, it is obvious that coma can be vaned by changing the curvature of both unit 
surfaces together. If, mstead of being zero, as in figure 1, the sum of the cur¬ 
vatures of the external surfaces of the lens is made equal to p by increasing the 
curvature of every refraej^g surface by |p, the increment m the sum of the 
curvatures of the umt surfaces is p(l -l-w), so that if this sum were initially 0p it 
would become 0j8+p(l +rtr) after bending. Figure 2 shows a number of forms 
of lens, both doublets and triplets, bent by a number of equal increments, with 
the correspondmg shapes of the umt surfaces in the last line. In the central 
column the tnplets are both symmetrical, and the curvatures of the unit surfaces 
equal and opposite. The positions that would be occupied by cemented doublets 
with equal and opposite curvatures for their external surfaces are indicated by 
the asterisks m the first and fourth rows 

From the explanation just given it can be readily shown that the condition 
for freedom from coma when the magnification is m is that the sum of the cur¬ 
vatures of the umt surfaces is M(2 + w), where 




1 +m 
1 —m* 
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i.c* it is 

Bp +/>(1 ~ M(2 -f-tir). 

When the coma has been removed in this way, the condition that the lens 
should be free from spherical aberration is 

y -h — B^y-j^ + 2p6y 4- p^(l + 2m) = M\5 4- 2'nr), * 

the lens being a triplet with the crown component divided in the ratio 1+^:1—^. 
If the flint IS divided instead of the crown, yg must be written m place of y^. 
At the moment it is only necessary to note that there are two degrees of freedom 
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Ficfure 2 Effect of bending lens on curvatures of unit surfaces 

and that m general two conditions can be satisfied. As one of the equations is 
quadratic it will sometimes happen that the solutions are imaginary. 

Returning now to the list of aberrations, and remembering that curvature of 
field has to be dealt with separately, there are four conditions to be satisfied by 
the four degrees of freedom in the two thin lenses. But for the reason already 
given the condition for freedom from distortion will be disregarded and one 
degree of freedom retained to be used in whatever manner seems most advan¬ 
tageous. The free variable secured in this way will be denoted by 

§3 THE FUNDAMENTAL STRUCTURE OF THE TELEPHOTO LENS 

Before proceeding further it is necessary to consider what the powers of the 
two component lens groups are to be, and how far they are to be apart. The 
Petzval sum for the complete lens, which is to vanish, is the sum of those for the 
components. The ratio of the Petzval sum to the power of a thin lens is only 
variable to a small extent, so that the powers of the two components will tend to 
be in a fixed ratio, which is approximately — 1. Suppose that the powers of the 
two are a and —ma If the power of the combination is unity, the separation t 
satisfies 

a^ma + t7?7a^^l 

and the overall length from the first lens to the focal plane is 

l+t—ta 

* As the value of the po's^ei does not involve any distinction between object and image spaces, 
this condition should not change when the lens is reversed, i.e. when p and M are changed in sign. 
It follows that y, like jS, changes in sign, but not in magnitude, when the lens is reversed. 
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or 


1 - 


4 m\a 


1 + 



It follows that, for mimmum overall length, 




2 

2-m' 


t= 


2—m 

~ 4 ~* 


In all telephoto lenses of mimmum length the separation is therefore half the focal 
length of the positive component, and the back focal length is half the focal 
length of the complete lens. It has been customary to descnbe a telephoto 
combination with Ae focal length double the back focal length as a two-times 
S 3 rstem. In this sense all telephoto lenses of greatest compactness are two-times 
systems, and this limits the value of the description. An alternative meaning for 
a two-times system is one m which the focal length of the combmation is twice 
that of the positive component This will be the case with m=1. The systems 
to be considered here are two-times telephoto lenses in both senses. 


§4 UNIT SURFACES OF THE COMPONENTS 

With the-two components of numerically equal powers, it is appropriate 
n the first place to assume that they will be made from the same glasses and, 
therefore, have numerically equal Petzval sums. For a preliminary exploration 
it may be assumed that the value of the Petzval sum for a thin lens is 0-75 times 
the power. One form of construction which satisfies the conditions laid down 
consists of components aplanatically corrected for the magnification at which 
they are operating. It is clear that this secures freedom from coma and sphencal 
aberration, and under these conditions the astigmatic contnbutions, which are 
proportional to the powers of the thin lenses, are also additive, so that both 
first-order astigmatism and curvature are elimmated. Since for the positive 
component ?«=0, and for the negative m=2, the corresponding values of M are 
1 and —3, and the sums of the curvatures of the unit surfaces of these two com¬ 
ponents are required to be 

2xlx(2-l--7S) = S-5 
and 

(-2)x(-3)x(2-|--75) = 16-S. * 

Their differences are 2x 75 and — 2x 75 respectively, or 1’5 and —1‘5, giving 
for the curvatures of the four unit surfaces m order the values 

3-5, 2-0, 7 5, 9-0. 

When the components are not aplanatic, it may be shown that the sum of the 
curvatures of the first should be mcreased by ^<f> and that of the second by — 2^. 
The curvature of the second unit surface of the complete lens must be umty, 
since the focal length is to be the same for all rays mcident parallel to the axis. 
Figure 3 shows the dependence of all these curvatures on <f>. 

It is profitable to exhibit the variation of the unit surfaces with ^ in another 
way, shown in figure 4. Consider first the case marked ^=0. On the ratreme 
left two rays mcident parallel to the axis are represented by full lines. They 
travel in this direction until they meet the first unit surface of the positive lens. 
(Owing to the sign of the difiference in the curvatures of the umt surfaces, the first 
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unit surface appears on the nght of the second, when the hght travels from left to 
right, if, as hfre, the surfaces are in contact on the axis.) The rays then conver^ 
from the points of the second unit surface at the same distance from the axis 




Figure 4 Variation of unit surfaces of component lenses with <f>^ 


to the paraxial focus of the first lens. After travelhng about half-way to this 
pomt, these rays meet the first unit surface of the negative lens, and thence proceed 
from the corresponding points of the second unit surface to the focus of the 
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'Complete lens. (As the second lens is negative the unit surfaces appear in their 
natural order.) If now the emergent rays are produced backwards to meet the 
mcident rays, the intersections will be found to he on the sphere, centred at the 
focus, of radius equal to the focal length. This is the second unit surface of the 
complete mstrument, and is represented by the circular arc on the extreme left. 

In the diagrams drawn for other values of <f> the course of the rays may be 
-determined by finding the intersections of the incident rays with the first unit 
surface of the positive lens, and those of the emergent rays with the second umt 
surface of the negative lens, and joining the corresponding points of the remaining 
umt surfaces to detenmne the path of the rays between the two lenses. The 
figure shows clearly the character of the changes in spherical aberration of the 
component lenses as ^ is altered 

For values of ^ less than about 5 the unit surfaces of the two lenses lend to 
turn away from one another, and for values greater than 5 towards one another. 
For extreme values of e. g. —20, the curvature of the second lens is too great 
to allow the rays indicated to be transmitted This is substantially the case 
also with —15 and ^=25. Systems that are to work at a fairly large aperture 
(the rays are drawn for an aperture of f/S for the complete lens) must correspond to 
values of ^ well within these limits. A value of about 5 would be very satis¬ 
factory. (For freedom from distortion the value would be 16 with •ar=0 75.) 
To find whether such a value is consistent with the use of spherical surfaces alone 
necessitates more detailed consideration 

§5 NUMERICAL INVESTIGATION 

For the purpose of investigating the matter numerically it is necessary to 
take into account the magmtude of the functions of the refractive indices which 
have already been mentioned. No advantage will be gained at this stage b y 
basing the calculations on the properties of glasses given in manufacturers’ 
catalogues. Instead, two refractive indices are chosen as is thought convenient, 
and iV is varied. The results which follow are for acrown glass with ft>i = 0-64 and 
a flint with where <o is the reciprocal of the refractive index. It is 

much more convenient in dealing with aberrations to take the reciprocal than the 
refractive index itself. 

The calculation of the surface curvatures can be carried out in any of the 
familiar ways. In the method used at the National Physical Laboratory they 
are obtamed mcidentally in the calculation of the six aberrational coefficients. 
These curvatures for the unbent forms of doublet (with crown glass leading) 
and for both kinds of symmetrical triplet are shown in figure 5. The lines 
marked “First” and “Last” represent the curvatures of the external surfaces 
m all these lenses. That marked D gives the curvature of the cemented surface 
of the doublet. The diagram showrs that it is important to discover a system 
which gives a fairly small value of N —a value numerically less than 5 is very 
desirable. The hnes marked “2(y^)” and “3(yi)” give the curvatures of the 
cemented surfaces when the crown lens is divided, and similarly those marked 
“ 2 ( 72 ) ” and “ 3 ( 72 ) ” the curvatures when the flint lens is divided. As would be 
expected, these curvatures are much less than that of the cemented surface of a 
doublet, particularly when the positive component is divided. It does not 
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necessarily follow that this advantage is retained in the final form of the lens, for 
the triple lens may need to be bent more than the doublet. Any bending is repre¬ 
sented on this diagram by a change in the position of the zero of the curvature 
scale. 

Figure 6 shows how the four coefficients required to determine the properties 
of cemented doublets depend on the value of N, The changes in y are much 
more important than those of the other functions. It is mainly the value of y 
which determines the suitability of a combination of glasses for any given purpose. 
This value of y is to be compared with the value which is required to correct the 
system. The equations to be used are, for the first component, 

4-trr) = 2 •^'ur + 

y + 2py+p%l -f 2ijr) = 5+2xEr-f 2(^, 
and for the second component 

P -h p(l -htcr) == — 3(2 -ftn*) 4* <l >9 
y 4- 2py+p\l + 2w) — 9(5 4- 2'nr) -f 4^. 



surfaces 



Figure 6. Aberrational coefficients tor 
cemented doublets. 


The first equation of each pair is used to determine the value of p, and the desirable 
value of y is found by substituting for p in the second equation. As they stand, 
the equations apply to components with the crown lens leading ; when the flint 
lens leads the signs of jS and y are to be changed. 

Figure 7 shows the curves giving the desirable values of y for several values 
of <l> ; the cubic curve giving the value of y for these glasses when all the surfaces 
are spherical is repeated from figure 6. It will be seen that the value of N where 
the last curve intersects the others extends from about iV—S upwards. The 
minimum corresponds to a value of ^ of about 8. Since N is positive for all 
intersections, the glasses to be used are a normal crown and a normal flint. For 
the minimum value of iV a somewhat extreme pair would be required, but good 
-combinations seem possible for values of ^ between, say, — 6 and 24. Figure 8 
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shows the corresponding^ curves for the positive component when the flint lens 
leads. The deductions to be drawn in the two cases are very similar. 

The vertical displacement between any ^ curve and the cubic curve for any 
value of N indicates the amount of figuring of the lens that would be needed. It 
is immaterial whether this is done on the first or the last surface. The scale is 



Figure 9 Second component crown Figure 10 Second component. fllint 

leadmg leading 

such that when iV= 1 the distance of the cubic curve above <^ = 0 represents the 
figunng that would’be needed to make a single lens of index 1 625 aplanatic, 
and when — 1 that required if the index were 1 66667. 

Figure 9 gives results for the second component with crown lens leading. 
The curves are here much more widely spaced, and the minimum value of N 
is negative and probably numerically too large to be attractive. Positive values 
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of tj) less than 20 that involve no figunng would have to be made from a pan of 
glasses with the greater dispersion m that of lower refractive index. For negative 
values of ^ or positive values greater than 21 a normal pair of glasses would 
be used. If a negative value of N were accepted as a basis of construction it 
would probably be desirable to modify the initial assumptions to the extent of 
usmg a negative component of somewhat greater power than the positive, and 
thus enable a very small value for the total Petzval sum to be maintained. 

Figure 10 shows the curves for the negative lens when the flint glass leads. 
The inferences to be drawn are very similar to those from the previous case. 

Doublet lenses represent one of the extremes within which it is desirable to 
work. Symmetrical tnplets represent the other extreme. Figure 11 shows 
in full hnes the curves for and y^ as^well as for y, and in broken lines those for 



Figure 11 Aberrational coefficients 
for triple lenses. 



Figure 12 Symmetiical triple 
lenses. 


y+Yi and y+It is possible to make from given glasses a cemented lens having 
properties intermediate between those indicated by the appropriate doublet 
and tnplet curves-* 

Figure 12 gives curves for both forms of symmetrical triplets. Those relating 
to the positive component have the values of <f> recorded in the middle of the 
diagram. The curves for the negative component have their values inserted 
near the margm of the diagram. These curves are to be considered in connexion 
with the y+yi curve copied from figure 11 if the crown lens is split, and with the 

* Flexibility can often be secured by not approaching either extreme very closely For 
example, it has frequently been required at the National Physical Laboratory to construct highly 
corrected aplanatic objectives, usually two or three in number, for any given specification If 
cemented doublets were made (and cementmg is practically essential in many mstruments for 
makmg fine measurements) it would be necessary to obtam glasses having optical properties 
confonnmg to a fairly ngid specification , but this is no longer a requirement if glasses well away 
firom the doublet region on the side of the triplet boundary are chosen The neighbourhood of 
the doublet boundary is avoided to prevent one part of the divided crown lens from being of an 
mconvement shape—it would probably be a deep meniscus for glasses near the doublet locus 
Where large-scale production is involved other considerations become important 
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y+y^ curve if the flint lens is split. It is not obvious from this diagram that any 
marked advantages arc obtainable by the use of triplet components. 

In addition to the values of the six aberrational coeflBcients, their chromatic 
variations are important. These are shown m figure 13. In applications an 
additional factor l/(vi - Vg)has to be applied to obtam directly comparable figures 
for systems made with different glasses. The outstanding points are the relative 
unimportance of the vanations inw, ^5 and y, and again the value of glass combi¬ 
nations in which N is numerically small. 

From inspection of the curves of figures 7, 8, 9, 10 it appears that telephoto 
lenses in which the same kinds of glass are used in both components are possible, 
and would be fairly representative of practicable systems generally. These 
systems have been determined for all doublet combinations using the glasses 
< 0 ^=0-64, a» 2 =0*60, and details are given in the accompanying table. The order 
of the letters C and F is that in which the crown and flint glasses are arranged 



Figure 13, Chromatic variation of 
aberrations. 



Figure 14 Preteircd form 
of lens. 


in the complete system. The first point to be observed is that the values of <f> 
are very restricted. Effectively there are only two choices—either ^ is nearly zero 
or it is about 21. As figure 4 indicated, the former value is the more promising. 
The table below shows that the smaller value of ^ carries with it a smaller value of 
Ny which is also a favourable indication. From the curvatures of the refracting 
surfaces of the eight possible systems it will be seen that the one with the least 
steep surfaces has a small negative value of ^ and is arranged with the two crown 
glasses facing outwards. The next best system has a large and both crown 
lenses precede the flint lenses to which they are cemented. A close third is the 
system with small ^ and the flint components preceding the crowns. The form 
of construction which, on this analysis, appears the most favourable is illustrated 
m figure 14. 

Having selected a type of lens for fuller examination, it is of interest to know 
whether the construction will be very sensitive to changes in the refractive index 
of the glass. To ascertain this it is sufficient to vary one glass only, and the crown 
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Two-times telephoto lenses of unit focal len>»ih 
Glasses <«>c=0'64, wjf = 0 60 
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Glass Older 



CFCF 

CFFC 

FCCF 

FCFC 


N 


3 434 

3 580 

3 607 


4> 


-0*247 


-0-338 


Ri 

3*160 


4*317 

4 292 



-4 675 

-4 762 

8*187 

8 202 


R^ 


-1 111 

0 044 

0 012 



3 217 

2 257 

3 288 

2 222 



11 058 

-1 394 

11 430 

- 1 688 



7*442 

6 488 

7-560 

6-502 


N 


3 749 

4 358 

4 274 


4 

21 518 

21 053 

22 024 

21 377 


Ri 

6*245 

6*192 

7-955 

7 824 



-2*288 

-2 250 

12-905 

12-735 



1*912 

1 873 

3-485 

3*359 


Ri 

-8*133 


-9*472 

-10 880 


R, 


-13-151 

• -0 050 

-15*791 


R,. 

-3*800 

- 4 709 

-5*000 

- 6 415 



The jRs denote tlie curvatures the lens surfaces. 


is an obvious choice. Figure 15 shows the curvatures of the six surfaces as the 
reciprocal crown index varies from 0-625 to 0 68 : the corresponding index limits 
are 1 -6 and 1 47. It is clear that the stability of this type of lens is satisfactory. 




Figure IS. Changes m curvatures of CFFC 
lens as crown glass is altered. 


Figure 16. Glass chart and N 
scale 






T. Smith 


556 

One other point calls for examination before we can say that the preliminary 
investigation is complete. We must know whether pairs of glasses having the 
relation indicated by the numerical work are within the range of available types. 
Figure 16 shows a chart of the standard glasses made by Messrs. Chance Bros, 
with the v’s plotted logarithmically A scale of values of ct> has been added at the 
top of the diagram. Placed on it is a scale showing the values of N The infinity 
mark on this scale is placed on the v level corresponding to one of the glasses— 
m this case a flint of reciprocal mdex 0 60 (in the absence of a glass the correspond¬ 
ing point on the line of dense flints has been taken), and the value of N correspond¬ 
ing to any crown glass used in combination with this flint is then read off the 
scale. By comparing this chart with the values recorded in the table it is clear 
that suitable glasses are possible The results of calculations on the preferred 
form of lens with different indices shows that a good choice of glasses is possible 
for constructing lenses of this type. 

§6. SUBSEQUENT CALCULATIONS 

So far as general exploration is concerned this investigation is now substantially 
completed The next stage may either be the determination of the aberrational 
coeflScients of the next order, still with undetermined glasses, or, as is more usual, 
the selection of probable glasses for a trial instrument, the insertion of suitable 
thicknesses in the lenses, and the introduction of small changes in the curvatures 
to take account of the effect of glass thickness Experience with cemented lenses 
roughly comparable with those of the system portrayed in figure 14 leads one to 
expect that, at least so far as the central portion of the field is concerned, no 
particular difficulties will arise m making these alterations. This subsequent 
work is not considered here, for the purpose of this paper is to illustrate a method 
of optical prospecting developed at the National Physical I^aboratory. 
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APPENDIX 

The formulae used in calculating the six aberrational coefficients are as 
follows: 

h2=J^2~j2~’^Z> + 

k, and Aj are the total curvatures of the achromatic lens and of its crown and 
flint components respectively. 

-nr = 010)1+ <*20) J, «= —yiy2(o)i—0)2), ^ = a(o)i + o)^), y = 2 j 8 —a, 
yi=2^i—ocAj, y2= — 2^y2+«A2, >' + yi-+-y2=J*+“^i~®^s- 
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When p IS eliminated between the equations lor coma and spherical aberration, 
the quantity a(l+xir) —occurs. An independent check on part of the cal¬ 
culation IS obtained by seeing that — has the same value. The 

standard curvatures of the doublet are \k^ those of a 

divided triplet (say crown divided) are ■” 2 (^ 2 + "" 2 ^ 

time required for calculating these six quantities and the standard curvatures 
is between one and five minutes. 

The formulae for the chromatic variations are 

A'CEr = a)i® — Aa = A, Aj8 + cog^), Ay~2Aj8 — Aa, 

Ayi = 2pa}^ H- k{k-y — 2 ^ 2 ), Ayg == — 2po)j^ + k(2ki — Ag), 

My +yi+y2)=^(^i ■“ ^ 2 )* 

They follow immediately from the principal formulae on putting 

and taking the coefficients of e. 

DISCUSSION 

Mr G. A. Richmond Mr Smith’s paper is certainly very mtei esting and instructive, 
and should be welcomed by lens designers as the basis for further investigation 

There are one or two remarks I should like to submit, but as I have not had any 
opportumty of doing any computing on Mr Smith\s preferred form, they must bo treated 
as my own personal assumptions From the construction of the lens system, it will be 
agreed that as far as central definition is concerned, a high degree of peifection appears 
to be obtainable, but it would be most interesting to have the full story of the oJfT-axis 
aberrations for comparison with existing types of telephoto lenses. If the definition of 
Mr Smiths lens at the edge of the field is no better than that of other types having less 
distortion, then I think his form will be somewhat at a disadvantage 

The condition of few glass-to-air surfaces is an advantage from the point of view ot 
contrast, but I am not sure that it is advisable to cement components of such large diameter 
After all, the adjacent surfaces can be well made, and the extra variables might enable 
the designer to obtain better general definition 

For reasons previously mentioned, I can only express the doubt regarding higher-order 
aberrations at the margin of the field, and if this doubt is justified—and I smeerely hope 
It is not—I shall feel that Mr. Smith has tied his hands unnecessanly by correcting each 
component m itself as well as cementmg them. 

In conclusion, I would point out that while it is recognized that distortion in long-focus 
reconnaissance lenses is of little consequence, cases may arise in which it must be 
considered. 

Author’s reply. The paper should be regarded as an illustration of one method of 
reaching a provisional design. In the earliest stages, when the number of degrees of 
freedom is potentially large, it sesms reasonable to reduce these by assuminu tha very 
simple forms of construction are advantageous, and to find, under these conditions, what 
can be done to remove low-order aberrations Having found any types of construction 
promismg enough for fuller investigation, an increased number of variables will probably 
be required to control higher-order aberrations or to meet other conditions There is 
nothing m the method described in this paper to prevent this For example, the conditions 
involving ^ as a free variable are not affected if the juxtaposed crown and flint surfaces 
differ in curvature, or if more than two components are used, or non-sphencal surfaces 
are employed Changes of this kind may be freely introduced and the new parameters 
given values which enable conditions invoKmg both the first- and the second-order 
aberrations to be met. The region explored m the second stage will normally be limited 
in view of the conclusions reached in the first 
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I agree with Mr Richmond that in this paiUculai case mipiovcment is likely to be 
attained by increasing the numbei of glass-air surfaces. Some troubles will be sure to 
anse from refraction at the cemented surface of the positive component, and in practice, 
when a large relative aperture is required, at least four glass-air surfaces arc likely to be 
used. While mentioning cemented surfaces, let me say that I realize the practical diffi¬ 
culties experienced in cementing large lenses successfully, and that these are increased 
by the extreme temperatures to which the lenses may be subjected Nevertheless, cemented 
combinations have considerable advantages, and I hope ways of cementing lenses of large 
diameter will be thoroughly mvestigated in the future 

I am glad to have Mr Richmond’s view of the defects likely to be found m a lens of 
what I have called the preferred form At the moment nothing more has been done than 
to ascertam that, while considerable higher-oider aberrations arc present, they are not of 
such a magnitude as to discourage the attempt to design a system based on this form 
I hope it will be possible to make the comparison Mr Richmond suggests between this 
and the customary forms of construction of telephoto lenses. 


VARIATIONAL FORMULA IN OPTICS 

By T. smith, F.R.S., 

Teddmgton 

MS received 8 yune 1945 

ABSTRACT. Formulae for calculatmg the effect m a complete optical mstrument of 
small changes in the powers and separations of its component parts arc collected togethci 
The coefficients m these formulae need not be specstdly calculated, for they are already 
known if ravs have been traced through the onginal system algebiaically 

§1. INTRODUCTION 

I N recent papers Prof. M'Aulay and Mr. Cruickshank (1945) have given 
formulae for calculating the effect of small changes m optical systems, 
and have described their method of using them m working out the construc¬ 
tional specifications of optical instruments required by the Australian Armed 
Forces. They have based their work on Conrady’s well-known book, and the 
fact that they have adopted his notation will no doubt be much appreciated by 
the many designers who use it. It is interesting that these authors, with no 
previous experience of optical desigmng, and presumably with no access to other 
works on technical optics, have realized the importance of branchmg out in this 
way. They have made useful additions to the normal computmg routme, and 
it IS rather surprising that formulae of this kind have been used so litde, if at all, 
by many workers who rely on trigonometneal methods. 

Expressions for the same purposes, constructed for use in conjunction with 
algebraic methods of lens calculation, have been m use for many years. To 
the writer a completely algebraic method seems to be altogether preferable to a 
trigonometric alternative For the purposes now considered it jdelds the formulae 
desired more simply, and in apphcation mvolves less calculation. Most of the 
formulae employed appeared originally in papers dealmg with other problems, 
and it will probably be useful to collect them here. The notation used has been 
found convenient in many algebraic investigations. Conrady’s and other 
trigonometric notations are not suitable. 
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Variational formulae m optics 

Algebraic formulae for lens calculations can be constructed in veiy great 
vanety Those of a general character have common structural features which 
may not always be obvious. The lormulae to be given depend on this structure 
and have a wide range of appheation. No difficulties are involved in the special 
applications, and the formulae are best developed in a general form. The 
<»sgftnnal property is that the characteristics of a symmetrical optical mstniment 
can be expressed m terms of four functions which are regarded as the elements of a 
square matrix of order 2. When several lenses are arranged to form an instrument, 
the four functions of the combmation are found from those of the component 
lenses by multiplying the correspondmg matrices in their proper order. 'Fhe 
determinant correspondmg to each matrix has the value unity, so that only three 
of the functions are mdependent 

§2 MATRIX MUI^TIPLICATION 

A brief explanation of matrix multiplication should perhaps be included for 
the benefit of some readers A. matrix is a collection ol elements which are 
arranged in rows and columns and are identified by their positions. If ^ is the 
element which lies at the mtersection of the pth row and ^h column of a matrix 
m, and ^ is similarly the element which lies at the intersection of the ^h row 
and rth column of a matrix n, the element of the product mn of the two matrices 
which lies m the pth row and rth column is by definition where the 

summation extends over all the columns of the factor m on the left and all the 
rows of the factor n on the right. (The number of rows m n is assumed to be equal 
to the number of columns in m.) It follows from this definition that in general 
the products mn and nm are different, so that matrices do not obey the commutative 
law for multiplication. With this exception they obey the elementary laws 
which hold in scalar algebra. For example, in forming the product of three 
matrices u, v, w, we may either form the product uv first and post-multiply it 
by or first form the product vw and pre-multiply it by u. 

The matrices to be considered here have two rows and two columns, and the 
standard notation employed is 



From the law of multiplication, if 2 > 

■^1,2 ~ ^1, 2 ~ -^ 1^2 "h 

2 ” *® l -®2 " 1 “ ^ 1 ,2 ~ 

This law of multiplication is identical with one of the common formulae for 
multiplying determinants, and as the determinant corresponding to any ele¬ 
mentary matrix has the value unity, it follows that in all cases 

BC-AD^l. 

If E denotes the matrix 

e.) 

(where the dots represent zero elements), the law of multiplication gives 

Em = m=mE, 


■pwvQ enr* T triT ^ 
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so that £ is the analogue of the scalar number 1 and commutes with all matrices m. 
If m IS pre- and post-multiplied by 



the product in both cases is E. This matrix therefore commutes with m and has 
the properties of an inverse with respect to m ; it is appropnately denoted by 
nr^. It is easy to show that if then order 

'Of the factors in the mverse of a product is the reverse of that m the onginal 
product. 

The only further pomt that appears to need explanation is the ipeaning of a 
matnx equation such ism—n. This equation imphes that any element of m is 
equal to the correspondmgly placed element of b ; it is thus eqmvalent to several 
scalar equations. 


§3. THE MATRIX ELEMENTS 

The events to be recorded in order to represent the passage of light through 
an optical instrument are the changes of direction brought about by reflexion 
•or refraction at a surface, and the displacements on proceedmg from one surface 
to the next. The mstrumental matrix m is built up from matrix factors which 
represent alternately events of these two types. For the directional changes, 
the factor matrix has D zero and for displacements A is zero. In most cases 
both B and C are equal to unity in the elementary factors, and in all the product 
BC is equal to umty. DifFerent systems can be constructed with somewhat 
•different meanings for the four functions, but it may be assumed here that A 
represents the power of a surface or of an mstrument, and — D the distance 
along a ray between successive surfaces divided by the refractive index, or, for a 
complete mstrument, D is the apparent distance between the extreme points 
for which the calculation is made B and C are angular or linear magniflcations. 
Assummg that the matrix relates to a (possibly) ^ew ray, the precise meanings 
can be seen in all cases from the equation 

/r -x\ (B D\ 

\ri' -y) - -y) \A Cp 

where x, y are the co-ordinates of the initial, and y of the final pomt of the ray, 

measured m planes normal to the axis of symmetry, and f, t) and are the 
products of the corresponding direction cosines and the refractive mdices of 
the first and last media. The same A, B, C, D clearly determme the sagittal 
focal Imes. In all the elementary factors B and C are both equal to unity. 

If the matnx relates to tangential focal Imes, the displacement factor is the 
same as before, but the elementary refraction factor is 

cos^ 

cosy 

A cosy 

cos ^ cosy cos (ft 

in terms of the sagittal A, where ^ and y are the angles of mcidence and refraction 



561 


Variational formulae in optics 

The significance of the functions in m in this case is shown by the equation 

Ott'Svfr' -Sh')=W -S'!)®*, 

where 8 it is the length of the perpendicular from the imtial pomt of the principal 
ray of the pencil to another ray mchned to it at the angle 8^, and accented quan¬ 
tities relate to the final values. For example, if u and v are the distances of an 
object point and of its focal Ime, the relation they satisfy is 

(1 ! / ! =0 

this IS merely another way of saying that, when the end points are the object and 
image positions, 8 h' depends on 8 but not on 8^, i.e. D=Q. 

§ 4 . VARIATIONAL FORMULAE 

The formulae to be considered express the changes in the system elements 
A, B, C, D due to small changes in the construction of the system, such as changes 
of refractive mdex, curvature, or axial separation. As the changes are small, 
their effects are directly additive, and it is only necessary to consider a single 
alteration to obtain the expressions required. In general, the part to be altered 
will be preceded by an unaltered portion of the system, and followed by another 
unaltered part. We therefore write 

m=mi. . m^, 

where the part to be altered carries the suffix 2. On makin g the changes we 
clearly have the variational equation 

8ot = »»i . 8 »i2. Wj. .(1) 

It is sometimes preferred to use equations derived from this by pre- or post- 


multiplication by i. e. to use 

»r-^ . 8jn=»z“J . Swig . Wg. (2) 

or 

8OT.»r-i=»ii.8m2.OTij2. (3) 

The most important cases are when the system 2 consists only of a single surface 
or a smgle separation, and the change is either an alteration in .^2 or in Dg. For a 
change of power, equation (1) may be written 

/8B 8Z)\ ,, 

(8.4 8cj ~ \cj W 

and for an altered separation 

.(5) 


Thus the change 8 A in the power of the system due to the change of power 8 A 2 
of the surface 2 is CifigS-^g, and that due to the separation change 8 D 2 is 

It will be noted that relations derived from equation (1) involve a knowledge 
of the functions relating to both the preceding and following parts of the instru¬ 
ment ; in other words, the functions require to be calculated from each end of the 
system. Duplicating the numerica} results in this way is an excellent check on 

38 -a 
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the accuracy of the calculations, for the intermediate quantities are all different. 
But in many cases it will be desired to avoid this, and equations included in (2) 
or (3) are then appropriate. For (2) the calculated values are found from a 
reverse trace, and for (3) from a direct trace. In the most general case the relations 
are 

~ + A^^ B^^ ^AgiSC^ + A^ ^AgSB^, 

jD^S ~ -^a, sP^A^ — +^ 2 ^ 8C8^C2 — 

A^S ” — ^ 1 ^ 1 , Z^A^ ■^ 1 ^ 1 , 2^-^2 ”i" ^l"^!, "b •^I'^l, 2^’'^2» 

and 

Most frequently we require to know the changes due to the alteration of a single 
element. If only a separation is altered we insert zero values for 8 . 42 , SB^, SCg 
and note that Aj^ 2 =Ai, J 5 i^ 2 = 5 i, A^^^^A^, For forward traces 

the formulae are then 



and for backward traces are 

=- 8 ( 5 ) +“*( 5 ) -^( 5 ) ="'»’*"- 

4 ( 2 ) - -'’Ks) 

Ka) ' -d‘KD 

Similarly if 

SO that only A 2 is changed, Cx ,2 = C'i, jD 3 , 2 =^i. ^ 82 , 3 = 53 , 3 = 1)3 and the 

equations are 

Hs) -4(a)-42)}-‘'‘^>*^“ 

A*8 Q = -^ 3 * 8 ^, ^{8 ( 3 ) - C 8 (|)|=B3i>8S43, 
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where the expressions in terms of A may be replaced by their equivalents in terms 
of D already given. It will be noted that use has been made of equations (4) 
and ( 5 ) as well as of ( 2 ) and ( 3 ) to construct sets of formulae for one-way 


operation. 

If 


7/72 = 


COS<f> 

COS^' 


COS^' 

COS<^ J 


and only is changed, the right sides of the forward formulae just given each 

COS 

contain the additional factor —^ and the backward formulae the factor- -r,. 

cos 9 cos 9 

Many applications of these relations concern the determination of changes 
of power or separation required to bnng about desired alterations in the functions 
for the complete instrument rather than the converse problem so far considered. 
The changes are determined by the solution of a number of linear simultaneous 
equations, and it is useful to have some guide to aid in selecting the most suitable 
elements for alteration. To ensure that all changes are small, the determinant 
of the coefficients in the equations of the elements to be modified must not be 
small. As a rule functions relating to a number of rays will be involved, and the 
type of construction enters into the problem. But some guidance can be gained 
from the coefficients for a single ray. A typical case is when the focal length and 
back focal length, i. e. If A and QA, are to be adjusted. We can then regard such 
quantities as CiSA^ or A^D^ as independent variables, with and D-j. or Ax 
and Bx as coefficients Changmg for convenience to a double suffix solution, the 
matrix relations give for an instrument with n spaces 


■^i.p-il 
^ 1 . fl ^ 1 ,« ' 




p,v 






'1, I tmp ww 

Dp,n ’ 


and for one with n surfaces 


^1,9 ^1,9 


-— 




SO that m one case the apparent distance between the surfaces to be altered should 
be large, and in the other the power of the system between the separations to be 
changed should be large. If these quantities are small it will usually only be 
practicable to satisfy one of the selected conditions instead of both. 

If three conditions are imposed instead of two, none of the three apparent 
distances, or none of the intervening powers, may be small. This is evident if, 
for instance, we note that 









C^,rDl,r 



’ r r* 
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In his paper already mentioned, Prof, M‘Aulay (1945) puts forward 
approximate formulae for focal displacements. It may be well to point out that 
I gave the exact law which applies in these cases many years ago (1922/23), and 
also the form of the sine condition for oblique rays (1929/30), which is given by 
the two equations 

Axx' —x^+x'i' + = 0, 

Ayy -“yri +y'7)' +Dr)rj' = 0 . 

Since, following Conrady, this paper ascribes the relation x^ = x'i' to Lagrange, 
it should be pomted out now, when it is being repeated in these Proceedings^ 
that this is one of several historical inaccuracies to be found in Conrady’s book, 
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THE ELECTRON MICROSCOPE AND ITS 
APPLICATIONS 

By F. W. CUCKOW, 

Teddmgton 

Lectiire-Suroey delivered 23 February 1945 

T he speaker mentioned the various forms of electron microscope—^those 
producing images of self-emitting objects ; those producing point 
sources of electrons which were then used to project shadows of nearby 
objects; scanning microscopes m which the object was scanned by a fine 
electron probe and images of the object obtamed m terms of the secondary 
emission ; and finally, a type very similar in its component parts to an ordinary 
light microscope, the transmission electron nucroscope. The greater part of 
the lecture was devoted to this last type. 

After tracing events leading to the development of electron microscopes, 
the resolving powers to be expected were discussed together with the limitations 
set by existing electron lenses. 

Slides were shown in illustration of the vanous practical electron microscopes 
already constructed in America, Belgium, Britain, Canada and Germany, including 
the commercial mstruments produced in the first and last named countries. 

It was pointed out that the maximum “ aperture ” of existmg electron micro¬ 
scopes vras only about one-thousandth of that attamed in high-power light micro¬ 
scopes on account of the severe spherical aberration affectmg electron lenses. 
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Associated with this small “aperture**, however, was a far greater depth of 
focus. 

The techniques for specimen preparation and the applications of the instru¬ 
ment were discussed together. New information has been obtained on the fine 
structure of diatoms, which are found to be large enough to be mounted over the 
holes in a fine wire mesh. 

Most biological material and specimens such as fine powders were mounted 
on films of nitrocellulose or other plastic mounted in turn on the fine wire mesh. 
The plastic films have to be of the order of one-millionth of an inch in thickness 
to avoid undue scattering of the electron beam. Filter-passing viruses, and 
powders, such as paint pigments, ceramic materials and fillers, and smoke particles 
were mounted in this manner 

The transmission type of electron microscope could not deal directly with 
massive specimens requiring surface examination, but such specimens could 
sometimes be examined indirectly by “ replica ** techniques ; these had been used 
m studying the microstructure of teeth and metals. 

Finally, the migratory bands, produced in electron micrographs by electron 
diffraction from the atomic planes of crystalline speciments, were mentioned, and 
also electron diffraction “past a straight edge** givmg a banded pattern exactly 
comparable with that obtained in the well-known experiment with light. 

DISCUSSION 

Mr. C. G. Wynne. It is well known that the resolving power of a lens may be con¬ 
siderably increased, at the expense of some loss of contrast, by the use of an annular 
aperture. This effect would appear to be particularly suitable for use in the electron 
microscope lenses, with their heavy sphened aberration, and I should be mterested to 
know whether it has been tned. Tn the presence of uncorrected spherical aberration 
the obscurmg of a central part of the beam without any inciease in the maximum angular 
aperture of the beam (2a in Mr. Cuckow’s lecture) would give increased resolution and a 
reduction m the effective aberration, together with reduced intensity, and this would not 
be conditional on accurate centring of the annular aperture, which it is suggested might 
be difficult. If this possible difficulty of centring could be overcome (for example by 
using the annular aperture at such a position that it could be imaged in* the same way 
as the source itself is imaged for centrmg) then the improved aberration would permit a 
small mcrease of a, with a further gam m resolving power As « is still further increased, 
the effective sphencal aberration may be controlled by reduemg the width of the annulus;, 
since the width of a constant-area annulus decreases proportionally to the first power 
of the reciprocal of its mcreasmg mean radius, while the aberration will increase as higher 
powers, large mcreases of a will necessitate a rapid decrease of aperture area and hence of 
intensity. It would appear that this will be the limiting factor in the process, so that it 
would be mterestmg to know to what extent the intensity of the source could be increased 
to allow the fullest scope for the method 

Mr. R. N Crooks Members will probably be interested to hear that a number of 
electron imcroscopes are now bemg made m this country, and the firm concerned is the 
one that made the first mstrumeiit illustrated by Mr. Cuckow. Although production was 
suspended until recently owing to more pressing war needs, there is no reason to anticipate 
that the new instruments will not give as good a performance as the ones now being 
manufactured m the Umted States The first instrument is expected to be ready about 
the middle of this year. 


Mr. M. E Haine. I would like to say a few words concemmg the history of the 
development of the electron microscope. 
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Eaily work \\as earned out mainly in Gennanv by Knoll and Ruska, these \\<nkeis 
ha\ing constructed their first tiansmission-type instrument about 1931 Fuithei woik 
v^as done in the early thirties in Germany by the same workeis and others, and by Marton 
in Brussels 

In 1935, m this country, work was commenced on the construction of an mstiument 
to the design of Professor Martin, of the Impenal College The instrument was consti ucted 
in the Research Department of Metropolitan-Vickers, and on completion was transferred 
to the Impenal College, and several years later to the N P L The instrument ne\er got 
past the stage of bemg an experimental model, although it ultimately gave a good perfonn- 
ance Further work in this country was held up by the advent of the war until quite 
recently but in the late thirties Canadian workers at Toronto, Prebus and Ilillier, 
developed a first-class instrument 

By 1938 commercial instruments weie available in (knmany, and shortly after, 
RCA of America, having taken Marton from Belgium and Hillier from Toionlo on 
their staff, produced their model B, which is the instrument mainly desciibed in this paper 
In the last year, work has been recommenced in this country, and a v\ai-time 
** Utility ” electron microscope is now on the market This instrument was designed 
and is bemg produced by the Research Department of Metropolitan-Vickeis in Manchester 
With reference to a previous speaker's remarks concerning the use ol an annulai 
aperture in the objective stage of the micioscope, it should be noted that the width of 
such an aperture must be altered by* an amount inveisely proportional to the squau* of the 
radius of the annulus in order to keep the sphencal aberration below the diffraction t‘i roi 
The area of the aperture will then be inversely propoitional to the ladius This will lesult 
in a reduction in intensity, unless the aperture is placed in the condenser lens, m which 
case an increased current density might be utilized without over-heating the specimen. 
However, a further limitation now creeps in, due to the scattering of the beam in the 
specimen, which now produces times the aberration produced m the circular-aperture 
case 

Mr H, H Hopkins It has been suggested by Mi C Ck Wynne that the use of a 
narrow annular aperture stop for the electron beam would seive to 1 educe the eficcts of 
spherical aberration, while having advantages over the small circular stop at piesent used 
m giving increased resolution 

In the case of light waves, Rayleigh showed that the use of an annulai stop ga\'e a 
narrower central maximum than the usual Airy-disc distnbution, together with increased 
intensity in the diffraction rings He advocated the use of such a stop in solar observa¬ 
tions, whereby the illummation could be reduced vvithout impairing the resolving power 
—fact, this is enhanced The problem has been treated in detail by G C. Steward 
Mr T Smith has said that the effects of the annular aperture in the case of an off-axis 
object point have not been investigated I would like to correct this impression G C. 
Steward has given a full treatment of the case, both for a spherical wave and for a wave 
suffering from first-order coma Curves are drawn, and it is concluded “ . . this 
illustrates a decided gam in resolving power over the full apeiture case It would, 
in any case, be surpnsing to observe a sharp discontinuity m these effects when the object- 
point IS moved off-axis by a distance of first-order magnitude 

The same effects are well known to microscopists in the use of so-called oblique 
illumination, which is, of course, a common practice % 

If the electron beam had a circular stop 0-10 inch in diametci instead of the diiuneter 
of 0-02 inch which has been mentioned, the resolving power would, theoretically, be 
increased five times An annular stop—if, in this case, an electron beam behaves the 
same as light waves—^would give an even greater increase. It would, I am sure, he most 
interesting to know whether this is the case in piactice. 
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Author’s reply I find that most of the points raised have been dealt with by othet 
speakers No references have been seen to attempts to use annular apertures, and it 
seems to be a matter which might well repay practical attention One possible difficulty 
would be the apparent necessity for accurately centring the aperture so that all rays 
passed through the system at a common inclination to the axis I cannot agree with 
Mr Wynne that the “ increased resolution would not be conditional on accurate 

centring ” even foi such small-angle beams as are now used, foi il the centre is blocked 
out of a non-axial beam produced by a de-centred aperture, the residual lays pass through 
the system at a variety of inclinations to the axis, whereas for an axial beam the residual 
rays pass through at a common inclination The partly blocked out non-axial beam might, 
therefore, be expected to give a less good image on account of spherical aberration than 
the partly blocked out axial beam 

The advent of a commcrically produced Biitish instiument is awaited with much 
interest Messrs Mctropolitan-Vickers Klectncal Company aie to be congiatulated on 
proceeding with this work under the conditions which have prevailed m this country 
of late. 


FLAT-FIELDED SINGLET APLANATS 

By C. R. BURCH, F.R.S., 

H. H. Wills Physical Laboratory, University of Bristol 

MS. retetved IS Jtdy 1945 

ABSTRACT. The design of- flat-iieldcd aspheric apliinatic singlets is discussed by means 
of the “plate diagram”, and two fiat-fielded singlets of « 1*525 are designed. I'lat- 

fieldcd mirror pairs arc discussed, and it is shown that a suiHuicnt condition for Hcidcl 
field-fiatness is that object and image should he on planes tangent to the tnirroi surfaces. 
Some formulae relating to leflecting microscope design are given. 

SI INTRODUCTION 

S INGLET lenses can be designed to give flat-fielded anastigmatic images of 
distant objects, in the extended paraxial region, provided the refractive 

index exceeds a certain cntical value «= 1*602. Both surfaces must 

be asphenzed unless « = 1 618. .., when the convex face may be sphencal (Burch, 
1943). L. C. Martin (1944), applying Chretien’s aplanat theory to the “ cntical 
case ”, n = \ *602 —, has obtained design formulae vahd outside the extended 
paraxial region, and has shown by ray-tracing that the resulting lens, at f/5, is 
well corrected (as a monochromat) over a semi-field of 7° 30'. The lateral colour 
error of these lenses may be anulled by a diaphragm placed a short distance in 
front of the front surface. The longitudinal colour error of course remains. 
To reduce this error we may prefer to select a value of n less than 1 602.. ., 
though this means sacrificing exact flat-fielded anastigmatism. So we are led 
to discuss the theory of flat-fielded aspheric aplanatic singlets. This may con¬ 
veniently be done by the method of the plate dis^am desenbed m the previous 
paper (Burch, 1943) 

§2. GENERAL THEORY OF APLANATIC SINGLETS 
We shall use the notation of the previous paper : let the singlet have a front 
surface of paraxial radius p (positive if convex), back surface of paraxial radius 
R (positive concave), thickness d and refractive index n. It is necessary to define 
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the position of the object in some manner, and we do so by means of the position 
of the intermediate image, because this is referable with equal analytical sim¬ 
plicity to either surface. Let this image be formed in glass at a distance L inside 
the pole of the front surface (see figure 1). We can regard this singlet as an 
anastigmat to which there have been added four aspheric plates, two of these 
being the figunngs on the p- and R- surfaces respectively, and the other two the 
negatives of the “ Schmidt” plates which would be necessary at the p and R 
centres to anastigmatize the refractions at the p and R surfaces if these were 
sphencal For the more convenient summation of the efiects of these asphenc 
plates we create an artificial star-space (i.e. a space in which the object is at 
infinity, “among the stars”) by allowing a hypothetical anastigmat of unit 
focal length (in refractive index n) to act on the mtermediate image. In this 
star-space we draw the plate diagram. Let OTj, be the strengths m star-space 
of the missing anastigmatizmg plates of the p- and i?-surfaces and wig, the 
strengths of the p- and jR-figunngs. Let the distances in star-space between 
these plates be as shown in figure 1. 



N' 

N 

p-plate ”, OTi “ —jR-plate ”, jb* “ p-fipjunng ” “ —jR-figurmg ”, w«. 



Figure 1 Two-surface system and its plate diagram 


It Will suffice to quote from the previous paper (Burch, 1943) the formulae 
for these strengths and distances. 

We have then 

(R+d-p) p 

^^{fi-L)iR+d-L) LO^ ^ 

j._ {R+d) _ R 


L{R+d-L) iL-d)(R+d-L) 


UL-d) 
p-plate strength. 




_HHp-V)n^L\L-p )'^J L 




retardation 
lackmg; 
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jR-plate strength 


»«a 


_ ——f t retardation 

- W \- L-r ~y 

.•.( 2 ) 


H being the zonal height m the artificial star-space. 

Now, if in any plate diagram we equihbrate the zeroth and first moments about 
any pivot-point of a plate of strength m, retardation lacking, by means of two 


plates, one of retardation distant jS to the left of the —m plate and one of 

retardation distant a to the right of it, we shall provide a surplus of second 

moment (about any pivot point) of amount ay8. Accordingly in aplanatizmg the 
singlet, i.e. in annulling by suitable choice of the figunngs and the zeroth 
and first moments of the plates and we shall provide an excess of second 
moment consisting of two contributions, associable with the p- and jR-plates 
respectively. 

For the />-plate 

(x.f,={a+b+c); j8p = —(a+6); [»ia;8](, = — (<2+6)(fl + 6+c)»ii.1 

For the jR-plate r.(3)< 

ots=(b+c ); /Sb= ~b ; [»iaj8]K= J 

Thus the second moment of retardation of the aplanatic smglet is 

-8L(L-d) ~ —\r^ - —f} 

.( 4 ) 

It is easy to show that plate-diagram second moments are independent of the focal 
length of the diagram, and are proportional to the square of the refractive index 
of the star-space. Eight times the coefficient of second moment of retardation 
of a plate diagram drawn in aSr, when multiplied by the square of image height, 
gives the negative astigmatic mterfocal distance of the image. Accordingly at 
image height h the aplanatic smgle has 
Negative A.I.D. = 

-A*(«-l)r L{L n+n (L-d)(L-d n + m 

^(L-d, -R-j-R—r-jj- 

.(5) 

It also has Petzval depth, given by 


2n 


(H> 


.( 6 ) 


Let us equate (5) to #c times (6). This gives the condition that the astigmatic 
interfocal distance should be k times that needed to make the surface of best 
definition fiat, when the singlet is rendered aplanatic by figuring 

LffL n+l), ^ K(L-d)-] L-dffL-d « + !!,„ „ kL^ 

.( 7 ) 
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which differs from the anastigmatism condition obtained in the previous paper 

- , ic{L—d) kL 

only by the inclusion of the terms - ^ ^ • 

If we fix the front radius, p, and the object distance, L, and satisfy (7), one 
of the two variables, R and d, remains at our disposal, and we may use it to annul 
either of the two figunngs. We can achieve aplanatism with only one figured 
surface if, and only if, the combined first moments of the R- and p-plates about 
that surface are zero. 

Thus the condition for aplanatism when the front surface only is figured is 
OTi/otj = — a/(a+ h), l.e 

L-p\-L n+r\_ {R+d){R + d-L){L-d)rL-d n + n 

P \_P n \ R R L \_ R n y .W 

and the expression for the negative astigmatic interfocal distance then reduces to 

.« 

When the back surface only is figured, the condition for aplanatism is 


~L—d n+\~ 

(p-d)(L-p) L 

~L « + l~j 

__ R n ^ 

p p (L-d) 



and expression (5) reduces to 

-h\n-V)rL-d 


.<“) 




§3. SPECIAL CASE OBJECT AT INFINITY 

We shall now confine our attention to the case when the object is at infinity, 
that IS, we set L=«/>/(« — 1). Let us set 

W/,; .(12) 

and the condition that the astigmatism of the aplanat should be k times that 
needed to flatten the field of best definition—equation (7)—^reduces to 

+«- 1)2 - x{n - 1)^377 +1 + 

+»[»—(«—l)a!]2 = 0. ■■ 

When/c 18 fixed, equation (13) defines a curve on the (», ar) diagram passing through 
all the points (x, ar), representing singlet aplanats having field-flattenmg coefficient 
#c for distant objects. Two cases, k=\ (the flat-fielded aplanats ; curve E) and 
#c=0 (the anastigmats ; curve F), are illustrated in figure 2, which has been com¬ 
puted for «=1 525. We may convemently show on the same diagram the two 
curves. A, of the aplanats which only require figuring on the front surface, and B, 
of those which only require figunng on the back surface. 
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Curve A is obtained from equation (8), which reduces to 
(n -1)®(1 -y)il/n +1 -y)[n -{it-1)»(1 -j^)] = I, 

while curve B is obtained from equation (10), which reduces to 

_1 1 /"T l-x 

^ ^ 2n-N (n-Vf + n-(n-\)x' 

y being defined by (12). 

The lenses of curve A have negative A.LD. given by 


np 



57 r 
.(14) 

.(15) 


.(16) 



from (9), while from (11) lenses of curve B have negative A I.D. of 

+ .(17) 

For the sake of completeness we notice in the general case, when aplanatism is 
achieved by figuring both faces, the lens, whether flat-fielded or not, has a negative 
A.LD. of amount 




•,( 18 ) 
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We may convemently add to the diagram the etfocal line, C, the equation of 
which IS 

.(19) 

The focal length of any singlet is obtained by dmdmg i2(=afp) by (« —1) tunes 
the height above the afocal line of the representative point. Finally, we add 
the hne D, which represents those singlets which are laterally achromatic when 
"used as eyepieces with an objective of very great tube-length : the equation of 
this line IS 

-PO) 

.and the clear distance of the eyepomt of this eyepiece m front of the p-surface is 

•• ■(«> 

We are now ready to discuss the diagram. First we notice that the flat-held 
curve (E) mtersects the anastigmat curve (F) in two places. One of these, 

«=0, ar=1, is tnvial, in that the lens vanishes by coincidence of the surfaces. At 
the second intersection, the two curves represent different lenses Both share 
the .properties i2/p=0, djp=0, and so they have the same representative point: 
they differ in that in the anastigmat d/R = — 1, while m the flat-fielded lens, as we 

approach this point, d/R approaches ^ 

p of course must be made infinite to obtain two physically realizable lenses. 
The former is the refracting analogue of the Schimdt camera ; the latter is the 
refracting analogue of the “short” (Schimdt-Wnght) system, in which enough 
astigmatism is introduced to annul the Petzval term of the mirror. 

Next we observe that all the flat-fielded aplanats lie within the range 
—0 45<d/p<18 approx, and all the anastigmats within the range 
—0-36<d/p<T6. (The anastigmat curve ends m a “singqlar point” ati?/p = 

1 563...) Save in the tnvial case of evanescence, none of these lenses fulfils 
tthe lateral achromatism condition of the “ simple” eyepiece, and none is tele¬ 
scopic. Two flat-fielded aplanats exist which only need one surface figuring : 
•one, figured on the front surface, corresponds to the intersection of curve A 
with the flat-field curve, having d/p= —0-41, R/p = 0'435. To make this lens 
physically realizable, we must make p negative : it is thus a converging meniscus, 
presentmg a concave face to the incident light. If we set p=—1, the focal 
length, F, is 2-559, and the astigmatic inter-focal distance is 0*222... A® = 0*568 ,. 
h^/F, i.e. 0*568 times that of a centrally diaphragmed thinlens of the same focal 
length. 

The second example, in which only the back surface is figured, corresponds 
to the mtersection of curve B with the flat-field curve. It has d/p =0 *98, i? = T10. 
- If we set p=-f-l, F=4*75, and the astigmatic interfocal distance is 0*017 A®, 
=0*081A®/F. Theshape of this lens does not differ much fromthat of then = 1 618 
Hat-fielded anastigmat descnbed m’the previous paper. If we “diaphragm” 
it at ihe pole of the back face, the first reftaction vnll be nearly distortionless, while 
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the second will provide the rather heavy pincushion distortion of fractional 
amount due to refraction from glass to air. The alternative design 

given above, supposed diaphragmed at the pole of the front face, will give the 


barrel distortion of fractional amount 



due to refraction from air 


to glass, smce the distortion due to the second refraction will obviously be small. 
Both distortions are mcreased by shiftmg the stop to the point giving paraxial 
freedom from transverse chromatism, which lies a distance D' in front of the pole 
of the front surface, given by 


r./ pd[(n-l)R-np + (n-\)d:\ /22^ 

^ ~[np-{n- \)d\^-R[n^p - («a - l)d].^ ^ 

(This expression was derived m the previous paper.) 

Thus the p = l, <f=0-98 example has its lateral achromatizing point 0 34. ..p 
in front of the front surface, while the p= — 1, d=0'41 example has it — 0'31S 
in front of the front surface in object space—^i. e. about 0*1 behind the back face 
in image space. When the lenses are “ diaphragmed ” at these points the respec¬ 
tive fractional pmcushion distortions at object angle B are 0 67^ and — 0*310®. 

It remains to calculate the strengths of the figurings needed m the two cases ; 
in the artificial star-space the retardation required is j»i+OT 2 (expression (2)). 
Transference to “ fresh air ” (i. e. air in front of the front face of the lens), smce it 


increases the zonal height by a factor multiplies plate strengths by 

( B —1\* 

j . This gives for the figuring needed on the front face of the first (p == — 1) 
example a glass thickness of 3*27 A* at zonal height h. Ehraluating the corre¬ 
sponding quantity for the second example (p = l) and muhtplying by 

to allow for the reduction of zonal height on passmg to the back face, we find 
that the thickness required at height h on the back face is 0*277 A*. This com¬ 
pletes the extended paraxial data for these designs. 



§4 DISTORTION OF SINGLET APLANATS 


I shall give, for the sake of completeness, expressions by which the distortion 
of these singlet aplanats can be computed. We consider, then, the plate diagram 
shown in figure 1 (in glass). It is convenient to divide the distortion into six 
contributions—^three associable with refraction at the first surface and that part 
of the total figurmg ivhiclr aplanatizes it, and three associable in a corresponding 
way wnth the second surface. 

If the pnnapal ray make angle ai, with the axis m a star-space of index n„ 
and a plate of retardation mh^ be situated at distance S down-light from the stop, 
the fractional pincushion distortion due to the plate is co,HinSPjn, The aplana- 


tizing figurmgs 


moLp 


«p + ^p 


defined in § 2 have together a third down-light 


moment about the p-centre of amount Bjapj8p(ap —jSp). So the fact that the 
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refractions are aplanatized only, and not anastigmatizcd, provides, when the 
stop IS located at the refracting centre, a pincushion distortion coefficient 

[ap—jSp], and correspondingly for the i?-surface (I retain the subscript 

rig 

^ in « although for the glass star-space M,=n, as a reminder of the origin of this 
factor.) Shifting the stop a distance S up-light increases the third moment of 
an aplanatic plate triad by "iSs times its second moment. But the second moment 
was shown to be moL^. Hence the plate contnbutton to the distortion is 

[a—jS-f SiSJ with subscript p and R in turn The remaimng terms are 

«8 

the Petzval contnbutions which would operate if each refraction were anastig- 
matized by a plate at the refracting centre If wc set = Spf for the case of tlie 
/o-centre, and Sr^ = Sp, + a for the jR-centre, the Petzval contribution is 



We find from (1) 

R+d—p 


(a-i8)p = 


(«-i8)s = 


{L-d)p-^{p-d)L 
LiL~d)(p-L) ’ 

LR + (L-d){R+d) 
L{L~d)(R + H-Ly 


.(23) 


(24) 


while {mo(,p)p and are the respective coefficients of H* in (4), so that the 

plate contributions are 


and 


-(«-lK r _.sk(k _ n+iy[ nL-d)p + {p-d)L 
lUL -d) ^p\p « / J L L{L -d){p - L) 


+ 36’ 




(«-!)« fr/? I 


{L-d)(L-d 
R \ R 


n +1\1 VLR + {L-d){R+d) 
n ;JU(L-d)(6 + d-L) 



(25) 


These formulae relate to the star-space of mdex m*=», defined in §2. If we 
wish to transfer to a star-space of index 1, of the same focal length, we must delete 
the factor », and substitute for the brackets contaimng 6p„ Sr, the values, «, 
times smaller, of the corresponding distances in the new star-space. If we transfer 
to a star-space of q times greater focal-length, the corresponding distances will be 
increased times. When the object is at infimty it is natural to select as star- 
space “ fresh air ” m front of the lens. In that case put n, = 1 m the above ; for a, 

[«-^p and substitute— ; — [a-^] , and for 6p„ Sr, 

n n n 

use the actual “fresh air” distances 

The distortion values given m § 3 were obtained in this way. But I have 
failed to find any method of simplifymg (23) to (25), so the search for a distortionless 
flat-fielded singlet aplanat remains a problem of trial computations. 
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§3 REFLECTING FLAT-FIELDED MIRROR PAIRS 

It IS often salutary and sometimes instructive to set — I m thick-lens 
formulae. 

Let us set /c = 1, « — — 1 in (7); then the thick singlet becomes a mirror pair 
and the condition for flat-fieldedness reduces to 


or 




P^(R + d) 
R^ip-d) 


Let u be the distance of the object from the p-mirror, then 


and 


L—d ^ //(p—d^)4-d(p —1/) 
L up 


[f4,p-d)-\-d {p-u)^ + [u(p-d)^-{p-u)-] = " 


.. .(26) 
• -(27). 

... (28) 
... (29) 


The corresponding conditions for anastigmatism instead of flat-fieldedness are 
obtained if in (27) or (29) the second term on the L.H.S.—^the ‘‘ PetzvaP^—is 
deleted. 

Two object-positions are of special interest—at infinity, or on the surface of 
one of the mirrors. Wc shall first set cx) when (29) reduces to 


or 


(p-2^*» 


/?/5[jK + /t) “ 2</] 

2(R+d) 


R = pL ?^lp-4d.±\/p^ + l6d^i. 

Zp 


(30) 


It may be verified that this is identical with the condition given in another notation 
by Schwarzschild for extended paraxial flatness of the surface of best definition 
of an aplanatic two-mirror telescope objective. Such objectives have been 
very fully discussed by Schwarzschild, Chr6tien and others. I shall therefore 
touch only on two points, about which I am frequently asked : Is there a design 
of two-mirror telescope O.G. in which {a) only the primary mirror, (b) only the 
secondary mirror should be asphenzed ? The answer to both questions is 
yes, but the images in both cases are inconveniently placed—^unless, indeed, one 
IS prepared to figure the one figured mirror about a centre lying outside its rim, 
and so make an eccentric portion of an axially symmetrical objective—to make 
what might be called a Herschelian-Schwarzschild objective When the primary 
mirror is to be figured, we must satisfy equation (14), which reduces to 

d^_^rR±^Y (3u 

P 2d-p[2R+2d-pJ . 

I think Schwarzschild himself pointed out the high “ obstruction ratio ” due 
to the secondary mirror in this case. Examples are p = l, d=9/32, —7/32 

andp = l, d=4/9, R=-l/9. 

PHYS. SOO. LVII, 6 
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When the secondary mirror is to be figured, we must satisfy (15), which 
reduces to 

. 

To make the primary mirror larger than the secondary, we must make p positive 
and d<p, while a real R demands pcZd. To obtain a real final image we have 
therefore to take the negative root. The final image of this rather peculiar 
“Gregonan” is awkwardly placed, lymg between the primary image and 
the secondary Example, p=l,d= 0*7, R = — 0T722. 

On the other hand, in the reflecting microscope (“projection” O.G.) we do 
not object to a secondary mirror several times bigger than the primary, and so 
we may set p negative in (32), with a physically real (positive) d, and take the 
negative root: examples, p=—1, d=4, /?=—5 4, p=—1, d=l, — 8-91. 
If it IS desired to use apertures up to 0 65 N.A.—and this I find is possible—^higher 
order aberrations cannot be neglected (32) then gives only a rough approxi- 
noation to optimal values, and the final spacing should be determined by ray 
tracing or—^more simply—empirically. Expression (32) was given (in another 
form) by Schwarzschild. 

Let us now consider the other special case, when the object lies on the surface 
of one of the mirrors If we set u = d, i e. put the object at the surface of the 
J?-mirror, expression (29) reduces to 

4(p-d)(i? + d)=Rp, .(33) 

the corresponding condition for anastigmatism being 

4(p-i)(R + d)=R8 .(34) 

But (33) IS a physically symmetrical expression, for it states that the product of 
distances from the centre of each mirror to the surface of the other is equal to 
the product of the focal lengths. This suggests what may be verified formally, 
that smce the object lies on the surface of one mirror, the image will he on the 
surface of the other—an elegant and unexpected result. If, in addition to flat- 
fieldedness, we demand anastigmatism, we must set p=R, giving 3p®=4if®, 
and the magnification of the pair is 2 + VS. 
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DEMONSTRATION: 

A FRANCK AND HERTZ CRITICAL POTENT!AI. 

EXPERIMENT 

By J. H. SANDERS, 

Clarendon Laboratory, Oxford 
Demonstrated 8 yune 1945 

T he experiment to be descnbcd is a repetition of the well known l<'ranck 
and Hertz method of finding the critical potentials of mercury vapour 
(Franck and Hertz, 1914) suitable for lecture demonstration It 
makes use of the cathode-ray oscillograph, and shows the use of the instrument, 
not only in demonstrations of this sort, but also in obtaining rapid qualitative 
observations in experiments involving two mdependent variables. 

The electrode structure of the vapour-filled bulb is shown in figure 1. 'I'he 



niAM 

Figure 1. Electrode structure 


electrodes are of nickel and the filament of 100-/t tungsten. The bulb was evacu¬ 
ated and the glass envelope, electrodes and filament were subjected to the usual 
out-gassing processes. A small quantity of mercury was distilled into the bulb, 
and this was then sealed off from the pumping system. 

To show the curves relating collector current to gnd voltage on the oscillo¬ 
graph screen, the oscillator shown in figure 2 is used. This delivers an alternating 
voltage of saw-tooth form between the filament and the gnd. By using the 
cathode follower output, the gnd swings from zero volts up to a posrtive voltage 
of about 30 volts pe^ with respect to the filament. The usual source of a small 
constant potential between the gnd and collector is omitted, and the electron 
current flowing through the resistance in this circuit maintams the collector at 
a small negative potential with respect to the grid The voltage across this 
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resistance is amplified and applied to the Y-plates of the oscillograph, and the 
saw-tooth oscillator output is applied to the X-plates. 

The shape of the curves obtained has been adequately explained elsewhere 
(Compton and Mohler, 1924). The shape depends greatly on the pressure of 
the mercury vapour m the bulb The mam kinks are due to the 4 7, 4-9 and 



5 •4-volt critical potentials. These three potentials are not resolved, though this 
has bcMi done using a version of the Franck and Hertz apparatus (Morris, 1928). 
The size and number of the kinks grow as the pressure in the bulb is raised. 
The optimum working temperature seems to be about 120° C. A photo- 



- "^Grid •uotU 

Figure 3 Curve taken at 120° c 


graph taken from the oscillograph at this temperature is shown in figure 3. 
The first two kinks are separated by about 4 9 volts, and a,smaller Irmlr due 
possibly to electrons undergoing one 4 9-volt and one 6-7-volt inelastic colhsion, 
can be seal on the side of the second mam kink. The kinks appearing at Tiigbftr 
grid voltages are due to dlectrons undei^omg various combinations of the 4-9-volt 
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group of collisions and 6-7-volt collisions, as explained m the paper of Compton 
and Mohler. 

The change of shape of the curves as the vapour pressure of the mercury in 
the bulb is altered may be demonstrated m a few minutes by using the 
oscillograph, this representing a very considerable advantage over the more 
conventional “ D.C. ” approach to the experiment. 

I am indebted to Mr. C. H. Collie and Dr. D. Roaf for their help in setting up 
this experiment. 

REFERENCES 
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DISCUSSION 

Dr. T. B Rymer. I should like to ask Mr. Sanders whether it is possible to use any 
type of commercial thyratron valve for a dcmonstiation ot this kind, m place of the specially 
constructed valve we have seen. 

Mr. A. E Jennings Assuming that the authoi deiived his Y deflection, which was a 
measure of the current passing to the outer electrode, by applying the potential drop 
across a high resistance in series with the small constant retarding potential to the Y-plates 
of the C.R O , did this varying potential not affect the constant retarding potential, and 
how did this affect the validity of the expenment ^ 

Author’s reply The most important condition which has to be fuiilled in order to 
obtain large sharp kinks is that the drift space between the filament and the grid shall be 
large compared with the distance between the grid and the collecting electrode. This 
condition was not fulfilled by the only thyratrons which were available, and it was there¬ 
fore thought better to make up a suitable valve. 

Mr. Jcnnmgs is of course right in pointing out that the collector potential is not 
constant in this experment. The effect of the 100 K resistance between collector and 
earth will be slightly to diminish the sharpness of the kinks, as compared with the curves 
taken with a fixed retarding potential As is seen in figure 3, this effect is not serious. 


demonstration : 

APPARATUS ILLUSTRATING THE MICHELSON 
STELLAR INTERFEROMETER 

By P. J. TREANOR, S.J., 

Clarendon Laboratory, Oxford 

Demomtrated ijune, 1945 

T h e effect upon which this instrument operates is the disappearance of the 
interference fringes formed by two similar apertures by the appropriate 
displacement of the patterns ansmg from neighbourmg sources of light 
(Michdson, 1890, 1920). In a laboratory expenment the relation between 
the angular separation of the objects to be resolved and the separation of the 
diffracting apertures is most conveniently altered by varying the former, since 
a double slit of vanable separation is rarely available. The use of a Fresnel 
bi-pnsm, and like devices for producing artificial doubles, is' prohibited by the 
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fact that the components so produced are coherent sources, and do not therefore 
simulate a genuine double star 

These diificulties are overcome by the use of a Wollaston quartz compound 
prism, which is placed (figure 1) on an optical bench in front of an illuminated 



Figure 1. 

pin-hole. The prism produces the components by double refraction, the light 
from each being polarized in mutually perpendicular directions Since the 
components are selected from different planes of vibration of the natural light 
from the pin-hole source, they are genuinely incoherent, in the sense that they 
would not interfere, even if brought back into one plane by introducing a polaroid 
plate. 

The effect is observed through a small telescope, whose objective is covered 
by an appropriately oriented double slit. It is convenient to cover part of the 
slit with a weak cylindrical lens, which has the effect of producing a greatly 
broadened pattern, without altering the distance between successive maxima. 



r<u*u*e 2 , 

The telescope should be a couple of metres from the pm-hole. Slits 2 mm. 
apart, of width 0 3 mm., with a cylmdneal lens of0 25 dioptres, give easily observed 
frmges m a telescope of 30 cm focal length, x 10. Their disappearance may be 
observed for various separations of the components, produced by moving the 
Wollaston along the bench. 

Figure 2 mdicates how the artificial double may be used in a very similar way 
when It IS desired to photograph this and other diffraction phenomena connected 
with double-star resolution. The apparatus is here adapted to the optical system 
of a spectrograph of 150-cm focal length, the collimating lens being the only 
important modification to the arrangement of figure 1 Owing to the incoherence 
of the light from the components and their different planes of vibration, a polaroid 
may be introduced between collimator and camera to vary the relative intensities 
of the components. I have used the diffraction photography arrangement of 
figure 2 to photograph the advantageous effect which a square stop affords m 
resolving artificial doubles of very unequal intensity 
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OBITUARY NOTICES 


JOHN AMBROSE FLEMING 

With the death ot Sir Ambrose Fleming the Physical Society loses the last survivor 
of Its Founder Fellows That bald statement does less than justice to a connection 
which is unique m the history of scientific societies, for on 21 March 1874, at the inaugural 
meeting of the Physical Soaety, the first communication to be presented to the Society 
was a paper by J. A Fleming on the theory of the galvanic cell. During the long and 
distinguished career that followed this auspicious opening, Fleming contributed moie 
than one hundred important papers to the Piocgedings of various leaincd societies and 
institutions, and of these papers more than a third have appeared in the Ptoceedtnffh of tho 
Physical Soaety, The interval between the first and the last of these communications 
was no less than sixty-five years, foi on 28 Aptil 1939 Sir Ambrose Fleming read boftne 
the Society a paper on ** A new method of creating electrification illustrated by experi¬ 
ments The occasion was one never to be forgotten by those who wore privileged to he 
present. The veteran author was in fine form, and his presentation of his paper, made, 
as It was, in a clear and resonant voice, not read from a manuscript, logically developed 
without the introduction of a superfluous word, was a model for speakers not a quarter 
of his age Fleming, early in his career, had obviously profited by the classic advice given 
to young debaters “ State your case, clear your case, prove your case . sit down ’*; 
his published works bear eloquent testimony thereto 

John Ambrose Fleming was born on 29 November 1849 at Lancastei, where his lather 
was a Congregational Minister When he was about five years old, his parents removed 
to North London, where his youth was spent Quite early in his life, he, like Clerk Maxwell 
before him, showed a decided inclination to investigate the “ particular go ** of any 
mechanism that came his way, and he bqually early developed, with home-made apparatus, 
that technique ot popular lecturing in which, m the years oi hi.s maturity, he was to prove 
himself a worthy successor to Faraday and to I'yndall 

\fter some years of attendance at private schools he was sent, at the age of fourteen, 
to University College vSehool, then housed in a wing ot University College in Ciowei Street 
He had (m common with many other lads of similar tastes) ambitions towaids the 
engineering profession, but the usual mode of entiy thereto—a long apprenticeship and a 
high premium—was out ot the question, so it was decided that he should work at school 
for the London Matriculation Examination, which he passed at the age of sixteen, ''fhen 
followed two years at University College, where he studied under Carey Foster, A W 
Williamson and—an influence for life—^that great teacher and erudite genius Augustus 
de Morgan. At eighteen he passed the first B Sc, examination of London Univeisity, 
but the question of earning a living loomed large and, after a fruitless and unhappy three 
months m the offices of a shipbuilding firm near Dublin, he returned to London to take 
up work as a clerk on the Stock Exchange where, the hours of work (10 a.m. to 4 p.m.) 
being short, “ I had a good deal of time for pnvate study It was a hard task he had 
set himself but he won through and the 1870 pass list for the degree of B Sc in the 
University of London contains the name of John Ambrose Fleming m the first division. 

He now bade farewell to the Stock Exchange, though he never regretted the time 
he had spent there, for the knowledge of business methods thus acquired proved very 
useful in his later consulting work Through the good offices of Frankland the chemist, 
he obtained the post of Science Master at Rossall, a public school on the Fylde coast 
between Blackpool and Fleetwood Here he taught with characteristic energy and success 
for a year and a half and, equally characteristically, determined that he had ** m some 
senses more need to be still a student rather than a teacher He resigned accoidingly 
m the autumn of 1872 and immediately entered Frankland’s laboratory at the Royal 
College of Science m Exhibition Road, where at that time Frankland professed chemistry, 
Guthrie physics and Huxley biology He became research assistant to Frankland and 
took a share m the teaching in the department It was during this period that ht read 
the paper, previously mentioned, at the inaugural meeting of the Physical Society. 
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In 1874 he was appointed science master at Cheltenham College on the civil and 
military side and was now embarked on what for many would be a hfc*a work; but Fleming 
was by nature a student and an engineer While at Cheltenham he read with care 
Faraday’s Eocpenmental Researches and, possessing a fairly strong electromagnet, repeated 
on a fitTiflll scale Faraday’s abortive experiment to detect electric currents induced in a 
nver flowmg across the earth’s magnetic field. Fleming sent a stream of acidulated water 
down a tube placed between the poles of the magnet and carrying, fixed to opposite sides 
by wires sealed through the tube, two strips of platmum foil When the magnet was 
energized, the stnps exhibited the characteristic polarization effect. Fleming described 
this result in a paper read before the Bntish Association at its Bristol meeting in 1875 

But Fleming had also been reading Maxwell’s recently published treatise, and, coming 
to the conclusion that his mathematical equipment was defective, resigned from his safe 
£400 a year post and entered Cambridge m October 1877 as an Exhibitioner of St John’s 
College 

One of Fleming’s principal objects in going to Cambridge was to study and work 
under Maxwell, who assigned to him the task of comparing the various coils that 
had been constructed to represent the B A unit of electrical resistance and to deduce 
its most probable value. To that end Fleming constructed a special form of Caxey Foster 
bridge, promptly chnstened by Maxwell “ Fleming’s banjo He took careful and 
copious notes of Maxwell’s lectures, and presented the bound volumes of notes to the 
Cavendish Laboratory on the occasion of the celebration of the centenary, m 1031, of 
Maxwell’s birth. 

In 1879 Fleming took his D Sc degree m London and in 1880 graduated in Cambridge 
by way of the Natural Science Tripos. In the same yeai he was appointed Demonstratoi 
in Mechamsm under Professor James Stuart and in 1882 was elected to a Fellowship at 
St. John’s College In the meantime he had left Cambridge, having been appointed 
in 1881, through the mfluence of Professor Stuait, to the chair of Mathematics and 
Physics at University College Nottingham 

But events were impending which were to make his tenuie ol the Nottingham post 
of short duration. It is difficult for those of us who saw and heard the veteran in full 
vigour so lately as 1938 to realize the magnitude ot the changes, social and scientific, 
which had occurred during his lifetime jind which he himscU had helped so hugely to 
shape. In the year of his birth Peel, Palmerston, Russell and Derby were outstanding 
political figures—Gladstone and Disraeh were, politically, promising youngsters , in the 
practice of war, Wellmgton and Nelson could have handleci the aimies and navies of the 
period without recourse to much new learning , the stage-coach had not yet \anished 
from the scene ; the electnc telegraph was a novelty 

In 1881 the storage cell was just about to become a practical proposition ; Bell had 
invented the telephone and, realizmg that the Bell telephone was an excellent receiver 
but a poor transmitter, Edison had invented his carbon-button transmittei , the 
possibibties of altematmg currents were beginmng to loom large, and practice m that 
branch of science, running ahead of theory, was to provide in the “ eighties ” some signal 
shocks and surprises for station engineers , Edison and Swan, in attempts to lealize 
electnc lighting on a commercial scale, were performing Heath-Robinsoncsque experi¬ 
ments to produce filaments of carbon ; switches, mains, cables and measuring instruments 
were urgently needed ; patents of almost every type were filed , patent litigation, with 
its attendant demands for scientific witnesses (how should one, for example, define exactly 
a filament of carbon were frequent , and Fleming, who had been appointed to act as a 
scientific adviser to the Edison Telephone Company in 1879, was appointed as electrician 
to the Edison Electric Company m 1882 

In 1885 Fleming was invited to occupy the newly established Chau of Electrical 
Engineering at University College London The only equipment attached to the Chair 
at the time of the appomtment was chalk and a blackboard, but a timely grant of £150 
provided funds for a gas-engine, a battery of storage cells, a photometer and some essential 
electneal measuring mstruments. Such was the modest beginning of the Pender Chair 
of Electneal Engmeermg Fleming resigned m 1926, after forty-one years tenure of the 
Chair During that period he had made the Pender Laboratory world-famous ; upwards 
of two thousand students had passed through his hands, many of whom achieved gieat 
distinction m after-life ; a number of highly important papers were published by the 
Pender Professor, including an early paper read before the Institution of Electrical 
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Engineers in 1885 on the necessity tor a national standardizing institution for electrical 
instruments—a papei which foreshadowed the establishing of that great organization, 
the National Physical Laboratory Lgter came the results of measurements made on 
alternating-current transformers which cleared away many difficulties, pioneering researches 
on electric-lamp photometry, and a classic senes of papers published in collaboration 
with Sir James Dewai on electrical properties of matter at very low temperatures 

All this research and teaching was diversified by a large arhount of consulting work, 
the most important of which arose from his appointment as consultant to the Marconi 
Wireless Telegraph Company in 1899 

At that time wireless telegraphy was rapidly approaching the commercial stage ; 
Marconi had transmitted messages in Morse between the [sle of Wight and Bournemouth ; 
and in September 1899, at the meeting of the British Association at Dover, Fleming gave 
a brilliant evening address at which wireless messages were exchanged between the Ihitish 
Association and the French Association then meeting at Boulogne. Obviously, as with 
the corresponding developments in the electric telegiapb half a contiuy earlier, men's 
thoughts were turned to the possibility of uniting the Eastern and Western hemispheres, 
and one of Fleming’s early tasks in his new position was the designing and equipping oi a 
transmitting station for that purpose at Poldhu in Coinwall. The power required must 
have been assessed by the exercise of what the Greeks teimed happy guessing ”, but 
however that may be, a twenty-five h p. engine, and an alternatoi and transiormer capable 
of supplying current at twenty thousand volts, were installed , aerials, switches, jiggers 
and condcnseis were designed on an engineering scale ; and, despite many difficulties 
and delays, in which stormy weather played no small part, the station was put into woiking 
order. In November 1901 Marcom sailed for Newfoundland, and on 12 December of 
that year—a red-letter day m the history of electrical science—^lie iecei\'ed the signals 
S-S-S - - - - transmitted from Poldhu. 

Important as was Fleming’s share in this triumph, his outstanding contiibution to 
wireless telegiaphy was to he made some three years latei As far back as August 1885 
he had read a paper before the Physical Society in which he had noted the presence of a 
clear white Imc, or line'of no deposit, on the inside of the bulb of a blackening carbon 
filament lamp and in the plane of the filament lie called this u moleoulat shadoW, and 
gave the obvious interpretation of the phenomenon. In the pievious year ICdison had 
observed the ^Miidison effect” m a carbon filament lamp Ue had fixed a metal plate 
between the hairpin bend of the filament of a lamp and had discovered that when the 
filament was heated by a current, a galvanoscope attached between one terminal ol the 
filament and the plate indicated a alight current , when the attachment was made between 
the plate and the other terminal of the filament no cunent was obscivcd Edison gave 
no explanation of the phenomenon and made no notable application of it Fleming 
carried out an elaborate series of experiments on cylinders and plates of various kinds 
sealed into filament lamps, and concluded that the heated filament was emitting negatively 
electrified particles, which he assumed to be carbon atoms, and that the space between 
filament and cylinder was a one-way street ^or electricity. 

In the early years of the twentieth century the problem of the production of a trust¬ 
worthy rectifier for feeble high-frequency oscillations was an urgent one', and in October 
1904 it struck Fleming that his old experiments had provided a solution to the problem. 
Investigation showed that this was indeed true, and on 16 November 1904 he applied 
for a British patent. 

Such, in very bnef outl-ne, was the origin of the Fleming valve 

Fleming had unusually high gifts as a lecturer, and his services were in constant demand 
•over a long period of years by various educational institutions He served for many years* 
as a lecturer under the Gilchnst Educational Trust , he delivered eight Friday evening 
lectures at the Royal Institution, and between 1894 and 1922 he gave the Christmas 
lectures at the Royal Institution four times ; his public lectures were a feature of many of 
the annual meetings of the British Association ; and he gave the Cantor series of 
lectures for the Royal Society of Arts no le^ thaii eight times. His last public lecture 
was given before that Society m 1925 on “William Sturgeon and the Electromagnet ” 

His books, too, exerted a profound influence on the teaching of the period, and thousands 
of students of many generations have read and re-read his treatises on the transformer 
and on wireless telegraphy It is a notable fact that the veteran occupied the last years 
*of his long life m composing a senes of four text-books for the use of students of engineering. 
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It IS suiely a feat unique in the history of education that a nonagenarian should produce 
books which should be useful to students of these later-day developments in physical 
science. True, there are a few slips here and there, but the old Fleming touches are still 
to be discerned . terseness and clarity, not a wasted word, and an essentially practical 
outlook 

Many and well-deserved honours fell to his lot. In 1892 he was elected Fellow of the 
Royal Society, and he was awarded the Hughes Medal of the Society in 1910. In 1921 
he was awarded the Albert Medal of the Royal Society of Aits The Institution of 
Electncal Engineers gave him their Faraday Medal in 1928 In 1930 the Physical Society 
awarded him the Duddell Medal. In 1935 he received the Kelvin Medal from the 
Institution of Civil Engineers, and the Frankhn Medal of the Franklin Institute In 
1929 he received the honour of knighthood After his retirement from teaching he lived 
at Sidmouth in Devonshire, and in 1933 he married Miss Olive Franks Active and 
interested m outside affairs to the last, he died on 19 April 1945 

There is nothing for tears, nothing for sorrow, m the passing of a life so honoured, so 
prolonged, so full of work which has left its mark on the scientific and social life of our 
era; yet, m taking an affectionate leave of the last survivor of their Founder Fellows, the 
Physical Soaety cannot help but regret that he was not spared to see the centenary of his 
birth and the 75th anniversary of the day on which he inaugurated the work of the Society 
by reading before it the first paper m their Proceedings, a f 

SIDNEY SKINNER 

Sidney Skinner (23 August 1863 to 5 November 1944) was educated at Dulwich 
College, whence he proceeded to Christ’s College, Cambiidge, with a scholaiship in 1882 
In 1884 he took the Natural Science Tripos, obtaining a second class in Pait I, and a 
First m Part II in 1886 He stayed on at Cambridge, being appointed a lecturer both at 
the Cavendish Laboratory and at Clare College He was also an assistant denionstiatoi 
at the Laboratory In 1890 ho was appointed Demonstrator, assisting Wi'lbcrioice 
(afterwards Professor at Liverpool) with the senioi students Searle was appointed a 
demonstrator at the same time and had charge of the hist-yeai students. Olliei 
demonstrators with him w’ere Fitzpatrick (afterwards President of Queens’) and (Jlazebrook 
(later Sir Richaid) 

In 1904 he became Principal of the South-Westein Polytechnic at Chelsea, Ia>ndon 
At that time this Polytechnic—as all the London ones—^taught a laige variety of subjects , 
but It gradually became more specialized, and under the influence of Skinner it con¬ 
centrated upon preparation tor the Internal Degiees of the I.ondon University in Science, 
being especially strong on the biological side. The only other activities of the Poly¬ 
technic were a school of pharmacy, a good Art School and a school for preparing 
women to become teachers of physical traimng 

In 1906 he went With the expedition to Spam to see the eclipse, and there met and 
married Manan Field Michaehs, who had also gone there from Canada She was daughter 
of Major Michaehs Mrs Skinner was a very live woman who took a keen interest m 
science ; both she and her husband were regular attendants at the Friday evening lectures 
at the Royal Institution, of which Institution he was for some years a Visitoi 
I They had three children, the youngest a son Both Mrs Skinner and this son aie dead. 
On his retirement from the Polytechnic, in 1928, he went to live at Letchworth. Theie 
he collected a group of enthusiasts who held mformal meetings and discussions on scientific 
subjects and were facetiously referred to by their fiiends as “ the Wise Men ” 

He was a Fellow of the Institute of Physics, of the Physical Society and of the Cambridge 
Philosophical Society. He pubhshed nearly forty papers on a variety of subjects, the most 
important being on The Clark Cell as a Standard of EMF ^ on Lubrication, and on 
Dew Dew-ponds and Hurmdaty 

His greatest interest was m climbmg From 1892 to 1907 he spent nearly every 
summer vacation m Switzerland Two of his papers were connected with this recreation, 
On the Shppenness of Ice and on the Minute Structure of the Surface Ice of Glaciers, 

Skinner was a quiet conscientious worker who never cared to be in the limelight, but 
he had a w’lde circle of very real fnends who appreciated his genuine ability and 
kindliness, L.o 
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LIONEL ROBERT WILBERFORCE 

Born at Munich on 18 Apul 1861, Lionel Robert Wilberfoicc died on 1 Apiil 1944 m 
his 83rd year He was a direct descendant of William Wilbcitoicc, pioneei in the abolition 
of the slave trade 

He was elected a life Fellow of the Physical Society m 1894 and for a period he served 
on the Council—^his membership of the Society covered a period of almost exactly 50 years. 

Educated at the London International Collegre, Isleworth, and Trinity College, Cam¬ 
bridge, he obtained a first-class honouis in the Natural Science Tiipos and was 13 th 
wranglei He served as demonstrator and lectuicr in Physics undci J J "rhomson Ironi 
1887 to 1900, when he was appointed Lyon Jones Piofessoi of Physics at Liveipool Ifni- 
versity in succession to Sir Oliver Lodge He was almost entirely responsible foi the 
planning of the George Holt Physics Laboratoiies and to6k a gieat pride in the work 

Wilberforce was well giounded in the so-called classical physics, but took little 
more than a tolerant interest in the “modem** physics--quantum theory and atomic 
physics As a teacher of physics he was unique. His lectuies wei e illustiated by a plentiful 
display of experiments which he had specially designed and caiefully leheaised His 
obvious enjoyment m demonstrating a point by a success!ul, and in many cases oiiginal, 
experiment spread to his audience 

One of his favourite experimental lectures was that relating to the principles of the 
gyroscope This was always a great success and was very popular. His running com¬ 
mentary whilst manipulating a “ diabolo ** is not likely to be lorgotten by his audiences 

His opinions on fundamental classical physics were sound and reliable, but he fought 
shy of expressing views on “modern** atomic physics. Ills work on suilace tension, 
viscosity and allied problems is well known from his publications, but much of his work 
on these and other subjects was not published He developed a beautiful ripple tank 
to demonstrate wave phenomena such as diffraction, reflection, refraction, interference, etc* 

1 remembci seeing this lor the first time m 1913 and was much impi eased by its possibilities 
m demonstrating acoustic and optical phenomena. lIis keen interest in instrument 
design is illustrated in his paper “ Kinematic supports and clamps ’*, lead befoTO the 
Physical Society in November 1932. 

*rhere is no doubt, however, that he will best be lemcml^ered by his students as a 
great tcachei of physics 

He appreciated a good joke and was fond of ielating his experiences in examining 
students. I remember his enjoyment in telling of a student he was examining in elementary 
practical physics at Cambridge The subject was the spirit-level. The bubble moved 
to the right, the student concluding that the right-hand end of the table was higher than 
the left On reversing the spirit-level, the bubble moved to the left The student looked 
suspiciously at the spirit-level, then at Wilberforce, and said, after a pause, “ Why, the 
bally thmg*s cockeye **, a correct, if somewhat unscientific, conclusion. 

Wilberforce was a member of the Alpine Club and in his younger days did a good deaf 
of climbing m the Alps He was very fond of skating on ice and on rollers. Such 
vigorous exercise, which he kept up until his later years, no doubt contributed to his rosy 
complexion and general good health 

It was a great pleasure to have known him. His pleasant disposition, sound judgment 
and success as a teacher of physics are likely to be remembered by all his many students 
and friends. A. B. wood. 


JAMES YOUNG 

James Young, who died at the age of 47 m May 1945, after a year’s unfiUnchmg fight 
against leukaemia, had been a physics lecturer m Birmingham University since 1920. 
A Scot from Strathaven, his student years had been spent in London at the Royal College 
of Science, and when Dr. S. W J- Smith, F.R.S , left that College to succeed Poynting 
in the Birmingham professorship, he shrewdly selected Young as one of the two recent 
graduates of outstanding promise to accompany him. 

Young possessed a combination of gifts rare in contemporary physics He took 
aesthetic delight in precision, both of numerical accuracy and of logical proof, and regarded 
with tolerant astonishment anyone’s liking for the stages m a subject which only yield 
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rough exploiation or ambiguous conclusion. Nevertheless he was outstandingly succcsstul 
at teaching elementary students whose preoccupations would seldom dispose them to 
any comparable rigour , for he had the personality to command respect from those who 
could not approach his own intellectual ideals, and he was devoid of arrogance or contempt. 
He would, in fact, give limitless care to any honest enquirer, student or colleague or stranger. 

This quality of the intellectual aristocrat often made Young seem lonely among any 
group who were advancmg more rapidly in subjects less susceptible of certitude or minute 
preasion, and he was not a very commumcative colleague. Perhaps few beyond the 
writer heard him explain or confess that his real enthusiasm was lor the geometrical in 
physics. This constituted him a referee of uniivailed critical judgment, rather than an 
explorer of new groimds. For instance, he employed his genius foi three-dimensional 
visual imagery in elucidating complex crystallmc structures, and his X-ray contributions 
to Prof S. W. J. Smith’s researches on nickel iron and to Prof. W N. Haworth’s new 
carbohydrates were notable the same skill made him in war-time the expert on polar 
diagrams for Prof M. L Oliphant’s team working at radai piojcction But he had no 
taste for pushing into the crowd who throng the more sensational avenues to scientific 
emmence, and he probably spent far more tune on measuring photographs of lunai cratcis 
or extractmg the final decimal place m timing an occultation than on any moic ob\aously 
rewarding topic 

In advanced expositions, includmg very individual and physical treatment of highei 
mechanics, tngonometncal astronomy, and Lorentz-Einstcm relativity, he bequeathed to 
students somethmg of his rare gifts for seeing geometry m physics . their notebooks may 
well have a clarity unsurpassed in all the hbrary of treatises which Young disdained to 
copy and was too self-effacing to rival in print martin Johnson. 


REVIEWS GF BOOKS 

Practical Optics^ by B. K. Johnson. Pp. viii+189. (London: Hatton Press, 
1945.) 15^. net. 

The greater precision that has been increasingly asked for in the engineering industiy 
has resulted in the introduction of new instruments both for the mcasuieinent of dimensions 
to finer limits and for the closer examination of the finish "rhese instruments have largely 
made use of optical elements and devices. Thus, m addition to the older users of optical 
instruments—microscopists, photographers and astronomeis—^therc has now been added 
a new type of user, the engineer All these users, both old and new, want to know enough 
about the optics of these instruments to be able to select the instrument that will best 
suit their purpose and to enable them to use it intelligently, but at the same time they 
do not want to spend time learning more of optics than they are obliged to do, foi their 
mam interest is elsewhere. For them, therefore, a book that will just give them this 
Tnimmum knowledge is a valuable time-saver Such a book is the one under review 

It begins with some simple demonstrations which such a user should, if possible, 
repeat for himself, as he will find that he learns far more easily how his instruments behave 
from these simple experiments than he can do from merely reading about them The 
principles upon which the several instruments depend are clearly explained, in every case 
bemg closely related to practical applications. 

Owmg to the aberrations which are present m all optical systems, eveiy instrument 
IS necessanly a compromise, and sacrifices some features in order to attain the greatest 
excellence in those which are of the greatest importance for its particulai ^purpose The 
telescope, for instance, m order to obtain a very high defimtion in the centre of the field, 
IS content with an angular field which, m comparison with that of a photographic lens, 
is exceedmgly small, and with a numerical aperture which m comparison with a micro¬ 
graphic object is again exceedingly small Thus, before selecting an optical system for 
any particular purpose—especially if this is a new departure—^it is necessary to know 
wh^ are the special requirements that the system must satisfy, and the explanations given 
in this book will greatly assist in this selection. 

have noted the following printer’s errors The caption to figure 90 a should read 
Measurement of Numerical Aperture ”, and that of figure 127 should read ** Cooke 
"table at the foot of page 109, the last column should read 38-6, 
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Theorie des OsciUaietfrs, by Yves Rocard. Pp. 220. (Paris: Editions de la 
Revue Scientifique, 1941). Price not stated. 


M Rocard believes that too many students oi physics think that all oscillations aie 
tundamcntally similar to those of a simple pendulum, and he has written a pleasant mono¬ 
graph to correct this over-simplij£ied view. The whole tone of the book is critical and, 
if one may be allowed to say so, refreshingly old-fashioned , old-fashioned in the sense 
that It IS obviously written to tell the reader about oscillations and not, as aie so many 
books on mathematical physics, written with the mam object of introducing the leader to 
new mathematical methods. 

The first chapters of the book aie a cntical introduction and commentary on the scries 
of papers published by van der Pohl in the Philosophical Magazine on relaxation oscillators 
The treatment given is elementary and straightforward and has the merit of working 
specific pioblcms through in detail. In particular, the analysis of coupled oscillators, in 
which the causes ot frequency hysteresis are explained, and the conditions for the locking 
of frequency-multiplying or dividing circuits obtained, will bo helpful to those who have 
to cope with the vagaries of multivibrators. Equations such as 

—r® - iL ctfV ”0, 
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which have strictly harmonic solutions, are used to poke gentle tun at some of the qualitative 
generalizations which are sometimes used in explaining the action of this type of oscillator 
Indeed, throughout the book the tendency is to consider specific differential equations 
which can readily be seen to govern the motion of a simple (usually mechanical) system, 
and to avoid generalities. 

In this way the reader is naturally introduced to systems governed by equations of 
the type 





I -- 0 


Routh’s criterion for the instability of the system are introduced and their application 
explained in several examples based on mechanical models. 'This is an excellent chapter, 
and much ingenuity has been exercised in devising the rather artificial models. 

More natural examples are provided m the following chapter, which deals with the 
differential equations which have been used in an attempt to analyse the economic oscilla¬ 
tions of the trade cycle The author is somewhat critical of this approach on the ground, 
which he justifies by numerous examples, that the predicted oscillations are unduly sensitive 
to small changes in the ideal mechanisms used to represent the complexities of economic 
life Kalecki's equation and others which have been proposed are characterized by a 
period of gestation or lag between economic cause and industnal effect. 

M Rocard makes a positive contribution to the subject by pointing out that not only 
IS the assumption of an exact value r for the time lag a very artificial one, but also one which 
greatly enhances the difficulty of solvmg the equations. The much more plausible 
assumption that a lag t has a probability given by some such function as 

n 

I nr/r. 



gives rise to equations which are much more tractable. 

For example, a simple relation of the type 

= 0 

based upon a definite penod of gestation r becomes (for 

-f ^ = 0, 

which readily reduces by the substitution to the form 


to which Routh’s criteria can be applied directly. 
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The remaining chapteis deal with \\a^^»s on lines, the hunting oi coupled Kcnciatois, 
organ pipes, and the flutter of aeroplane wings 

While these subjects are interesting in themselves, they aie less suitable for a purely 
mathematical tieatment, and do not add to the refreshing Cialhc unity of the previous 
chapters The section on lints, while adequate for 1940, is not of great mtcicst to present- 
day students The book was WTitten during the fall of Fiance, and the author asks the 
indulgence of his readeis tor the absence of references. The typography is good and the 
paper better than British readers have seen for some time. The absence of an index, 
vihich IS partly compensated for by a full table of contents, shows that insularity occurs 
in the He de la Cite as well as at home On the whole a book which the physicist with a 
taste for elementary mathematics would do well to buy. c. H c. 

Life and Work of John Tyndall^ by Professor A. S Eve, F,R. S., and C. II. Creasey. 
Pp. xxxii+404. (London* Macmillan and Co., Ltd., 1945.) 2L. net. 

We have in this book by Professor Eve and Mr C H. Creasey a fairly complete story 
of the life of John Tyndall, from his boyhood at Leighlm Bridge, Co Carlow, Ireland, 
where he was bom on 2 August 1820, to his death on 4 December 1893. The development 
of the poor country lad into the head of the Royal Institution is an interesting human story. 
Tyndall was fortunate in that the master of the National School at Ballinabranagh, which 
he attended as a youth, was capable of giving him a sound training in mathematics and 
the rudiments of physical science, as well as m the English language. 

, Tyndall’s first appointment was in the Ordnance Survey Office at Youghall, Co. Cork, 
and later he was transferred to Preston, being dismissed from the service after three and a 
half years for joining with 18 other assistants in an appeal against their conditions of work. 
After an interlude as a surveyor on new railway schemes, Tyndall obtained in 1847 a post 
as a master at Queenwood College, where he had Edward Frankland as a colleague. A year 
later Tyndall and Frankland left Queenwood together to go to the University of Marburg, 
where Tyndall graduated as Ph.D. after two years. While at Marburg he studied under 
Bunsen. One of Bunsen’s assistants was Dr. Heinrich Debus, later ProJfcssor of Chemistry 
at the Royal Naval College, Greenwich, and one of Tyndall’s closest friends. Professor 
Knoblauch had then just arrived at Marburg, from Berlin, and trom him ’Fyndall got his 
first stimulus to study magnetism 

On his return to England he found some difficulty in obtaining a congenial post. ^ 
and T. H Huxley were unsuccessful m their applications for professorsnips at 
University of Toronto in the summer of 1851 and at the University of Sydney a lew 
months later. During this rather apxious period Tyndall was actively engaged m various 
researches, and was elected Fellow of the Royal Society in June 1852 In the following 
year he was appomted Professor of Natural Philosophy at the Royal Institution, where 
Faraday was Resident Professor. Faraday and Tyndall remained always on terms of 
the closest friendship in spite of the fact that they held different opinions on a number 
of scientific questions On Faraday’s death m 1867, Tyndall succeeded him as Resident 
Professor m the Royal Institution, and it was at the Royal Institution that Tyndall’s active 
scientific life was passed. From the autumn of 1859 until the summer of 1866, Tyndall 
also held the Professorship of Physics at the School of Mines 

Tyndall was an eminently successful lecturer, and the books in which he published 
the content of his series of lectures are still very readable today, and have inspired many a 
young man with the desire to follow a scientific career He devoted the greatest care to « 
devismg good expenments to illustrate his lectures, and the technique of the physical 
laboratory owed mtich to his ingenuity. Ebs best known experimental investigations 
were those m diamagnetism, radiation and absorption by gases, and his very thorough 
demonstration that the moulds which Bastian had found to onginate in infusions of hay, 
meat, fish, etc., were due to germs in the atmosphere, and were only produced when the 
-infusions were exposed to the atmosphere. Tyndall succeeded in completely demolishing 
Bastian’s ideas concerning the spontaneous generation of life. He also showed that the 
blue colour of the sky is due to scattering of light, though he ascribed the scattering to 
small particles and droplets suspended in the atmosphere, and it was left to the late 
Lord Rayleigh to demonstrate that it is the molecules of air themselves which are effective 
in producing the blue colour. 
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Tyndall derived from his father a tendency to religious emotion and controversy, 
and all his life he was apt to be drawn mto controversies on scientific topics of all kind. 
He was in no sense lackmg in courage, and had no hesitation in expressing his opinions 
even when they were unpopular. All his life he was fascinated by glaciers, and his studies 
of the motion of glaciers, which incidentally led him into controversy with J, D. Forbes, 
were among the earliest serious scientific studies of Alpine phenomena Tyndall also 
devoted a great deal of energy to championmg the claims for priority of scientific men 
whom he regarded as neglected. Thus he strongly ch^pioned Mayer^s claim to have 
first put forward the principle of the conservation of energy 

From this book the reader receives an impression that controvcisy filled quite a large 
part of Tyndall’s life. But at the same time it is made clear that Tyndall had a gift 
for warm friendship with men of the widest variety of interest—^Faiaday, T H Huxley, 
Charles Darwm, T A Hirst, Thomas Carlyle, Alfred Tennyson, Hooker, Lubbock. 
Tyndall must, fact, have been a great social success. 

It cannot be claimed that had the spark of divine fire which Faraday had, 

but he was a sound and skilful experimenter, with a marked gift for exposition. He had 
no outstanding discovery to his credit, but he discovered many new facts, and explained 
many things which had hitherto been obscure. His books, which are very largely based 
on lectures given at the Royal Institution, formed a considerable contribution to education 
m the science of physics. His experimental tcchmque was frequently far m advance of 
that of his contemporaries, and his breadth of interest brought him into touch with many 
of the vital pioblems of his day. 

'Fhis biography of Tyndall is an important contribution to scientific history. It has a 
somewhat uneven style, partly due to the fact that a first draft was completed by the 
late Professor A. S. Eve just before his death, and was revised by Mr. Cieasey. Material 
for an authoritative biography of John Tyndall had been collected by his wife, who survived 
him by nearly 47 years. Mrs Tyndall had from time to time endeavoured herself to 
write the biography, and had at first endeavoured to control any effort made by others to 
complete the work. 'Phe unevenness of style is to be explained by the vicissitudes of 
authorship. It need not, howevci, deter anyone interested, either in the science of physics 
or in Its history, from reading the story of a full and busy life, lived at the centre of English 
scientific activity, among those giants of the Victorian age—^Faraday, Kelvin, Maxwell, 
Rayleigh, Stokes—^whose work was to revitalize science and to lay the solid foundation 
on which lateif generations have built. D. B. 

f * * 

An Introduction to X-ray Metallurgy^ by A. Taylor. Pp. xi-H 400. (London: 
Chapman attd Hall, Ltd., 1945.) 36 j, net. 

X-ray diffraction is now used extensively for mvestigating the structure of all classes 
of sohds. In metallurgy particularly it has led to results of considerable practical mterest 
This book summanzes a great deal of material which hitherto has been available only in 
original scatterel papers, and presents a timely and logical account of modern x-ray 
practice and its contributions to the study of metals and allied substances. 

The first part of the book deals with the theory of x-ray diffraction and the practical 
methods of recording the difiEraction patterns The scope may be indicated by the chapter 
headings • X-ray generating apparatus. Space lattice, Diffraction of x rays by the crystal 
lattice, Expenmental methods of obtaining difiraction patterns, Influence of the atomic 
pattern on the iriJrensities of the x-ray reflections, and Crystal structures of the metals. 
The second part of the book then proceeds to the apphcations. The mam topics, again 
deserjj^d by the chapter headings, are : Study of thermal equilibrium diagrams. Measure¬ 
ment ^Sgram size (indudmg effects of deformation). Grain orientation, and Study of 
refractory jT 2 ^:Miials. The book is then roimded off by a chapter on the older use of x rays 
in the radiograp^/iy of metals. 

In consideniig the theory, the author has confined himself to the bare essentials. He 
has taken thiZ-View, quite properly, that the application of x rays to the problems of 
metallurgy can be fairly^ appreciated without delving into the mysteries of Fourier synthesis 
and the theory of space groups ; at the same tune, it might be remarked in passing that 
such studies will not impede the x-ray metallographer m his career. Treatment of the 
practical techniques also is general, except for the Bradley powder-camera, which is 
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described m outstanding detail- It is perhaps to be recommended that a student should 
first familianze himself thoroughly with one specific x-ray technique , and it might perhaps 
be added that if he can obtain the highest accuracy with this powdet camera, he can proceed 
with confidence to any other method. However, for the practical metallurgist the reduction 
of a metal to powder, as a preliminary to x-ray examination, puts an unnecessaiy curb on 
the versatility of the x-ray method. A fuller description of a camera which will deal 
equally well with solid specimens of metal might be mcluded with advantage in future 
editions of the book, which it is hoped will follow in due couise. 

The chapters on practical appheations will be found very useful. The author has 
not confined himself to the earlier use of x rays in determining atomic arrangements ; 
he has also given considerable space to the later appheations concerned with the macro- 
structure of metals. Knowledge of the atomic structure is, of course, an essential back¬ 
ground to any study of metals, but the atomic bond in metals is not the vital link that it 
is, for instance, in organic materials. In practice, much coarser features of structure 
are often of overriding importance , the metallurgist is often less concerned with the 
basic atomic arrangement than with larger scale factors such as the segregation of alloying 
elements and impurities, the dispersion of precipitates, crystallite size and orientation, 
internal strams, and gram boundary conditions. That is why the X rays will never supplant 
the microscope in metallurgical research, although, if intelligently used, they will supple¬ 
ment It with considerable advantage The topics treated in this book well illustiato the 
range of application of x rays m this field. The metallurgist may consider some points 
over-emphasized, as the use perhaps of x rays m estimatmg coarse gram sizes, and some 
points under-stressed ; but he will undoubtedly find that this part of the book makes 
mterestmg and suggestive reading. 

The book fills its purpose m providmg a guide to the subject, and, at the same time, 
a handy source of reference It will be found useful by the student and general leader 
who wishes rapidly to see the high-lights of the subject, and to the research worket who 
may wish to refresh himself upon the many practical details involved in the interpretation 
of the diffraction patterns A shght drawback is that the book is produced under war 
economy standards, and the reproduction of photogiaphs, including some fiom papeis 
by the reviewer, suffers somewhat m comparison with pie-war standards. I\''rhap8 this 
may soon be remedied W. a w. 
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